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BOUNDARY TWO-PARAMETER EIGHT-STATE SUPERSYMMETRIC
FERMION MODEL AND BETHE ANSATZ SOLUTION

ANTHONY J. BRACKEN, XIANG-YU GE, YAO-ZHONG ZHANG
AND HUAN-QIANG ZHOU

The recently introduced two-parameter eight-state Uy [gl ( 3|1)] supersymmetric fermion
model is extended to include boundary terms. Nine classes of boundary conditions
are constructed, all of which are shown to be integrable via the graded boundary
quantum inverse scattering method. The boundary systems are solved by using the
coordinate Bethe ansatz and the Bethe ansatz equations are given for all nine cases.

1. INTRODUCTION

Low dimensional integrable quantum systems, with or without open boundary con-
ditions, which describe strongly correlated fermions [8) form an important class of lattice
integrable models, which have attracted much international attention (see, for example,
(2, 10, 18, 19, 6, 3, 11, 1, 14] and references therein). Recently, trying to extend the ex-
isting two component electron models to multi-component cases, we proposed [12, 9] an
eight-state integrable model and its two-parameter (or ¢-deformed) version with Lie su-
peralgebra ¢l(3|1) and quantum superalgebra U, [gl(3|1)] symmetries, respectively. One
of the features of these two models is that they contain correlated single-particle and
pair hoppings, uncorrelated triple-particle hopping and two- and three-particle on-site
interactions. By eight-state, we mean that at a given lattice site j, j = 1, 2, ... L, there
are eight possible fermionic states:

(1-1) |0>7 C}JIO), c;',2|0)’ C}‘3|0),

C},lc}glo)x C},1ct,3|0)a C},zct,sl()), c},lc}gc}ﬁIO),

where C;a (¢ja) denotes a fermionic creation (annihilation) operator which creates (an-
nihilates) a fermion of species @ = 1, 2, 3 at site j; these operators satisfy the anti-
commutation relations given by {c,?‘a, ¢i} = bijbag-
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Recently we formulated in [4, 5] a general and fully supersymmetric version of the
boundary inverse scattering method [15, 13, 7], and constructed a large number of inte-
grable boundary conditions [16, 17] for various models of strongly correlated fermions.
In this paper, we continue our study of open boundary conditions and consider the in-
tegrable eight-state fermion model with U, [gl(3|1)] symmetry. We present nine classes
of boundary conditions for this model, all of which are shown to be integrable by the
graded boundary QISM [4, 5]. We solve the boundary systems by using the coordinate
Bethe ansatz method and derive the Bethe ansatz equations for all nine cases.

2. OPEN BOUNDARY CONDITIONS

We consider the following Hamiltonian with boundary terms

L-1
(2.1) H =73 Hjju(g,8) + H" Y + Hpo,

=1

where H2oUmda HE"™95Y are respectively left and right boundary terms whose explicit
forms are given below, and Hj ;4 is the Hamiltonian density of the two-parameter eight-
state supersymmetric fermion model [9]

1 1
Hjjn(g,5) ==Y (C;’aCj+l,a + h.c.) exp {—5(17 +K) Y Njres-a)s — 5(17 - K)

a B(#a)
¢
(2.2) Y Mis1-6(s-a)s +3 Y (Mipniy + N1 N ,)
B(#a) B#(#a)
sinh k

Z (c;,t!c},ﬂcj+l,ﬂcj+1,a + h.c.)
a#B#y

“P{‘(%‘S¥M7—2M)Wn_(§+S¥M7—2M)Wﬂn}

2 cosh k sinh? k
sinh x(g + 1) sinh k(g + 2

" 2sinh k(g + 1)

t ot
] (cj,lcjyzc-,3cj+1,3c,-+1,2cj+1,1 + h.c.

sinh

m Z (njvanj,ﬂ + nj+l,anj+1‘ﬂ)

a#p

+e"n;j+e " njy —

2cosh k(g + 1) sinh® &
sinh k(g + 1) sinh k(g + 2)

(njinjanis + Njt1,1M41,2M541.3),

where g, k are two free parameters, n; = n;; + nj9 + n;3 with n;, = C;*,aCj_a being the
number operator for the electron of species a at site j, (8 — ) is a step function of
(8 — a) and

sinh® k(g + 1)

n sinh kg
sinh kg sinh x(g + 2)’

sinh k(g +2)

sinh kg
n———"-%
sinhk(g+1)

(2.3) n=-— c=%1 £=-
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As is shown in [9], the symmetry algebra underlying (2.2) is the quantum superal-
gebra U, [gl(3|1)]. The parameter « is related to the deformed parameter g by q = e*.
We propose the following nine classes of boundary conditions:

CasE (i)
sinh & _ sinh x
Hﬁoundm = _Tg € (EI'/2)'°n1 - —T(nl,lnl,z +n19m3 + M 3)
sinh 5k sinh (1 + 7‘)&
s 12 ¢
2 sinh” k cosh (1 + 5 )k
(2.4) +— a ' AR
sinh (1 + f)nsmh (2 + 7‘)&
boundary sinh kg (eL/2)x sinh k
H, = |© Hepy — ———~—(nranp2 + nponLs + npanL3)
sinh 2t & sinh (1 + gi)n
2 2
s 12 ¢
2sinh” k cosh (1 + —,}’-)n
+ 7 N LATL2RLA |
sinh {1+ § Jsinh (2 + %)
Cask (ii)
sinh K _ sinh
(2-5) Hxlzoundary = _5”9 € (Ey/z)n(nm + n1,3) - ——Tnl,znl,s s
sinh 35-x sinh (1 + ?)n
boundary sinh Kg (5”/2),¢ sinh k¥
Hy = —r— [ (e +nus) - 7 a2 |
sinh *x sinh (1 + —})n
CasE (iii)
sinhkg _
(26) Hll':oundary - _E”_,lq_e (El_ll/2)nn1'3,
sinh Sk
H:)toundary = —Smhf:'f? e(ei”/z)"nl,,a;
sinh “£-x
CAsE (iv)
sinhkg | _(e sinh
H}:oundary = |¢ (E'/2)"n1 - _—E,_(nl,lnlﬂ +np2m13 + N1an3)
sinh 35k sinh (1 + 7‘)&
;12 ¢!
2sinh® k cosh (1 + 5 )k
(2.7) +- a ' AR IO N
sinh (1 + T‘)nsmh (2 + 7‘)5
boundary sinh kg (el /2)x sinhk
H,, = | €Y7 (nL2+nL3) - ey L2L3 |
sinh -« sinh (1 + —;—)K
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CASE (v)
bound sinh kg _(el1 sinh
(2.8) Hponeey = SRR 1 (€X72)% (g 5 + 1y 5) — ————mania |
sinh *5-x sinh (1 + —5-);»;
boundary _ Sinh kg (e1/2)x sinh &
Hrt = —. EI e\t ny — fl (nL’lnL,Q -+ nL‘an,a + nL,lnL,3)
sinh 3k sinh (1 + —g—)n
.12 g
2sinh®kcosh {1+ % )x
+ €l I Npanpanrs|;
sinh (1 + —})nsinh (2 + f)n
CASE (vi)
sinh x (el sinh
(2-9) H}:oundary = _Tg € (E‘/2)Kn1 - ——E,—(nl,lnl,z + nyany 3 + n1,1n1,3)
sinh -k sinh (1 + —,;—)K,
.12 ¢
2 sinh” k cosh (1 +35 )k
+ N1z |,

. I3 . ¢l
sinh (1 + —;)nsmh (2 + 7‘)n

Hf{’““dary— sinh kg (€111 /2)x

= ——am ¢ nL3;
sinh 2%«
CASE (vii)
(2.10)
Hboundaryn - _Sinh#e‘(f’_'l/?)“nl 3,
sinh *5-&
sinh kg ; sinh x
H:;toundary =— e(€+/2)nnL _ __7(111,,1711,.2 +npanp3+ nL,mL,a)

sinh %k sinh (1 + —,_t)fc

I
2 sinh? k cosh (1 + %)n
7 Nranr2nrs |,
)n

+ el 3
sinh (1 + —})xsinh (2 + 3

CAsE (viii)

sinh k
(2.11) HZ9 =

sinh & (g1t
_._‘?ﬁg— € (6’ /2)K(n1,2 + nl,a) - "—E“_nl,2nl,3 )
sinh Sk sinh (1 + —;—)n

boundai sinh Kg 11 12) .
Hy, V= el e(€+ ) np3;
sinh *4-x
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CASE (ix) )
(2.12) HSUnoeY = __S"‘h{,'ff’ e €2y o
sinh 5-x
sinh kg sinh

141
H:’zoundary = e(e" /Z)K(RL,z +ng3) - npanrs|;

1I - 7 I\
sinh %—n sinh (1 + i‘g)n
where £4(a = I,11,111) are some parameters describing the boundary effects. As will
be shown in next section, all nine classes of boundary conditions are integrable.

3. BOUNDARY K-MATRICES AND QUANTUM INTEGRABILITY

Quantum integrability of the boundary conditions (2.4~ 2.12) can be established by
means of the (graded) boundary QISM recently formulated in [4]. We first search for
boundary K-matrices which satisfy the graded reflection equations:

Rua(us — ug) K- (ur)Ran(us + ug) K- (us)
(3.1) = K- (ug)Rua(ur +ug) K_ (w1)Rax (s — ug),
RS2 (—uy + uy) Klit‘ (w1)Riz(—uy — ug + 4) K:zf" (ug)
(3.2) = Kff" (u2) Ra1 (—uy — ug + 4) Klj‘_“ (u)) RD%2 (—uy + uy),

where R(u) € End(V ® V), with V being an 8-dimensional representation of U, [gl (3|1)],
is the R-matrix of the two-parameter eight-state supersymmetric fermion model [9], and
Ry (u) = PjaRyp(u) P2 with P being the graded permutation operator; the supertrans-
position st, (¢ = 1,2) is only carried out in the p-th factor superspace of V ® V', whereas
ist, denotes the inverse operation of st,.

The whole procedure of solving the reflection equations is quite involved. We shall
not spell out the details, but state that there are three different diagonal boundary K-
matrices, K’ (u), K''(u), K'!(u), which solve the first reflection equation (3.1):

1
Ki(u) = E' fl (l

sinh 3>k sinh (1 + f)nsinh (2 + 7‘)&

(33) diag (AL (u), BL (u), BL (u), BL(u), CL(u), CL(u), CL(v), DL (w)),
1

K"" (u) = ell 5”

sinh —,;—nsinh (1 + ";—)I{

diag (A" (u), A” (w), BY (u), BY (w), B (w), B (w), C"' (w), C"' (u)),

K'M(y) = __%

sinh -«

diag (A2 (u), AY (u), A (w), B! (u), AL (u), BY (u), B (u), B! (),
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where
(3.4)  Al(u) = —e(¥?*ginh _§£2+ Y csinh —2- ;ﬁ + Y csinh 4= 2& + uK,
B! (u) = e**/Dsinh &€+ Y ¢ sinh 2= ;’i + “ sinh i%_ﬂn,
C!(u) = —e~ /D ginh é%ﬂn sinh 2+¢& +u x sinh #ﬁ ..
D! (u) = e"®/Du*sinh ﬁ%n sinh Mnsinh 4+ 521 tu
Al'(u) = e**sinh &+ Yk sinh —2- gf’ * u,{,
B!'(u) = —sinh é%ﬂnsinh "2——211'1'_“&,
C!(u) = e ™ sinh &+ Y ¢ sinh 2* Eél - x,
AT (y) = —el/D= ginh j_fé’;_ﬂ,cy B (4) = e=/2% ginh d”#n.

The corresponding K-matrices, K (u), K!(u), Ki/'(u), can be obtained from the iso-
morphism of the two reflection equations. Indeed, given a solution K (u) of (3.1), then
K¢ (u) defined by

(3.5) K$(u) = MK*(~u+2), a=1,1II, III,
are solutions of (3.2). The proof follows from some algebraic computations upon substi-

tuting (3.5) into (3.2) and making use of the properties of the R-matrix . Here M is the
so-called crossing matrix, which is given in the present case by,

(3.6) M = diag (1, 1,e% et* e elr S eG")

Therefore, one may choose the boundary matrices K¢ (u) as

(3.7)
K (u) = diag (44 (v), Bi(u), €™ B (u), ¢" B} (v), Cy (u), €**C{ (u), €™ C} (u), D} (w)),
K (u) = diag (A4 (u), AY (v), BY (), C} (v), By (u), CY (u), DY (u), D} (),

KM (u) = diag (Aﬂr”(u), AT (w), e AT (u), B (u), e Al (u),

Bi”(u), e2nBill(u), ez"Bi”(u)) ,

where
I / ;
(3.8) Al(u) = e~®/2ux 5inh 29 — g’* + Y sinh 29 -2 ; i + Y csinh 29-4 ; £ + UK,
— € — —2-¢ _ gl
Bi(u) = e~(4+%/Dxginh 29 §+ uh‘.sinh 29 5 &+ u;;Sinh 29 §+ + un,
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D! (u) = ¥/ sinh 21%fs‘.sinh 29+2 ; £ - Y inh 29+ 4 ; & - .
All(4) = e** sinh 29— f u o292 2§+ +un,

B}!(u) = €"sinh wn sinh ?Eﬂ#_n,

C4!(u) = €**sinh 29 - §2+ U, sinh 29+2 ;{i’ —u,

DI/ (u) = e+ sinh 222 U ginp 2974 -251’ —u,

A (u) = e™**/?sinh 29 - 52”’ K,
B () = +?/Dxginh 2g+4 2§"1 .

Following Sklyanin’s arguments [15], one may show that the quantity 7_(u) given
by
(3.9) T_(u) = T(uw)K_(u)T™!(—u), T(u) = Ror(u) - - - Ro1(u),

satisfies the same relation as K_(u):
1 2
(3.10)  Ryp(uy — u9) T (wa)Ron(uy + ) T- (u2)
2 1
=T - (uz)Riauy + u2) T- (u1)Rar(u; — ua).
Thus if one defines the boundary transfer matrix 7(u) as
(3.11) 7(u) = str(Ky(u)T-(u)) = str (K4 ()T(w) K- (u)T~(-u)),

then it can be shown [4] that [T(ul),r(uz)] = 0. Since Ki(u) can be taken as
K!(u), K¥(u) and K{T(u), respectively, we have nine possible choices of the boundary

transfer matrices:
(312) @) = str (K3 ()T (WK ()T (-v)), @, b=1, II, I,

which reflects the fact that the boundary conditions on the left end and on the right end
of the open lattice chain are independent.

Now it can be shown that Hamiltonians corresponding to all nine boundary condi-
tions are related to the second derivative of the boundary transfer matrix 7(*% () (up to
an unimportant additive constant)
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(3.13) H = 250059 ety

n 3

( " )II 0) L_
(ap) _ _T ( oy
B = v v Z ity 5K 0+ 2V + 2W) [s"" ( + (O)Gw)
° R 9 R\?
+2 stro K° + (O)HLO + strg Ka+ (0) (HLO) s
where
, 0

(3.14) V = stroK$ (0), W = str, (K“+ (O)H{fo) ,

H:;,ij+l = I)j.j'*'lR;'J-{-l(O)’ GJ'-J'+1 = Pj»j+1R_l1'IJ+l(0)-

Here P; ;4 denotes the graded permutation operator acting on the j-th and j + 1-th
quantum spaces. (3.14) implies that the boundary two-parameter eight-state supersym-
metric models admit an infinite number of conservation currents which are in involution
with each other, thus assuring their quantum integrability.

4. COORDINATE BETHE ANSATZ ANALYSIS

Having established the quantum integrability of the boundary models, we now solve
them by using the coordinate space Bethe ansatz method. Following [1, 14, 16, 4], we
assume that the eigenfunction of the Hamiltonian (2.2) takes the form

(41) |‘II> = Z ‘Ilah-‘-vaN (Il, et ,.TN)C;lal . ::NaN IO)
{(zj.a;)}

Yoy, an (Tt -, TN) = D €PAagy,..aqn (kPa1, - - -, kPoN) exp( ka,%)
P

where the summation is taken over all permutations and negations of &, ..., kn, and @
is the permutation of the N particles such that 1 € zg, € -+ € gy < L. The symbol
ep is a sign factor 1 and changes its sign under each ‘mutation’. On substituting the
wavefunction into the eigenvalue equation H|¥) = E|¥), one gets
(4.2) A ojai ki ki) = Sijlki, kj)A agag (- ki kG, ),

Aa;, (—kj,..) = 8"(kj; Pro;) Aas,...(Kj> - ),

A oi(-es=k;) = s"(kj; Pra) A i - K3)s

where S;;(ki, k;) are the two-particle scattering matrices,

(4.3) Sk k)2 =1, a=1,2,3,
_ sin (A, - /\J) _
S'J(k”kj)ab_ Sln(/\'-—/\J —1:K,)’ a;éb, G,b—1,2,3,
Sii (ks k3)pe = goimla-iini-x)__ S g 93

sin (A, - ’\j - 1.K)
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where A; are suitable particle rapidities related to the quasi-momenta k; of the electrons
by
(4.4) k(X) = 2arctan (coth ctan ),

where the parameter c is defined by

sinh l(77 + k)
In _—2‘—_ — K

(4.5) c= 1
sinh 5(7) —K)

1
4

sk(kj; pra;) and s®(k;; pLa;) are the boundary scattering matrices,

: 1 — prg, €%
Ly . - . Hlaiv ~
(46) S (kjapldi) 1 _ plaie__ikj )
1 —prae™ L
Sk Pra) = D ik (h+)

1 —_ p La; eikj

with pi1o, and pre, being given by the following formulae, corresponding to the nine cases

respectively,
Case (i)
(¢! sinh
(4.7) PLi=P2=p3=p=-e+e (E'/z)x%,
sinh 3k
sinh
PLi=PpL2=pr3=pL=—€ "+ 9(61/2)"%;
sinh *fx
CAsE (ii)
(4.8) pa=—€", p2=p3=-e+ e_(wﬂ)xin—h{?li,
sinh 35~k
sinh k
pLi=—e"™, pra=prz=-—-€e"+ e(d’l/z)n%;
sinh -k
Case (iii)
(M1 sinh &
(4.9) PLi=pia=—€", pg=-e+e (& /2)".—::?-,
sinh 5~k
_ _ 11 sinh kg
PLa=pr2=—€", pa=-e™+ el /Z)N-_f’”—;
sinh -«
CASE {iv)
(¢! sinh &
(4.10) Pi=P2=DPi3=pr=-—€ +e (5_/2)"'—(’9_,
sinh 5«
_ 11 sinh
pLy=—€", pra=prz=-e"+ ele /2)’(%;
sinh *f-x
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CASE (v) h
(4.11) Pa=—€", pa=p3=-e+ 6-(5"1/2)"&;16—,!]—,
sinh 35~k
_ « Sinhk
PL1=PL2=PL3=pL=-€ 7+ e(€4/2) _{lg;
sinh 3«
CASE (vi) b
_ sin
(4.12) ML=Pi2=P13a=p =-€¢ " +e (eL/2)x -ﬂ,
smh
pLi=pL2=—€", ppz=-—e "+ e(6/2)x "S‘lﬂh—ﬁ}g“}
sinh %Lfc
CAsSE (vii) nh
(4'13) P11 =P12 = —e™"9, P13 = —e " + e—(ﬂ”ﬂ) Sln—fﬁlg-’
sinh Sk
PL1=PL2=DPL3=pL=—€ "9+ e(fi/i’)fcm’
sinh —in

CASE (viii) inh
sin
(4.14) pa=—-€", pa=p3=-—-e "+ 6_(51"/2)"——'719 ,

sinh %—n
_ _ sinh s
Pri=prz=—€" pr3=—e"+ e(ei"/z) —mg;
sinh J‘—m
CASE (ix) b
_ _ sinh x
(4.15) Pi=pi2=—-€"% pag=—e"+e (6”'/2)“__{"%,
sinh *5-k
sinh
pri=—€", prao=prz=—e Y+ 6(&’/2) —"‘—#'
smh

As is seen above, the two-particle S-matrix (4.3) is nothing but the R-matrix of
the U, [gl (3)] -invariant Heisenberg magnetic chain and thus satisfies the quantum Yang-
Baxter equation (QYBE),

It can be checked that the boundary scattering matrices s and s® obey the reflection
equations:

(4.17) Sji("kj:_ki)sL(kj;pla) —ki, kj)s" (ki; Pra;)
= (lapla.)‘s]l( kj, ki)s® (kj; Pras ) Sij ki, k5),
Sji(—ks, ~ks)s® (s Pra; ) Sis ki, —ks) s (ki3 Pra;)
= 5% (ki; Pray) S k5, ki) s™ ((kj3 PLas); Pa: ) Ssilky, ki)
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This is seen as follows. One introduces the notation
1~ pe—ik

Then the boundary scattering matrices SL(kj; Pla;) sR(kj;pLa_.) can be written as, cor-
responding to the nine cases respectively,

CasE (i)
(4.19) s*(kji pra;) = s(—kjsm)1,
s®(kj; pra;) = €552 s (ki pL) I
CasE (ii)
1 0 0
i (200 sin (¢~ + A;) 0
(4.20) s”(kj; Pra;) = s(—kj; P1,1) sin (¢- — A;) )
0 0 9ix, Sin (C- + )
Sin (C_ = Ay)
1 0 0
) 2i); St (C+ = Aj)
sk pra;) = %2 D s(kj; pry) 0 e sin (4 + ;) ‘ 0 ;
o o an 0 (G2 = X5)
sin (<+ + AJ)
CASE (iii)
10 0
01 0
(4.21 L(kj; prog) = s(—k;; ;
( ) S ( ] y41 x) S( ¢ pl,l) ) Sin (CI— +)\])
0 0 &
sin (¢L — Aj)
10 0
. 1
sP(kj Pra;) = €2V s(kj; pp) 0 . 0 , ;
205, S0 (C+ _ ’\j)
0 0 e*YV—ry
sin (¢4 + Aj)
CasE (iv)
(4.22) s*(kj;pra,) = s(—kj; p1)1,
1 0 0
. 202, 510 (Cr = Aj)
s®(kj; pLa;) = €2 s(ks; pr ) ¢ sin (¢y + As) 0 ;
0 0 e2iA sin (C4 — )

sin (¢4 + A;)
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CaAsE (v)
1 0 0
2% sin (C- + AJ) 0
(4.23)  sh(kjipra;) = 8(—kji p1a) sin ({— — };) )
0 0 i sin (C_ + )\J)
sin (C_ - AJ)

sR(kj; pra;) = €2 (ks p )

CAsE (vi)
(4.24) sh ks Prag) = s(—kjs 1)1,
' 10 0
) 01 0
Ry . — ik 2L4D) (g .
s (kJ,PLa.-) € s(k],pL,l) . sin (C.I*, _ /\J) )
00 62“\7 -
sin (¢4 + A;)
CASE (vii)
10 0
01 0
Lk .. = o(—k.
(4.25) s"(kji Pra;) = s(=kji pr) Lsin(CL+4y) |
00 82"\1——-—
sin (CL — A;)
% (kj; Pra;) = €12 s(kjip) T
CasE (viii)
1 0 0
eZb\j sin (C_ + /\]) 0
(4.26)  s"(kj; Pra;) = 5(—kjip1,1) sin (- — A;) ,
0 0 e2idi sm( + .‘i)
sin ((_ — A;)
10 0
ik 01 0
s®(ksi Pra;) = €52 Vs (kjipra) sin (¢}, — ) /
0 0 et .
sin( AJ)
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CaSE (ix)
10 0
01 0
4.27) st(kj; pra;) = s(—k;; ,
( ) s7(kj; Prai) s( 3 P1,1)  sin (C’_ +/\j)
0 e?tAj
sin (Cl_ - AJ)
1 0 0
. 2i; S0 (G4 — A7)
s (kj; Pra;) = eI s (ks pr, 1) ¢ (G + A) ' 0
0 0 o2ir; S0 €+ — )

sin (G4 + Aj)
Here I stands for the 3 x 3 identity matrix and p;,;, pr, are as given in (4.8); (4, (} are
parameters defined by
_ 96+

(4.28) G="Zr ="
We immediately see that (4.19) are the trivial solutions of the reflection equations (4.17),
whereas (4.20) and (4.21) are the diagonal solutions {15, 13, 7].

The diagonalisation of the Hamiltonian (2.2) reduces to solving the following matrix

11 {lll

eigenvalue equation

(4.29) Tt =t, j=1,...,N,

where t denotes an eigenvector on the space of the spin variables and T} takes the form
(4.30) T; = S (kj)s"(~kjs pro; ) Ry (k3) Ry (k3)s® (k3 pro; ) S (k5)

with

(4.31) S (k;) = Sjn(kj kn) ... Sjjea(kj, ki),

S5 (k;) = Sjj-1(ks: kj-1) ... Sja(kj, k),

R; (k;) = S1(k, —kj) - . . Sj-1,5(ki—1, —k;),
This problem can be solved using the algebraic Bethe ansatz method. The Bethe ansatz
equations for all the nine cases are

(4.32)

M sin ()\_,- - AWM + in/2) sin (/\j + A + in/Z)
o=1 Sin (/\- - AW _ in/2) sin (/\j +A - in/2) '
N (A(‘) - A+ m/2) sin (A(‘) + A+ m/2)

-]‘;I ( AD . m/2) sin (Agl) + Aj — m/2)

eR M P (kiipyy,pra) =
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M sin (A(l) - AW+ m) sin (A(” AN 4 in)
(1). [
(A o C+) H sin (A‘," - Af,l) - m) sin (A.(,l) - Af,l) - in)

=1
p#d

Mz sin (AD — AP — ix/2) sin (AD + AD - ix/2)
p=i sin (AL = AP + i /2) sin (AL + AP +ix/2)’
M sin (A,(YZ) — AL + in/2) sin (A,(f) +A0 + z'n/2)
p=1 Sin (A—(,z) — Agl) - in/2) sin (A(_2)’7 + Lf,l) - in/2)
= K(A®; ¢, C)) ﬁ sin (AQ) — AP + ix) sin (AP + AP + ix)
o1 S

5 sin (N~ AP i) sim (AP 4 AP — )’

0'=1,...,M1,

7= 1)"',M2)
where

(4.33) F(kj;pr,1,p1,1) = s(kj;p1,)s(kj; pr,1),  (for all cases),

1 case (i)
sin ((_ + A + Ezﬁ) sin (C+ + A + g)
T e\ case (ii)
sin (C A()+-2—) sin ((+—A¢(,)+?)
1 case (iii)
iK
sin ((+ + AL 4 —) ,
Mt case (iv)
sin (C+ - AP+ 325)
iK
sin (C.. +AM 4 ——) _
(A, 6) = e case (v)
sin (C_ AN+ %E)
1 case (vi)
1 case (vii)
sin (C_ + A + 325) o
” e~ 2o case (viii)
sin ((_ -AM + —2-)
sin (C.,. + A0 + %E) o
” et case (ix)
sin ((+ -AM 4+ ‘2—)
\
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[15] Fermion model and Bethe ansatz solution 389
! case (i)
1 case (ii)
sin ((’ + AP + m) (C+ + AP + m) ]
@ (2) case (iii)
sin ((_ -A + m) sin ((+ - Ay + m)
1 case (iv)
1 case (v)
sin (Ci + AP + z'/f.) 2in® -
2). _ et case (vi
K(A?¢,¢) =1 an ég; AP ik
sin (¢" +A® +ik)
Z,Z) e~ 2AY case (vii)
sin EC’ - Ay +ik
sin (¢} + AP +ix) .
* (2) A case (viii)
sin ECL — Ay +ik
sin (¢" + A® +ix) .
Z2) ¢~2r5” case (ix)
| sin (C’_ - Ay + in)
The energy eigenvalue E of the model is given by £ = -2 Z cosk; (modulo an unim-

portant additive constant coming from the chemical potentlal terrn)

{1
(2]
(3]
(4]

(5]
(6]
(7]
(8]
(9}
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