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Abstract

We extend known results concerning crossing numbers by giving the crossing number of the join product
G + D, where the connected graph G consists of one 4-cycle and of two leaves incident with the same
vertex of the 4-cycle, and D, consists of n isolated vertices. The proofs are done with the help of software
that generates all cyclic permutations for a given number k and creates a graph for calculating the distances
between all (k — 1)! vertices of the graph.
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1. Introduction

The problem of reducing the number of crossings in a graph has applications in
many areas, the most prominent being very large scale integration (VLSI) technology.
The lower bound on the chip area is determined by the crossing number and the
number of vertices of the graph. Reducing the crossing number is also important
when considering the aesthetics of a graph because the graph should be easy to read
and understand. Investigation of the crossing number of graphs is a classical and very
difficult problem. In general, computing the crossing number of a given graph is an
NP-complete problem.

The purpose of this article is to extend the known results in [2, 7—11] and [12] by
adding another graph. The methods are based on combinatorial properties of cyclic
permutations. Somewhat similar ideas were used in [4] and [11]. In [2, 3] and [12],
properties of cyclic permutations were also verified with the help of software.

Let G be the graph consisting of one 4-cycle and two leaves incident with the same
vertex of the 4-cycle. We consider the join product of G with the discrete graph on n
vertices denoted by D,,. The graph G + D, consists of one copy of the graph G and of n
vertices t;, 1, . . ., I, where each vertex #;, i = 1,2, ..., n, is adjacent to every vertex of
G. Let T, 1 < i < n, denote the subgraph induced by the six edges incident with the
vertex t;. Thus, T' U --- U T" is isomorphic with the complete bipartite graph K ,.
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Figure 1. Two planar drawings of G and six drawings of G with crp(G) = 1.

We will use definitions and notation of the crossing numbers of graphs from [6].
Some of our calculations are based on Kleitman’s result on crossing numbers of
complete bipartite graphs [5]. More precisely, he proved that

o= B2 215 e

2. Cyclic permutations and configurations

We will use the same definitions and notation for cyclic permutations and the
corresponding configurations for a good drawing D of the graph G + D,, as in [12].
The proofs are done with the help of software that generates all cyclic permutations
(see [1]; the C++ version of the program is also located on the web site http://web.tuke.
sk/fei-km/coga/). The list with the short names of 6!/6 = 120 cyclic permutations on
six elements are collected in [12, Table 1].

We will only consider drawings of the graph G for which there is a possibility of
the existence of a subgraph 7' € Rp, because of arguments in the proof of Theorem 3.4
below. Assume a good drawing D of the graph G + D,, in which the edges of G do not
cross each other. In this case, without loss of generality, from the drawings in Figure 1
we can choose the vertex notation of the graph as shown in Figure 1(a). Our aim is to
list all possible rotations rotp(t;) which can appear in D if the edges of 77 do not cross
the edges of G. Let us start with the subdrawing F* induced by the edges incident with
the vertices v; and vs. These two edges separate the vertices vg and v, v4 into two
regions with unique incidences of these vertices. Since there are three possibilities for
the subdrawing of F' induced by the edges incident with the vertices v, vs and v, we
obtain three different possible configurations of F' denoted by A;, A, and As. For our
purposes, it does not matter which of the regions is unbounded, so we can assume that
the drawings are as shown in Figure 2.

https://doi.org/10.1017/5S000497271800059X Published online by Cambridge University Press


http://web.tuke.sk/fei-km/coga/
http://web.tuke.sk/fei-km/coga/
https://doi.org/10.1017/S000497271800059X

[3] Crossing numbers of graphs of order six 355

Vi

V2 R N Y

A A As

FiGUuRE 2. Drawings of three possible configurations from M of the subgraph F'.

We represent a cyclic permutation by the permutation with 1 in the first position.
Thus, the configurations A;, A, and As; are represented by the cyclic permutations
P11 = (136542), Pipo = (165432) and Pyq = (165423), respectively. We denote by
Mp the set of all configurations for the drawing D belonging to M = {A|, A3, As}.
The unique drawing of F' contains six regions with the vertex #; on its boundary. For
example, if F' has the configuration A;, we can denote these six regions by w;3,
W34, Was, Wse, W3 and w;3 depending on which of the vertices are located on
the boundary of the corresponding region.

If two different subgraphs F' and F/ with configurations from Mp cross in a
drawing D of G + D,, then only the edges of 7' cross the edges of 7/. Thus, we
will deal with the minimum numbers of crossings between two different subgraphs
F' and F/ depending on their configurations. Let X, Y be the configurations from
Mp. We denote by crp(X, Y) the number of crossings in D between 7' and T/ for
different 7%, T/ € Rp such that F', F/ have configurations X, Y, respectively. Finally, let
cr(X, Y) = min{crp(X, Y)} over all good drawings of the graph G + D,, with X, Y € Mp.
Our aim is to establish cr(X, Y) for all pairs X, Y € M.

By P;, we will understand the inverse cyclic permutation to the permutation P; for
i=1,...,120. Woodall [13] defined the cyclic-ordered graph COG with the set of
vertices V = {Py, P,, ..., P1yo} and the set of edges E, where two vertices are joined
by an edge if the vertices correspond to permutations P; and P;, which are formed by
the exchange of exactly two adjacent elements of the 6-tuple (that is, an ordered set
with six elements). Hence, if dcog(‘rotp(t;)’, ‘rotp(#;)’) denotes the distance between
two vertices corresponding to the cyclic permutations rotp(#;) and rotp(t;) in the graph
COQG, then

dcoc(‘rotp(;)’, ‘Totp(t,)’) = Q(rotp(t;), rotp(t;)) < crp(T", T7)

for any two different subgraphs 77 and 7.

We are ready to find the necessary numbers of crossings between T/ and 7/ for
the configurations of F' and F/ from M. The configurations A; and A, are represented
by the cyclic permutations P;;; = (136542) and Py = (165432), respectively. Since
Piao = (123456) = Py, we have cr(A;, Ay) > 4 using dcog(‘P111’, ‘P1’) = 4. The same
reasoning gives cr(Aj, A3) > 5 and cr(A,, A3) > 5. It is also clear that cr(A;, A;) > 6 for
i=1,2,3.
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TasLE 1. The necessary number of crossings between T7 and T for the configurations X, X;.
XX [X]

X 6| 4| 5

X> 41 6| 5

X3 5/ 5| 6

Assume a good drawing D of the graph G + D, with one crossing among edges
of G (in which there is a 77 € Rp). In this case, without loss of generality, we can
choose the vertex notation of the graph as shown in Figure 1(c). By the arguments
mentioned above, there are three possibilities for the subdrawing of F' induced by
the edges incident with the vertices vi, vs and vs, that is, we obtain three different
possible configurations of F’, say By, B, and B3, with their rotations Py;; = (136542),
Py = (165432) and Py = (165423), respectively. We denote by Np the set of all
configurations in the drawing D belonging to the set N' = { B}, By, B3}. The verification
of the lower bounds for the number of crossings of two configurations from N
proceeds in the same way as before. The resulting lower bounds for the number of
crossings of configurations from M and N are summarised in Table 1. (Here, X} and
X; are configurations of the subgraphs Fi and F/, where k,1 € {1,2,3}, X = A in case
of M and X = Bin case of N.)

3. The crossing number of G + D,

For the proof of Theorem 3.4, we need the following statements related to some
restricted drawings of the graph G + D,,. Note that if the edges of G do not cross
each other in D, then crp(7T? U T/) > 4 for any two different subgraphs T%, T/ € Rp, by
Table 1.

Lemma 3.1 [12]. Let D be a good and antipodal-free drawing of G + D,, with n > 2.
Suppose that 2|Rp| +|S p| > 2n = 2|n/2] and let T!, T/ € Rp be two different subgraphs
with crp(T' U T7) > 4. If both conditions
crp(GUT UT/, T > 10  forany T' € Rp \ {T', T}, (3.1
crp(GUT UT/, T >7  foranyT' e Sp (3.2)
hold, then there are at least 6|n/2||(n — 1)/2] + 2|n/2] crossings in D.

If D is a good and antipodal-free drawing of G + D,, and T’ € R, is such that F’
has configuration A; € Mp, then crp(G U T/, T") > 3 for any T/, | # i (see Figure 2).
Moreover, crp(T?, T¥) = 2 with T¥ € S, can only occur for the configurations A; and
A2 of Fi.

Lemma 3.2. Let D be a good and antipodal-free drawing of G + D,, with n > 2. Let
T' € Rp be a subgraph such that Ij"i has configuration Aj € Mp for j € {1,2}. If there
is a subgraph T* € S p, with crp(T', T*) = 2, then:

(@) crp(T'U Tk, TY > 3 for any subgraph T' with | # i, k;

(b) crp(GUTIUTK T > 17 for any subgraph T' € S p with crp(T', T') > 3.
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Proor. Let us assume the configuration A; of F' and remark that it is represented by
the cyclic permutation Pyj; = (136542).

(a) The unique drawing of F' contains six regions with the vertex #; on their
boundaries (see Figure 2). If there is a T* € S, with crp(T", T¥) = 2, then the vertex
t; must be placed in the quadrangular region w,34 with three vertices of G on its
boundary. Thus, the configuration of the subgraph F* can only be represented by one
possible cyclic permutation P16 = (154632) and the edge f;v¢ crosses the edge vsvg.
By [1], we can verify that there is no cyclic permutation P,, different from P;;; and
P16 with deog(*P111’, ‘Pw’) + dcog(*Piis’s ‘Pr’) < 3. Thus, Woodall’s result implies
that there is no subgraph T' with crp(T" U T*, T') < 3 for any [ # i, k.

(b) Let T¥ € Sp be a subgraph with crp(T?, T¥) = 2, so the subdrawing of FF is
represented by Py = (154632). If there is a T! € Sp with crp(T*, T!) = 1, then the
vertex #; cannot be inside the 4-cycle of the graph G, but must be in the pentagonal
region of D(F') with four vertices of G on its boundary. Hence, the cyclic permutation
representing the configuration of the subgraph F! is either Pjo5 = (136452) or Pss =
(123654) (see Figure 4). Since Pos = (125463) = P75 and Pss = (145632) = Pys, the
distances dcog(‘P111°, ‘P75°) = 5 and dcog(‘111°, ‘Pyy15°) = 5 imply that CI'D(Ti, Tl) >
5. Thus, crp(GUT UTK, TH >1+5+1=17.

Next, assume that crp(T%, T?) > 2 for any 7! € S p. Since the case crp(T7, T!) > 4
implies that crp(G U T U TF, T!) > 1 + 4 + 2 = 7, let us consider a subgraph T! with
crp(T?, T') = 3. The vertex #; must be in the region w, 34 of the unique drawing of F".
Consequently, crp(TX, T > 3, that is, crp(GUT U T, TH > 1+3+3=17.

From the symmetry of the configurations A; and A,, we can use the same arguments
for the configuration A, of F'. This completes the proof. O

CoroLLARY 3.3. Let D be a good and antipodal-free drawing of G + D, withn > 2 and
let Mp be a nonempty set with {A, A2} € Mp. If T, T/ € Ry are different subgraphs
such that F', FJ have configurations from {A;, A,}, then

crp(GUT UT/, T >7  forany T* e §p.

Proor. Take configurations A; of F' and A, of F/. If there is a subgraph T* € §p
with crp(T7, T¥) = 2, then the configuration of the subgraph F¥ must be represented
by the cyclic permutation Pp;¢ = (154632). Note that the configuration A, is
represented by Pjpo. Using Pii6 = (123645) = P3; and dcog(‘Prao’, ‘P31’) = 4, we
obtain crp(T/, T%) > 4. Hence, crp(GU T U T/, T*) > 1 + 2 + 4 = 7. We can apply the
same idea if there is a T* € § p with crp(T7, T*) = 2. Next, assume that crp(7?, T5) > 3
and crp(T7/, T%) > 3 for any T € S ;5. This forces crp(GUT UT/, T >1+3+3=7
for any T* € S p. This completes the proof. O

If we consider the set of configurations Np with a subgraph T' € Rp, then
a subgraph T* € Sp with crp(T/, T%) =2 can only exist for the configuration
B, € Np of the subgraph F' (see Figure 3). In this case, the subdrawing of
F¥ = G U T* is represented by Pjo3 = (134652). Since Pjo3 = (125643) = Pgs and
dcog(‘Pi11’, ‘Pgs’) = 4, we obtain crp(7/, T%) > 4 for any subgraph F/ having the
configuration B;. Thus, we can extend Corollary 3.3 for {B;, B} € Np.
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Ficure 4. Two drawings of G U T U T! with crp(GU T*, TH =2 for T¥, T € S p.

TueorEM 3.4. Ifn > 1, then ct(G + D,) = 6|n/2]|(n — 1)/2] + 2|n/2].

Proor. In Figure 5(b), there is a drawing of G + D,, with 6 [n/2][(n — 1)/2] + 2|n/2]
crossings. Thus, cr(G + D,) <6[n/2]||(n—1)/2] + 2|n/2]. We prove the reverse
inequality by induction on n. The graph G + D; is planar and hence cr(G + D;) = 0. It
is clear from Figure 5(a) that cr(G + D;) < 2. The graph G + D, contains a subdivision
of K34 and therefore cr(G + D;) > 2. So, ct(G + D,) = 2.

Suppose now that, for some n > 3, there is a drawing D with

crp(G + D,) < 6Eﬂ” _ IJ + 2H

2 2
and that .
m||m-— m
20|=||— — .
cr(G+Dm)_6{2H 3 J+2{2J forany m <n

We claim that the drawing D must be antipodal-free. For a contradiction suppose,
without loss of generality, that crp(7"!, T") = 0. Then crp(G, T"' U T") > 2. Since
cr(Kg3) = 6, it follows that crp(T*, T" ' UT") > 6 fork =1,2,...,n— 2. So,

crp(G + D,)
=crp (G + Dyy) + crp(T" P U T + crp(Kepa, T" P UT™) + crp(G, T U T™)

S e e
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FiGure 5. Good drawings of G + D, and G + D,,.

This contradiction confirms that D is antipodal-free. Our assumption on D together
with cr(Kg ) = 6[n/2](n — 1)/2] implies that

erp(G) + crp(G, Ke) < 2@

If we denote » = |Rp| and s = |S p|, then

carp(G)+0r+1s+2(n—r—s)< ZEJ

Thus, r > 1, 2r+ s>2n—-2|n/2] and r > n —r —s. For T € Rp, we consider the
possible configurations of F' in the drawing D in three cases.

Case 1: crp(G) =0. Since r > 1, that is, there is a subgraph T! € Rp, we can
choose the vertex notation of the graph as shown in Figure 1(a). We now have three
possibilities for the set of configurations belonging to Mp.

(a) A3 € Mp. Without loss of generality, we can assume that 7" € Rp with the
configuration A3 of the subgraph F”. The subdrawing of F”" induced by D can be
obtained from the drawings in Figure 2. It is easy to verify that there is no 7% € S p
with crp(T", T*) < 2. Moreover, crp(T", T?) > 5 for any T € R, with i # n by Table 1.
By fixing the graph GU T",

crp(G + D,) = crp(Kg u-1) + crp(Ke po1, GUT") + crp(G U T™)

>6";1 ";2 +5(r =) +ds+3(n—r—s)+0

-n—l- n—2-
—6_ o _+(2r+s)+3n—5

n—-1|n-2 n nljln-—1 n
> -2|= -5>6|= —1.
> 6| "= || *5= |+ 2 2M+1+3n 5_6{2ﬂ - J+2{2J

(b) {A1, A2} € Mp. Without loss of generality, fix 7", T""! € Rp such that F", F"~!
have configurations from {A{, A;}. Then condition (3.1) is true by summing the values
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in all columns in the first two rows of Table 1, and condition (3.2) holds by Corollary
3.3. Consequently, we can apply Lemma 3.1.

(c) Mp ={A}} for only one j € {1,2}. Without loss of generality, we can assume
that the configuration of F" is A;. Write Sp(T") = {T" € Sp : crp(F", T') = 3} and
s1 =[S p(T™)|. Note that S p(T") is a subset of S p and s; < s, thatis, s — s; > 0. Hence,
there are two possibilities to consider.

(1) Suppose that r > sy, that is, » — 1 > s;. By fixing the graph G U T",

crp(G + D) = CI'D(K(,y,,,l) + ch(Ké’,,,l ,GU Tn) +crp(G U Tn)

-1 -2
>6n2 n2 +6(r—1)+3s1+4(s—s5)+3n-r—-s5)+0
L _1__ _2_
>6”2 ”2 +5(r— 1) +ds+30—r—s)

n—lnn—2_
_6_ > 12 _+(2r+s)+3n—5

n—-1||n-2 n niln-1 n
> -2|= —-5>6|- —.
6| "= |%5=] + 20 2M+1+3n 5_6{2ﬂ - J+2M

(2) Suppose that r < sy, that is, r — 1 < s; — 1. Let T be a subgraph from the
nonempty set Sp(T"). As Mp = {A;}, we have crp(GUT"UTK, T)>6+2=8
for any T' € R with i # n. From the proof of Lemma 3.2, the subgraph F* can
only have the configuration represented by the cyclic permutation Pj6 = (154632).
Thus, crp(GUT"UTK, T >1+2+6 =9 forany T € S p(T") with i # k. Again by
Lemma 3.2, crp(G U T" U T, T%) > 7 for any T € S p with crp(F", T?) > 4. Moreover,
crp(GUT'"UTK, T >2+3=5forany T'¢ Rp USp. Sincen—r—s<r-1<
s1 — 1, by fixing the graph G U T" U T*,

crp(G + D,) = crp(Kep_2) + ctp(Kgpn2,GUT" UTY) + crp(G U T" U TX)

-2 _
26”2 n23 +8(r=1)+9(s = 1) +T(s— ) +5(n—r—s)+3
m—2n-3
Z6n2 712 +8r—-D+T7(s1—1D)+T7(s=s))+Tn—r—s)+3
n-2yn-3 niln-1 n
= _ > n n|
6“5 ||"5= |+ 7 12_6{2H . J+2M

The same arguments can be used for the case Mp = {A,} due to their symmetry.
Case 2: crp(G) = 1. Since the set Rp is nonempty, we only need to consider the two
drawings of G shown in Figure 1(c) and (f).

(a) crp(G) = 1 represented by Figure 1(c). In this case, the configurations belong to
Np and we can use similar subcases to those in Case 1 to obtain a contradiction.

(b) crp(G) =1 as in Figure 1(f). It is easy to check all possible drawings D for which
the set Rp is nonempty and such that, if 7% € Rp, then crp(G U T?, T/) > 4 for any
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(a) (b) (c) (d) (e)

FiGure 6. Five possible drawings of G with crp(G) > 2 and Rp # 0.

subgraph T/ with j # i. By fixing the graph G U T",
crp(G + D,) = crp(Kg 1) + crp(Kgpn_1,G U TY) + crp(G U TY)

A5 52 e 2] 5

Case 3: crp(G) > 2. We can use the same idea as in Case 2(b) for all five possible
drawings of the graph G for which the set Rp is nonempty (see Figure 6).

Thus, we have shown that there is no good drawing D of the graph G + D,, with
fewer than 6|n/2]|(n — 1)/2] + 2|n/2] crossings. This completes the proof of the
theorem. O

In Figure 5(b), we can add the edge v,v4 to the graph G without additional crossings.
This recovers an already known result for the crossing number of the graph G| + D,
considered in [12].
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