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ON ANALYTIC FUNCTIONS WITH REFERENCE
TO THE BERNARDI INTEGRAL OPERATOR

G. LaksHMA Reppy AnD K.S. PADMANABHAN

Bernardi has proved that if f 1is starlike univalent in the unit

disc E , then so is the function ¢ given by
C 2 c-1
g(2) = (er)s [ hp(eas .
0

In the first part of the paper, we extend Bernardi's theorem to a

certain class S#*(4, B) of p-valent starlike functions in E .

We prove that if f € SE(A, B) then g , defined by

also belongs to S;(A, B) . 1In the second part of the paper we

examine the converse problem for functions with negative

coefficients, satisfying certain conditions.

1. Introduction
Let E=1{z: |z| <1} and let
H = {w regular in E : w(0) = 0, |w(z)]| <1, z € E} .

Let P(A, B) denote the class of regular functions in E which can be put
in the form {1+Aw(z))/(1+Bw(z)) , ~1 <A <B <1, w € H . Let
S;(A, B) denote functions f of the form
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flzy =az+ ¥ a7 (p=z1)
p pr1 "
such that (1/p)(zf'(2)/f(2)) € P(A4, B) . Bernardi [1] has proved that if

f is starlike univalent in E , then so is the function g given by
-c 2 c-1
gla) = (412 [ 9 Lp(0)ae
‘0

In the first part of the paper we extend Bernardi's theorem to the class

S;(A, B) . We prove that if f € S;(A, B) then g , defined by
e [? c-1
glz) = (pte)z™ J t Tf(t)de
0

also belongs to Sg(A, B) . 1In the second part of the paper we examine the
converse problem for functions with negative coefficients. Let Tb denote

the class of functions

flz) = apzp -y an+kzn+k , pz1l, kzp,
n=1

a >0, ap > 0 regular in E , satisfying fTZO) = zp for a given

ntk ~ 0

z. # 0 . The class Tl has been studied

A, BJ defined as follows:

-l <z <1

real number ZO N 0 N 0

by Silverman [3]. Consider the subclass S;[zo,

_ 1 oaf'(z)
S;(zo, 4, B) = {f €T : = ‘4;7;5— € P4, B)} )

We observe that Sf(z .
pT 0

A4, B] is a subclass of Zb consisting of
p-valently starlike functions. The definition of S;(zo, A, B) implies
that functions f 1in S;(ZO’ A, B) satisfy Re(zf’(z)/f(z)] >0,

z € E . Further if f ¢ S;(zo, 4, B) ,

or [ 46,,;, 16y) on
L Reﬁ—-——-——(-re frlre ”) e = 2 (7 pe LAulz) 4o B . oy

- 0 e = P s
2T Jo ! f.(Pe’Le) 27 Jo 1+Bw(z) 27

since Re((1+4w(z))/(1+Bw(z))) is a harmonic function in E with

A, B) . 1If

w(0) = 0 . This proves p-valence of f € SS(ZO’
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g € S*(z., A, B) and f is defined by

pro’

_ -C (z c-1,
g(z) = (c+p)a ) £ TFfle)de
0

we determine the radius of the largest disc in which f is p-valently

starlike of order a , 0 =& < 1 .

2. Effect of Bernardi operator on S;(A, B)

LEMMA 1. Let # and D be regular in E , D map E onto a many
sheeted starlike region, {(0) = D(0) =0, #&'(0)/D'(0) =p ,
(1/p) (' (z)/D'(2)) € P(4, B) . Then (1/p)(#(z)/D(z)) € P(A4, B), p=1.

Proof. We have

é%%%%%-e P(4, B) =

ni(z) _ 1+Aw(z) _ 1+4z
pD'(z)  1+Bw(z) ~ 1+Bz °

AMso (1+4z)/(1+Bz) maps |z| < r onto the disc with centre

alr) = (l—ABPZ]/(l-B2r2) and radius b(r) = (B-A)r/(l—BZPQ) - N'(z)/pD"'(z)

takes values in this disc and therefore |(N'(z)/pD'(z))-a(r)| < b(r) ,
|z| <r, O0<r<1. Choose A(z) so that

pD'(z2)}A(z) = FN'(z2) - pa{r)D'(z)
Then |A(z)| < b(r) . Fix 2y in E . Let L be the segment joining O
and D(ZO) which lies in one sheet of the starlike image of E by D .

Let L[l be the pre-image of L under D . Then

3
0
!N(zo)wpa(r)D[zo]] ’J [N’(t)-pa(r)D’(t)]dtl
0

” . por(t)A(t)dt(

L

A

pb(r) J ldp(t) |
L

pb(r)|D(z,) |

That is ](U(zo]/po(zo))_a(r)] < b(r) ; that is,

Jz)/pD(2) < (1+42)/(1+Bz) or equivalently [//ps € P(A, B)
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LEMMA 2 [2]. Let N and D be regular in E , D map E onto a
many sheeted starlike region, N(0) = D(0) =0, WN'(0}/D'(0) =p,
Re (¥'(2)/D'(3)) >0 . Then Re(N(z)/D(z)) >0 .

Proof of Lemma 2 follows from Lemma 1 by taking A =-1, B =1.

Using Lemma 2, we can prove

LEMMA 3. Let f € sg(A, B) ,

o 1
J(z) = [ () .
0

Then § +is (p+e)-valent starlike for ¢ =1,2, ..., in E .

This is a generalization of Lemma C in []] and the proof is analogous

to the one given in [J] and hence is omitted.

THEOREM 1. et f € 5%(4, B) and g(z) = (c+p)z"%d(z) ,

e=1,2, ..., vhere J(3) is as in Lemma 3. Then g € S;(A, B) .

1

Proof. Let g'(z) (c+p)z-lf(z) - ez ~g(z) . Then

2g'(z) _ 2g'(z) 2% _ 2°f(z)-cd(z) _ N(z)

Z -_—
g(z) g(z) ;5_ J(z) ~ D(z)

vhere WN(z) = 2°f(2) - eJ(2) , D(z) = J(z) . D(z) = J(z) is (p+c)-
valent starlike by Lemma 3, N'(0)/D'(0) = zf’(z)/f(z)|z=0 = p and since

f € S;(A, B) , (1/p) N'(2)/D'(2) = 1/p x af'(z)/f(z) € P(A, B) . Lemma 1
now enables us to conclude (1/p)(¥/D) = (1/p)(zg’'/g) € P(A, B) . That is,
g €544, B)

NOTE. By taking p=1, 4=-1, B=1 in Theorem 1 we deduce the
following theorem of Bernardi.

THEOREM A ([!], Theorem 1). Let

_ n
flz) =z + % az ¢ s*
n=2

the class of starlike functions, and
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2
g(z) = (e+1)2™ f eyt , e =1, 2,
0

Then g € S5* .

3. The converse problem

Now we introduce the following notation for brevity. n + k =m ,

0

m(B+1) - p(4+1) = ¢ , p(B-4) =D, Y =Y and m(B+1)(1-B) = E . Ve
m m=k+1

need the following lemmas.

LEMMA 4. et f ¢ 7, - Then f € S;(z A, B} if and only if

09

(1) ¥ [(Cm/D]—zg-p}am 1.

Proof. Suppose f ¢ S;(ZO’ A, B) . Then

zf'(z) _  1+4w(z)
flz) " P Timw(z) °

.1<A<B=1, we€H, z €E .

That is, w(z) = (p—zf"(z)/f(z))/(Bzf’(z)/f(z)—/lp) , w(0) =0 and
lw(z)] = |(af (2)-pf(z))/(Bzf"(2)-Apf(z)) |

= [Z (m-p)amz ]/[Dapz Z (Bm-Ap )amz ] 1.
Thus

m p _ |l o
(2) Re{[z (m-p)a,_z }/[Dapz Y. (Bm-Ap)a, z ]] 1.
Take 2z =r with 0 < r <1 . Then, for sufficiently small » , the
denominator of (2) is positive and so it is positive for all » with
0<r<1l, since w(z) 1is regular for |z| <1 . Since f is in Tp s

P _ - _ n-p
Flag)/zy = 1 a, Yaz, " and we get
= m-p

(3) a, =1+ Yaz, o

Then (2) gives Y (m—p)amrm < Daprp -y (Bm—Ap)amrm , that is,

Y Cmamrm < Daprp , and (1) follows on letting »r + 1 and using (3).
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Conversely suppose f € Tp and (1) holds. For |z| =r, 0<r<1, ve
have, since r < rp
Y [m(B+1)-p(A+1) la,; 7=y c.a, <Py ca. < Daprp

by (1) and (3). So we have

'2 (m—p)amzp =y (m-p)a < Da ” Y (Bm-Ap)a e
< P m
< Dapz - z (Bm-4p )amz

This proves that =z2f'(z)/f(z) is of the form p((1+dw(z))/(1+Bw(z))) with

w € H .
LEMMA 5. et g € T, . Then g'la, P(4, B) if and only if
(1) v Enmu)-(zs-mz’g“l:[am <B-4.
s _ "o
Proof. g ¢ 7, implies g(zo] = a3, - Y a,Bq = 8y - So we have
_ m-1
(5) a; =1+Yaz

Suppose g'(z) = al((l+Aw(z))/(l+Bw(z))) =a - Zmamzm_l , mz k+l
k=1 . Then

lw(z)| = |{a;-g"(2))/(Bg'(2)-a,4) |

m-1 m-1
,[_/mamz ]/(al(B—A)—BZmamz ] <1, z€E.,

Thus

(6) Re{[ mamzm_l]/[al(B—A) -BY mamzm-l]} <1 .

Take 2 =» with O < r <1 . Then, for sufficiently small r ,
a,(B-A) - B Z\mamlr'm"l > 0 and hence it is positive for all »r with
0<r <1, since w(z) is regular for |z| <1 . Inequality (6) then
gives mamrm_l < al(B-A) -BY mamlr’m"l and (k) follows on letting

r »1 and using (5). Conversely, for |z| =» , 0 < r <1 , we have,
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since T <1,
Y m(Ba-l)zzmr'm'l < Y m(B+lla, < a (B-A)
by (&) and (5) and

‘Z mamzm_l

=y mamrm_l < a,(B-4) - Y Bmamrm_l

< |a,(B-4) - ¥ Bmamzm‘l

This proves that g' € P(4, B) .
THEOREM 2. et g ¢ S;(z , A4, B) and f(z) = (217 (p+e)) Bogla)]"
Then f 1is p-valently starlike of order o, 0 =o <1, in the disc

_p)

1/(
|z|<r—r(otAB—1nf[—h%c—y:[ e=1, 2, .

Proof. From Lemma 4 we see that, since g € S*(z., 4, B) , (1) holds.

pro’
Since f(z) = [zl—c/(p+c)) [zeg(z)]’ = apzp -y [(m+e)/(p+c))amzm , it
is enough to show that |(zf'(2)/f(2))-p| =p - a for |z| < r(a, 4, B) .

Now

(1) [ (2£"(2)/f(2))-p
I[Z [(m+c)(m—p)/(p+c))amzm_p]/[ap -y ((m+0)/(p+c)Jamzm_p”

IA

a, - y ((m+c)/(p+e))am|21m_pt

[2 (<m+c)(m.p>/(p+e))a,,,|z|’”'p]/

Consider the values of =z for which

C—1/(m-p)
- -a)(p+e) “m
o] = ane [{E=iEie) 1] ’

so that 2| = ((p-a)(p+e)/(m-a) (m+c)) (Cm/D) holds for all m =k + 1 .

Then
me o 15" P < =a) ‘m <zin1
2:p+camz ‘Z m-o D %m D %m
since p <m . Tow Y ((m+e)/(p+c)]amlz]m_p < a, provided
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Z:(Cﬁ/D)am < ap . Since f(zo) = zg , this condition is equivalent to
Zj(ch/n)am Sa =1+ Y a zg P | that is, ) [(Cﬁ/D)—zg_p]am <1 which is

true by (1). Hence we can rewrite the denominator of the right hand side

of inequality (7) for the considered values of =z , using the fact that

a, > > ((m+c)/(p+c))amlz|m-p . Thus

| (z77(2)-pflz))/f(2) ]

z:(m-p)(m+c)am|z|m'p]/[(p+c)ap -2 (m+c)am|z|m'p] =p-0

if
Y (m-p)(m+c)am|zlm-p < (p-OL)Ep+c)ap _ (rrrfc)am|zim-p]
that is, if
> (77z+c-)(771—0t)am|zlm_p < (p-C")(p**c)ap = (p-a)(p+e) [l + Y ang]—p] ,
that is, if
m-0) (mrtc) m-p _m- -
P

But in view of (1), (8) is satisfied if

(m-0) (mrte) |2|™P < fﬁ
- D

(p-0) (p+e) ’

that is, if

r;]l/(m—p)

The bound is sharp for the choice of function g given by

= P_p,mM _p-P
g(z) [sz Dz ]/[Cﬁ Dzo ]
and the corresponding f . Hence the theorem.

NOTE. The conclusion of Theorem 2, is independent of the point 3y -

THEOREM 3. Let g € T, and get g'/a; ¢ p(4, B) . Define
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f(z) = (zl_c/(c+l))(zcg(z)]' . Then Re f'(z) >B, 0=B<1, for

m_l]]l/(m—l)

|z| <r=r(B, D, E) = inf R(c+l)/m(m+c)) [(pE’/D)+BzO

m L
c=1, 2,
Proof, f(z) = (zl'c/(c+1)) (zcg(z)) ! = az - Y ((cm)/(cﬂ)]amzm . It

is enough to show that

f(z)-a| =a -8B ror |z| =r(B, D, E) .

=y (;7z(m+c)/(c+1)]am|zIm'l )

Now |f’(z)-al| = ‘f (m(m+c)/(c+1))amzm-l

-t -8 .

Thus |f’(z)—al[ Sa, - B provided Y [m(m+c)/(c+1))am]z| sa

As g € Tl implies (5), the above condition is equivalent to

m(m+e) m-1 _m-1 <
(9) Yy ['—c:'i—‘ |z -2 ]am =1-6.

Since g’/a..L € P(4, B) we have, using Lemma 5,

Y [m____(i;l) - zrg_l]am <1 .

Hence (9) is true if

m(m+c) |z|m-1 1 zm_l m(B+1) m-1 _ mp(B+1) m=1
(e+1)(1-B) “1-B% T B4 T %0 -~ D “ %

that is, if

. 1/(m-1)
lz] = Ejgil—y [Rl‘ + Bzm"lﬂ

The bound is sharp for the choice of function g given by

m(B+1)z-(B-A)z"
m(B+1)-(B-A)Z0

glz) =
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