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BOUNDARY TWO-PARAMETER EIGHT-STATE SUPERSYMMETRIC
FERMION MODEL AND BETHE ANSATZ SOLUTION

ANTHONY J. BRACKEN, XIANG-YU G E , YAO-ZHONG ZHANG

AND HUAN-QlANG ZHOU

The recently introduced two-parameter eight-state Uq g/(3|l) supersymmetric fermion
model is extended to include boundary terms. Nine classes of boundary conditions
are constructed, all of which are shown to be integrable via the graded boundary
quantum inverse scattering method. The boundary systems are solved by using the
coordinate Bethe ansatz and the Bethe ansatz equations are given for all nine cases.

1. INTRODUCTION

Low dimensional integrable quantum systems, with or without open boundary con-
ditions, which describe strongly correlated fermions [8] form an important class of lattice
integrable models, which have attracted much international attention (see, for example,
[2, 10, 18, 19, 6, 3, 11, 1, 14] and references therein). Recently, trying to extend the ex-
isting two component electron models to multi-component cases, we proposed [12, 9] an
eight-state integrable model and its two-parameter (or ^-deformed) version with Lie su-
peralgebra <?/(3|l) and quantum superalgebra f/9[g/(3|l)| symmetries, respectively. One
of the features of these two models is that they contain correlated single-particle and
pair hoppings, uncorrelated triple-particle hopping and two- and three-particle on-site
interactions. By eight-state, we mean that at a given lattice site j , j — 1, 2, . . . L, there
are eight possible fermionic states:

(11) |0>, 4 1 0 ) , cti2|0), c]i3|0),
ctilCti2|O>, c) i l C t i 3 |0) , cti2cti3|0), c t i l C t 2 C t | 3 |0 ) ,

where c ] a (cj,a) denotes a fermionic creation (annihilation) operator which creates (an-
nihilates) a fermion of species a — 1, 2, 3 at site j ; these operators satisfy the anti-
commutation relations given by {(^a,Cjtp) — 6ij8ap.
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Recently we formulated in [4, 5] a general and fully supersymmetric version of the
boundary inverse scattering method [15, 13, 7], and constructed a large number of inte-
grable boundary conditions [16, 17] for various models of strongly correlated fermions.
In this paper, we continue our study of open boundary conditions and consider the in-
tegrable eight-state fermion model with L/Jg/(3|1)| symmetry. We present nine classes
of boundary conditions for this model, all of which are shown to be integrable by the
graded boundary QISM [4, 5]. We solve the boundary systems by using the coordinate
Bethe ansatz method and derive the Bethe ansatz equations for all nine cases.

2. O P E N BOUNDARY CONDITIONS

We consider the following Hamiltonian with boundary terms

(2.1) H = £ Hjd+l{g, «)

where #£°undary, H%»**»v a r e respectively left and right boundary terms whose explicit
forms are given below, and Hjd+l is the Hamiltonian density of the two-parameter eight-
state supersymmetric fermion model [9]

Hj,j+i(g,«) = - 5Z {cl,acj+ha + h-c.) exp i --(T) + K) £ nj+g[p-a)j - -(TJ - K)

(2-2)

sinh/c

- f ^ - sig11^ - 2)« W 7 - ( 2 + si^(l ~ 2)K)nj+h-r \

^ + h.c.)
2 cosh n sinh2 K

+e e
sinh AC

2 cosh «(g + 1) sinh2 «
sinh /c(g + 1) sinh n(g + 2)

where g, K are two free parameters, rij = n,,i + n^i + n p with n,-iQ = c]iQc_,,Q being the
number operator for the electron of species a at site j , 6(@ — a) is a step function of
(/? - a ) and

(2.3) 7/ = - I n
sinh/eg sinh2 /c(g -I-1)

sinh/c(g + 1) ' 2 sinh «g sinh «(g + 2)
' ? = -

sinh /eg
sinh n(g +
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As is shown in [9], the symmetry algebra underlying (2.2) is the quantum superal-

gebra £/,mZ(3|l)j. The parameter « is related to the deformed parameter q by q = eK.

We propose the following nine classes of boundary conditions:

CASE (i) /
-IF> /->\K sinh/crrboundary _ SJnh Kg

sinh sinhf 1 + % )K

(2-4)

2sinh2Kcosh (l + ^fjK

I f1 \ ( e'\ 'x

sinh (1 + ̂  Usinh ( 2 + \ JK

Hrt
boundary _ s m n K9

CASE (ii)

(2.5) H*

CASE (iii)

(2.6)

CASE (iv)

rjbou

(2-7)

sinh
nL

sinh/t

sinh f 1 +
nL;inLfi

7 J T \ 7
sinh (1 + ̂ J/csinh f 2 +

sinh—K

sinh

7 777T—"1,2"1,3 i
sinh (1 + -=- j K J

sinh/c

sinh f l + ^- J K,
"L,2^t,3

sinh H - K

boundary _
rl

sinh
nL,3,

Smh Kg

sinh ^-/c

Sinh K

sinhfl + ^ J / c

2 sinh2 K cosh (1 + ^f j K
7 JT\ ~f , \ "l,lnl,2"l,3

iinh f 1 + ^f J/csinh f 2 + $f )K

sinh-^-/t
p

sinhfl
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C A S E (V)

in o\ uDOunaary " "» I — (("/2)KI_ . \ Sinn K ,
(2.8) Hu = -77— e V«- ' ; (ni,2 + nh3) -. -^p— nlj2ni|3 | ,

sinh -f-/c I sinh (l + ^- j K

sinh^/c I sinhll + ^J /c

2sinh2/ccosh ( 1 + ^ j « \

CASE (vi)

(2.9) i$r ^ i
sinh -fK I sinh-f inhfl + ^J /c

2sinh2 Kcosh fl + yj / t

h f 1 + ^J/csinh (2+ ^f\n

J
sinh -

CASE (vii)

(2.10)

sinh - 2 ~

sinh-^/tl sinhll

2sinh2/ccosh (l + ^ ) f
7 ZT 7 ,2«t,3 ;

CASE (viii)

(2.11) H)T^ = ^ ^ - | e-l«- ^- (n l i 2 + n u ) -

irboundary _ ^""J

sinh:

nLAnL,3)

sinh-f-zc
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C A S E (ix)

(2.12) H%>™^

sinh ^-/c I s inhfl + ^-J / t I

where f | ( a = I, II, III) are some parameters describing the boundary effects. As will
be shown in next section, all nine classes of boundary conditions are integrable.

3. BOUNDARY K-MATRICES AND QUANTUM INTEGRABILITY

Quantum integrability of the boundary conditions (2.4- 2.12) can be established by
means of the (graded) boundary QISM recently formulated in [4]. We first search for
boundary K-matrices which satisfy the graded reflection equations:

1 2
Ri2{ui - u2) K- (ui)R2i{ui +u2) K- {u2)

(3.1) - K- {u2)Rl2{Ul + u2) K- (wi)fl2i(«i - u2),

R&M'(-Ui + "a) K? MRni-Ux - u2 + 4) K?' (u2)

(3.2) = K*f (u2)R21(-Ul -u2 + 4) # f ( U l ) ^ 2 ' " t 2 ( - U l +u2),

where R(u) € End(V ® V), with V being an 8-dimensional representation of J7,
is the R-matrix of the two-parameter eight-state supersymmetric fermion model [9], and
R2l(u) = PuRn(u)Pi2 with P being the graded permutation operator; the supertrans-
position stp (/x = 1,2) is only carried out in the /z-th factor superspace of V<8>V, whereas
istp denotes the inverse operation of st^.

The whole procedure of solving the reflection equations is quite involved. We shall
not spell out the details, but state that there are three different diagonal boundary K-
matrices, Kj_(u), K'_'(u), K'J'{u), which solve the first reflection equation (3.1):

K'-{u) = V 7 7\ 7 Try-
sinh S=-K sinh (1 + -=• j n sinh I 2 + ^f j K

(3.3)

sinh —/tsinh (1 + — j/c

diag (A'J(u), A'J(U), B'_'(U), B'_'(U

K'J'M = —jm-
sinh ~2~K

aiagi/i_ (uj,/i_ (u),/i_ (U),o_
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where

(3.4) AM = -eW«sinh ^ - t i ^ s i n h ~2 ~ f + \sinh
Z Z

BL(u) = e ( - ^ 2 f + 4

>I , ^ -run/21 • , £ - + « . , 2 + f£ + U . L

i ( u ) = - e tu/c/2) sinh —-—/cs inh ^ /tsinh
z z

Di. (U) = e (3/2)UK sinh — - — K sinh K sinh K,
Z Z Z

A'J (u) = eu/csinh—=- /csinh
2 2

B'J(u) = -sinh^1——/csinh
2

2 + t'J + u

/c,

2
L sinh — ^ K, B'"(u) = e~(u/2)" sinh

The corresponding K-matrices, K+(u), K+(u), K+n(u), can be obtained from the iso-
morphism of the two reflection equations. Indeed, given a solution Kt{u) of (3.1), then
K%(u) defined by

(3.5) Ka
+

si{u) = MKa_{-u + 2), a = 1,11, III,

are solutions of (3.2). The proof follows from some algebraic computations upon substi-
tuting (3.5) into (3.2) and making use of the properties of the R-matrix . Here M is the
so-called crossing matrix, which is given in the present case by,

(3.6) M = diag ( l , 1, e2K, e4", e2\ e4K, e6", e6")

Therefore, one may choose the boundary matrices K^.{u) as

(3.7)

K'+'(u) = diag (A'+
l(u), A'Jiu), B'+'{u), Cj'(u), B'+'(u), C'+'(u), D'+'(u), D'+>(u)) ,

K'+"(u) = dmg(A^'(u),A^(u),e2KA^(u),B'+
n(u),e2KA^(u),

B'+"(u),e2*B>+"(u),e2*B>+"(u)),

where

(3.8) AM = e-^^sinh 2 g - f + UKsinh 2 g - 2 ; ^ + \sinh >9 ~ 4 ' ^ + \
z z z2g ~ f ~ \ s inh 2g ~ 2 ~ & + \ s inh 2g ~ ^ + ««,
z z z
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C'+(u) - el" ^ " s i n h — — ^ /csinh — —^± /csinh ——-^ K,

A»(u) =

l i " («) = e-UK/2 sinh

^ + 4 ~ # " " U

Following Sklyanin's arguments [15], one may show that the quantity 71 (u) given

by
(3.9) T-(u)=T(u)K-(u)T-1(-u), T(u) = R*L(u)-- •*„(«),

satisfies the same relation as /£"_(«):

(3.10) Ru(ui - u2) T- {ui)R2i(u1 + u2) T- (u2)
2 1

= T- {u2)Ri2{ui +u2) T- {ui)R2i{ul - u2).

Thus if one defines the boundary transfer matrix T{U) as

(3.11) T{U) = str(K+(u)T-{u)) = str (K+{u)T{u)K-{u)T-l(-u)) ,

then it can be shown [4] that fr(ui),r(u2)] = 0. Since K±(u) can be taken as
K'±{u), K±(u) and K±"(u), respectively, we have nine possible choices of the boundary
transfer matrices:

(3.12) r(a'6)(u) = str (K%(u)T{u)Kb_{u)T-l{-u)) , a, 6 = /, / / , / / / ,

which reflects the fact that the boundary conditions on the left end and on the right end
of the open lattice chain are independent.

Now it can be shown that Hamiltonians corresponding to all nine boundary condi-
tions are related to the second derivative of the boundary transfer matrix r'°'6'(u) (up to
an unimportant additive constant)
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2 * - <°> +

+2strQ (Ka'+ (0)tf«0) + str0 (K\ (0)

where

(3.14) V = stro*:°'(0), W =

-i r / o \

Here FjJ+i denotes the graded permutation operator acting on the j-th and j + 1-th
quantum spaces. (3.14) implies that the boundary two-parameter eight-state supersym-
metric models admit an infinite number of conservation currents which are in involution
with each other, thus assuring their quantum integrability.

4. COORDINATE BETHE ANSATZ ANALYSIS

Having established the quantum integrability of the boundary models, we now solve
them by using the coordinate space Bethe ansatz method. Following [1, 14, 16, 4], we
assume that the eigenfunction of the Hamiltonian (2.2) takes the form

(4-1) |*>= E *o,,...«,(*l,...,SAr)4Ia.--4

p \ j=\

where the summation is taken over all permutations and negations of k\,..., k^, and Q
is the permutation of the N particles such that 1 ^ xq\ ^ • • • ̂  XQN < L. The symbol
EP is a sign factor ±1 and changes its sign under each 'mutation'. On substituting the
wavefunction into the eigenvalue equation H\^) = E\^l), one gets

(4.2) ^i...,Qj,Qi,...(• • • j kj, k{,...) = Jij(ki, kj)A...tCtiiajt..\..., ki, kj,...),

Aai,...{-kj, ...) = sL{kj-,piai)Aau..{kj,...),

A...,ai(. •., -kj) = sR{kj;pLai)A...<ai{..., kj),

where Sij(ki,kj) are the two-particle scattering matrices,

(4.3) Sij(*i.*,C = l, o = 1,2,3,

= 1,2,3,
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where Aj are suitable particle rapidities related to the quasi-momenta kj of the electrons

by
(4.4) A;(A) = 2arctan(cothctanA),

where the parameter c is defined by

(4.5)
sinh -(77 + K)

sinh-(77-/c)
-K

sL(kj-,piai) and sR{kj\piai) are the boundary scattering matrices,

1 _ n. o'ki

(4.6) sL(kjtPlai) =

with piai and pLai being given by the following formulae, corresponding to the nine cases
respectively,

CASE (i)

(4.7) p u = pi>2 = pi,3 = Pi = -e~Kg + e~(('-/2)K -7—,
sinh -fK

CASE (ii)

(4.8)

sinh

9, Pi,2 = Pi,3

S
 L,2 = PL,3

sinh/

CASE (iii)

(4.9) pi,i = pi,2 = -e Pi,3 = -

PL,\ = PL,2 = - e " , PL,3 = -1

CASE (iv)

(4.10) p M = p u = Pi,3 s p! - - e " K 9

sinh ^-/
sinh/co

-jf-
sinh -±-K

, ^-ffi"/2)ic sinh/tff

sinh - | - i

sinh Kg
• e^+

sinh

sinh/egrA
sinh y/c

sinh
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C A S E (V)

(4.11) Pu—e-9, Pl,2=PM=-e--+e-(

CASE (vi)

(4.12)

CASE (vii)

(4.13)

CASE (viii)

(4.14)

CASE (ix)

(4-15)

sinh -J-

sinh

sinh -y/t

PL., = P L , = - e - , - (
sinh

sinh -=rK

_ p~K9 i ~(t

sinh -*-n

sinh -=-K

PL., =
sinh

Pt.i = - e "9, Pt,2 = PL,3 = -

^ 1
sinh -^-K

K sinh/toK rrf-.
sinh -*-K

As is seen above, the two-particle S-matrix (4.3) is nothing but the R-matrix of
the Uq [52(3)1 -invariant Heisenberg magnetic chain and thus satisfies the quantum Yang-
Baxter equation (QYBE),

(4.16) S^k, kJSutki, k,)Sj,{kj, k,) = S^k,, k,)Sa{ki, *i)5y(*i, kj).

It can be checked that the boundary scattering matrices sL and sR obey the reflection
equations:

(4.17) Sjii-kj, -ki)8
L(kJ;plaj)Sii{-ki,kJ)s

L{ki;plai)

= sL{ki;plai)Sji{-kj,ki)s
L(kj;plai)Sij{ki,kj),

https://doi.org/10.1017/S0004972700033050 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700033050


[11] Fermion model and Bethe ansatz solution 385

This is seen as follows. One introduces the notation

(4.18) s{k;p) = - T;-

Then the boundary scattering matrices sL(kj\piai), sR{kj\pLai) can be written as, cor-
responding to the nine cases respectively,

CASE (i)

(4.19) sL(kj-,piQi) =s{-k

CASE (ii)

(4.20)

CASE (iii)

(4.21)

CASE (iv)

(4.22) sL(

I \

0

0

0

2iA. S i n (C-

sin (C- -

0

( \

0

0

sin (C+ + Xj)

0 0
\

/ 1 0 0
0 1 0

0 0 e2iXi —

sin (C_ — Xj)

0

0

sin (C+ + A,-) J

-A,-) /
/ 1 0 0

0 1 0

sin [C'j. — A,)
O n «2tA,- v̂ "1' J)

~—77" ~) J

I \

0 e

0

sin (C+ + Xj)

0 0

0

0

e2iXj sin (C+ - Xj)
sin (C+ + Xj)
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C A S E (V)

(4.23) sL(kj;plOi) = a ( -

0
2iAisi

sin (C- - Xj)

0 0 2<A, s i " (C- + A,)
sin(C_-A,)/

C A S E (vi)

(4.24)

1 0
0 1

0 0

0

0

C A S E (vii)

(4.25) sL(kj;piai) = s(-kj-,phl)

1 0
0 1

0 0

0

0

sin (C_ -

C A S E (viii)

(4.26) sL(fcj;piOj) = s ( - / 0

0

0

0
sin (C- -

0

1 0

0 1

0 0 e2iA

C2,A. s i n (C- + A,-)
sin (C_ - Xj)

0 \

0

sin fCi - .

sin ( a + A,-) )
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[13] Fermion model and Bethe ansatz solution 387

CASE (ix)

(4.27) sL{kj-plai) = s{-kiA

sR{kj\pLai) = eik>

1 0
0 1

0 0 e2iX>
sinfti-A,-)

o

sin (C+ + Xj)

0
sin(C++Aj-)

Here I stands for the 3 x 3 identity matrix and p l i l t pLti are as given in (4.8); C±, C± are

parameters defined by
g _ en q- e'J'

(4-28) ^ = ^ « , C; = ^ « .

We immediately see that (4.19) are the trivial solutions of the reflection equations (4.17),
whereas (4.20) and (4.21) are the diagonal solutions [15, 13, 7].

The diagonalisation of the Hamiltonian (2.2) reduces to solving the following matrix
eigenvalue equation
(4.29) Tjt = t, j = l,...,N,

where t denotes an eigenvector on the space of the spin variables and Tj takes the form

(4.30)

with

(4.31)

T, = S-(kj)s
L(-kj;plai)Rj(kj)Rf(kj)s

R(kj;pLa.)Sl(kj)

kj, *,-_i)... Sjtl(kj, A,),

-kj)... Sj-vikj-u -kj),

, -kj)... SNJ(kN, -kj).

This problem can be solved using the algebraic Bethe ansatz method. The Bethe ansatz
equations for all the nine cases are

(4.32)

ff..pil PL1) - ff si/ i sin (A. _

sin (A*,1' - Xj + in/2) sin (Ay + Â  + in/2)

s i n

N sin

/= i sin (Aix) - Xj - in/2) sin (Ai1' + A,- - i/c/2)
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*& sin

5 «n
- i/c/2) sin - i/c/2)

- A<2)
sin

«*i sin (A<,2> - A ^ + i/c/2) sin (A<,2> + A ^ + i/c/2)

3 sin (A?' - A^ - i/c/2) sin (A(_2)
7 +1$> - in/2)

where

(4.33)

_

7 = 1,...,M2,

s(fcj;Pi,i)s(fc,-;Pi,,i). (for all cases),

1

sin (C- + A£> + j) sin (c+ + A^1' +

1

sin

in (C- - At" + ^sin
1
1

sin _ - Al" + ^

sin (C. - A<» + f

case (i)

case (ii)

case (iii)

case (iv)

case (v)

case (vi)
case (vii)

case (viii)

case (ix)
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[15] Fermion model and Bethe ansatz solution 389

sin (Cl + A<?> + in) sin ( c ; + A<,2> + i

sin (f t -

in (ft - A?' + isin

case
case

case

case
case

case

case

case

case

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)
sin (ft - A^2) + in)

The energy eigenvalue E of the model is given by E — — 2 £) cos/c,- (modulo an unim-

portant additive constant coming from the chemical potential term).
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