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ON ANALYTIC FUNCTIONS WITH REFERENCE
TO THE BERNARDI INTEGRAL OPERATOR

G. LAKSHMA REDDY AND K.S. PADMANABHAN

Bernardi has proved that if f is starlike univalent in the unit

disc E , then so is the function g given by

-a \Z e-1
g{z) = {a+l)z t f(t)dt .

>0

In the first part of the paper, we extend Bernardi's theorem to a

certain class S*(<4, S) of p-valent starlike functions in E .

We prove that if / € S*(A, B) then g , defined by

rZ

g{z) = (p+a)z~° ta~Lf(t)dt ,
>0

also belongs to S*(A, B) . In the second part of the paper we

examine the converse problem for functions with negative

coefficients, satisfying certain conditions.

1. Introduction

Let E = {z : \z\ < l} and let

H = {w regular in E : w(0) = 0, |w(s)| < 1, z € E} .

Let P(A, B) denote the class of regular functions in E which can be put

in the form (l+Aw(z))/ [l+Bw(z)) , -1 5 4 < B < 1 , w £ H . Let

S*(A, B) denote functions / of the form
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388 G. Lakshma Reddy and K.S. Padmanabhan

f(z) = a zp + I amz
m (p > 1)

such that (l/p)[sf'(s)/f(z)) f P{A, B) . Bernardi [/] has proved that if

/ is starlike univalent in E , then so is the function g given by

g{z) = (c+l)z-° f tC~Xf{t)dt .

In the first part of the paper we extend Bernardi's theorem to the class

S*(A, B) . We prove that if f € S*(A, B) then g , defined by

g(z) = (p+c)z-° f tC~Xf(t)dt ,
}0

also belongs to S*(A, B) . In the second part of the paper we examine the

converse problem for functions with negative coefficients. Let T denote

the class of functions

CO

f(z) = a Z* - I an+]<z , p > 1 , k > p ,
n=l

an+]<

0 , a > 0 regular in E , satisfying f[zn) = 2^ for a given

real number z , -1 < z < 1 , z t 0 . The class T has been studied

by Silverman [3]. Consider the subclass S* [z , A, B) defined as follows:

S*(zQ,A,B) =

We observe that S*(z , A, B) is a subclass of T consisting of

p-valently starlike functions. The definition of S*[z , A, B) implies

that functions f in 5* (z , A, B) satisfy Re[zf'{z)/f(z)) > 0 ,

3 € E . Further if f £ S*(z , A, B) ,

/ •2TI f l Q r , , ( i 9 - , l r27T , , , N

1 „ Ire f-[re J Q p „ 1+Aw(z) J A p

^ Jo |~7(^e) f = ̂  I ^̂^̂  = ̂  ' = P '
since Re ((l+.4w(s)) / (l+Sw(g))) is a harmonic function in E with

w(0) = 0 . This proves p-valence of / € S*(3n' A' S) " I f
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g (. S*(z , A, B) and / is defined by

iZ

g(s) = (c+p)z~C tC'Lf(t)dt ,
'0

we determine the radius of the largest disc in which / is p-valently

starlike of order a , 0 5 a < 1 .

2. Effect of Bernardi operator on S*U, B)

LEMMA 1. Let II and D be regular in E , D map E onto a many

sheeted starlike region, ,7(0) = D(0) = 0 , il'{0)/D'{0) = p ,

(l/p)[il'(z)/D'(z)) 6 P(A, B) . Then (l/p) (tf(s )/D(z)) I P(A, B) , p > 1 .

Proof. We have

H'(z) , , ̂  !!'{z) _ 1+Au(z) 1+Az
pD'(z) fc ̂ U ' O) pD'(z) 1+Bu(z) 1+Bz •

Also (l+-43)/(l+Ss) maps |s| < r onto the disc with centre

a{r) = [l-ABr2)/ [l-B2r2] and radius b(r) = (B-A)r/[l-B2r2) • N'{z)/pD'{z)

takes values in this disc and therefore | [N'(z)/pD'{z))-a{r)\ < b(r) ,

| s | < r , 0 < r < 1 . Choose A{z) so that

pD'{z)A{z) = N'(z) - pa{r)D'{z) .

Then \A(z)\ < b(r) . Fix z in E . Let L be the segment joining 0

and D\zn\ which lies in one sheet of the starlike image of E by D .

Let L be the pre-image of L under D . Then

\!Z°
\N[zQ).-pa(r)D{zQ)\ = I [N'(t)-pa(r)D'(t)]dt

pD'(t)A{t)dt

LJ

< pb(r) f \dD(t)\
>L

= pb(r)\D{zQ)\ .

That is \[n[zo)/pD{zo}}-a(r)\ < b(r) ; that i s ,

;i(z)/pD(z) < {l+Az)/(l+Bz) or equivalently H/pD £ P(A, B) .
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LEMMA 2 [ 2 ] . Let N and D be regular in E , D map E onto a

many sheeted starlike region, N(0) = D{0) = 0 , N'(0)/D'(0) = p ,

Re(N'(z)/D'(z)) > 0 . Then Re(tf(s)/D(z)) > 0 .

Proof of Lemma 2 follows from Lemma 1 by taking A = -1 , B = 1 .

Using Lemma 2 , we can prove

LEMMA 3. Let f € S*{A, B) ,

J(z) = f tC~1f(t)dt .
J0

Then j is (p+o)-valent starlike for a = 1, 2, . . . , in E .

This is a genera l iza t ion of Lemma C in [7] and the proof i s analogous

to the one given in [?] and hence i s omitted.

THEOREM 1. Let f € S*(A, B) and g{z) = (C+P)Z~°J(B) ,

a = 1 , 2 , . . . j where J(z) is as in Lemma 3. Then g £ S*(A, B) .

Proof. Let g'{z) = (o+p)z~1f(z) - cz~Xg{z) . Then

zc '{z) = zp'(z) £_ = z°f{z)-cJ{z) = Hz)
g(z) g{z)~ o J{z) ' D(z)

3

where N(z) = z°f{z) - cJ(z) , D{z) = J(z) . D{z) = J{z) is {p+c)~

valent starlike by Lemma 3, N'{O)/D'(O) = zf'{z)/f(z)\ = p and since

f € S*(A, B) , (1/p) N'(z)/D'(z) = 1/p x zf'{z)/f(z) £ P(A, B) . Lemma 1

now enables us to conclude [l/p){N/D) = (l/p)(zg'/g) € P(A, B) . That is,

g « s*U, B) .

NOTE. By taking p = l , A = -1 , B = 1 in Theorem 1 we deduce the

following theorem of Bernardi.

THEOREM A ([/], Theorem l). Let

CO

/ ( a ) = 3 + Y. a z € 5 * ^
n=2 n

the class of starlike functions, and
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g(z) = (c+l)z~C I tC~Xf{t)dt , a = 1 , 2 , . . . .
Jo

Then g Z S* .

3. The converse problem

Now we introduce the following notation for brevity, n + k = m ,

oo

m(S+l) - pU+l) = C , p(B-i4) = D , Y. = I and m(B+l)(l-g) = E . We
m=k+l

need the following lemmas.

LEMMA 4. Let f Z T . Then f Z S*{B , A, B) if and only if

Proof. Suppose f Z S*[z , A, B) . ThenS

zf'iz) 1+Aw(z)

That is, w{z) = {p-zf!(z)/f(z))/{Bzf'(z)/f(z)-Ap) , w(0) = 0 and

I 1 - ^ m i l ri w-^ m) I

< l.

Thus

(2) Reffc (m-p)amz
m}/lDapz

P - I {Bm-Ap)aJa^ j < 1 .

Take s = r with 0 < r < 1 . Then, for sufficiently small r , the

denominator of (2) is positive and so it is positive for all i> with

0 < r < 1 , since w{z) is regular for \z\ < 1 . Since / is in T ,

/(*o)
/3o = x = aP " Z V o " P and we get

Then (2) gives Y (m-p)a rm < Da i? - Y {Bm-Ap)a rm , that is,
- - r m p — c m

Y, C a rm < Da I? , and (l) follows on letting v -*• 1 and using (3).
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C o n v e r s e l y s u p p o s e / € T a n d ( l ) h o l d s . F o r | s | = 2 ° , 0 < r < 1 , we

h a v e , s i n c e v < r* ,

[m(B+l)-pU+l)]a rm =Y,C a rm <m mm c a < Damm p

by (1) and (3) . So we have

(m-p)amz
P 5 Y, (m-p)amr

m < to / - [ (Bm-Ap)amr
m

2 Da zP -Y (Bm-Ap)a z"p r m

This proves that zf'(z)/f(z) is of the form p ([l+Aw(z)) / [l+Bw(z))) with

W € # .

LEMMA 5. Let £ € 2^ . I%ew g'/a± € P(/l, B) if and only if

(k) T \m{B+±)-{B-A)zmQ-^am SB - A .

Proof, g € 2" implies ff(30)
 = a-isn - Y a Z"Q = zn • So we have

(5) a^-1 + YaJt1 •
TO-l

S u p p o s e ^ ' ( 2 ) =

k > 1 . Then

|wU)| = K^-ff'i

= a1 - Y,
 ma

m
z > m -

= \\lmamz
m-1'\/\a1(B-A)-Btmamz

m-1'\\ < 1 , 2 € ff .

Thus

(6 ) < 1 .

Take z = v with 0 < r < 1 . Then, for sufficiently small r ,

a (B-A) - B Y ma rm~ > 0 and hence it is positive for all r with

0 < r < 1 , since w{z) is regular for \z\ < 1 . Inequality (6) then

gives Y, ma r ~ < a (B-A) - B £ ma r and (h) follows on letting

r •*• 1 and using (5)- Conversely, for | z | = r , 0 < r < 1 , we have,
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m-1
since r < 1 ,

Ym(B+l)a r71'1 < Ym(B+l)a < aAB-A)
*~ m L" m l

by (h) and (5) and

mam " 1 < aAB-A) - Y Bma rm~X

1 ~" m

S aAB-A) -Y.Bma z"'11 ^ m

This proves that g' € P(A, B) .

THEOREM 2. Let g € S*[zQ, A, B) and f(z) = [z
1~°/(p+c)) [z°g(z)~] '

Then f is p-valently starlike of order a. 3 0 S a < 1 t in the disc

Proof. From Lemma h we see that, since g £ S*(s , A, B] , (l) holds.

Since f(z) = {z1-a/(p+o))lz
Cg(z)2' = a^ - Y_ {(m+c)/{p+c^aj" , it

is enough to show that | [zf '{z)/f{z))-p| 5 p - a for \z\ < r(a, A, B) .

Wow

(T) \{zf'(z)/f(z))~p\

Consider the values of 2 for which

2 5

so that \z\m ? S ((p-a)(p+e)/(m-a)(m+e)) (c /£>) holds for a l l m > £ + 1

Then

m-a D am L D

since p < m . 'low £ ((m+e)/(p+e))<2 < a provided
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Y [c /D)a 5 a . Since fizn) ~ ZQ » this condition is equivalent to

y [c /DJa 5 a = 1 + Y, a z™~P , that is, Y (c /D)-Z"!~P \a S 1 which is
t-1 K m ' m p ^ m 0 ' ' ^ { m 0 ) m

true by (l). Hence we can rewrite the denominator of the right hand side

of inequality (7) for the considered values of z , using the fact that

a > £ {(m+o)/(p+e))ajz\m~p . Thus

\{zf'(z)-Pf(z))/f(z)\

- \y, (m-p)(m+c)a \z\ ~P / (p+e)a - Y, (m+c)a \z\ " 5 p - c
{- c m ) \ p n )

if

Y, {m-p){nfre)a \z\m~p 5 (p-a) (p+e)a - Z {m+o)a \z\n

that is, if

Y, (w+e)(»J-a)a |s| *• 5 (p-oi)(p+c)a = (p-cO(p+e) 1 + Y a ZQ \ ,

that is, if

1-7 i / x — t

I m-p m-p ., ,(8) ^ |]p-a)(p+c)

But in view of (l), (8) is satisfied if

Q
(w-cx)(w+c) I \m-p m
(p-a)(p+c) |s| - 0 '

that is, if

C-i

The bound is sharp for the choice of function g given by

and the corresponding / . Hence the theorem.

NOTE. The conclusion of Theorem 2, is independent of the point

THEOREM 3. Let g £ T± and get g'la^ € P(A, B) . Define
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f(z) = [z C/(c+l)) [zag(z)) ' . Then Re f'(z) > 3 , 0 5 3 < 1 , for

\z\ < r = r(3, D, S) = inf ^{(c+l)/m(m+a)) ((P£'/Z?)+3SQ"
1J]

c = 1, 2, ... .

Proof. f{z) = [z C/(e+i)) (z ̂ (s)) ' = a s - J] ((c+m)/(e+i))a s . It

is enough to show that

\f'(z)-a^\ S al - 3 for |s| S r(3, D, E) .

Now \f'(z)-a1\= Y {m(m+c)/(a+i))amz
m~1 ^ Y. [m(m+a)/(o+i))am\z\

m~1 .

Thus \f'{z)-a | 5 a - 3 provided J (m(m+e)/(c+l))a |s| 5 a - 3 .

As ^ € T implies (5), the above condition is equivalent to

(9) y

Since g'/a (. P{A, B) we have, using Lemma 5,

Hence (9) is true if

m(m+a) i im-l 1 m-1 < w(B+l) m-i _ mp(B+l) m-\
(c+l)(l-3) '3' ~ 1-3 ZQ ~ B-A zo ~ D ~ 2o

that is, if

" a+1 \pV . „ m-1

The bound i s sharp for the choice of function g given by

m
g(z) = m(B+l)z-(B-A)z"
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