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AMENABILITY AND TOPOLOGICAL CENTRES OF THE
SECOND DUALS OF BANACH ALGEBRAS

F. GHAHRAMANI AND J. LAALI

Let 21 be a Banach algebra and let 21** be the second dual algebra of 21 endowed with
the first or the second Arens product. We investigate relations between amenability
of 21** and Arens regularity of 21 and the role of topological centres in amenability
of 21**. We also find conditions under which weak amenability of 21** implies weak
amenability of 21.

INTRODUCTION AND PRELIMINARIES

Let 21 be a Banach algebra and 21** be the second dual space of 21 endowed with the
first or the second Arens product. In [2] the first author, Loy and Willis studied some
implications of amenability and weak amenability of 21**; special emphasis was put on
the case when 21 was a Banach algebra related to a locally compact group. These studies
have lead to the work done in [1, 4, 7, 8, 9]. In this paper we consider the following two
questions

1. Is 21 Arens regular when 21** is amenable?

2. Is 21 weakly amenable when 21** is weakly amenable?

For the origin of these questions see [2, 3]. We show that under certain additional

assumptions on 21 or 21** the answer to either one of these questions is positive. We also

explore the role of the topological centres in amenability of 21**.

Throughout this paper, the first (second) Arens product is denoted by • (respec-

tively 0). These products can be defined by

FOG = weak*limlim fi a} and F0G = weak*limlim / jg) ,
i 3 i ]

where (fi) and (gj) are nets of elements of 21 such that /* —> F and & —¥ G, in the weak*
topology. The first topological centre of 01** is

Z\ — {y € 01** : x >-> y D x is weak* continuous }

= {y 6 21** : y O x = y 0 x, for all x € 21**} ,
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and the second topological centre is denned by

^2 = {y S 21** : x i-> xOy is weak* continuous } .

We note that 21 is Arens regular if and only if Zx - 21**, or Z2 = 21**. See [2] and [7] for
properties of Arens products and topological centres.

A Banach algebra 21 is amenable if every continuous derivation D : 21 -> X* is inner,
for every Banach 2l-bimodule X. If all the continuous derivations from 21 into 21* (the
special case of X = 21) are inner, then 21 is weakly amenable. There are alternative
formulations of the notion of amenability, of which we need the following two, first intro-
duced in [6]. The Banach algebra 21 is amenable if and only if either, and hence both, of
the following hold,

(i) 21 has an approximate diagonal, that is a bounded net (m-i) C (2l§2l)**

such that for each x € 21, x • m,•,— rrii • x -> 0, •R(mi)x —> x;

(ii) 21 has a virtual diagonal, that is an element M € (2l®2l)** such that for

each x e 21, x • M = M • x, and (?r**M) • x — x; here ix : 2t§2l -» 21 is

specified by 7r(a <8>b) — ab (a,b € 21).

1. AMENABILITY OF CERTAIN SUBALGEBRAS OF 21**

In [2, Theorem 1.8] it was shown that if 21** is amenable (with either one of the
Arens products), then 21 is amenable. In the following proposition we strengthen the
above cited result. We have assumed that 21** has first Arens product. The image of 21
in 21** under the canonical mapping is denoted by 21.

PROPOSITION 1 . 1 . Let B be a closed subalgebra of 21** such that 21 C B. If

B is amenable, then 21 is amenable.

P R O O F : By [2, Lemma 1.7] there is a continuous linear mapping ip : 2l**®2l** —»
(2l®2l)** such that for a, b, x € 21 and m 6 2l**§2t** the following hold.

(i) V(a®*>) = (a<8>6)A;

(ii) ip(m) • x = ip(m • x);

(iii) x • ip(m) = rp(x • m);

(iv) (7ra)**(V>(m)) =7ra . . (m).

From the definition of projective tensor norm we see that when both B®B and 2l**®2l**
are equipped with the projective tensor norm, then the mapping J : B®B —¥ 21**®21**
specified by J(bi <g> 62) = h <S> b%, (61,62 € B) is norm decreasing. Let (m*) be an
approximate diagonal for B, and set $ = ^o J. Then for all x G 21, $(mj)-a;—x$(mi) —>• 0
and 7r£* ($(mi)) • a; ->• x. If M is a weak*-cluster point of (*(rnj)) in (2l<g>2l)**, then, for
each xE%L,M-x = x-M and 7i\£*(M) • a; = x, and so M is a virtual diagonal for 21. D

COROLLARY 1 . 2 . Suppose that Zx (or Z2) is amenable. Then 21 is amenable.
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For a Banach algebra 21, let 2lop be the Banach algebra with underlying Banach

space same as 21 and with product o given by a o b = 6a.

PROPOSITION 1 . 3 . Let 21 be a Banach algebra. Then

(i) 21 is amenable if and only jT2lop is amenabie.

(ii) Let Qt be commutative. Then (21**, • ) is amenable if and only if (21**, 0)
is amenable.

PROOF:

(i) This is trivial.

(ii) Take F, G e 21**, and let (£), {gj) be nets in 21 such that w* -\\mfi = F

and w* — limpj = G. Then

FOG = w* -\imw* - lim £0, = to* - lim w* - lim o, o £ = G 0F,

and so (21**, • ) = (21**, 0)°". By (i), (21**, D) is amenable if and only if
(21**, 0) is amenable.

D

PROPOSITI ON 1 . 4 . Let 21 be a Banach algebra with a continuous anti-isomorphism

A : 21 —>• 21. Then, (21**, • ) is amenable if and only if (21**, 0) is amenable. A similar

conclusion holds if X is a continuous involution.

P R O O F : Let A : 21 —> 21 be a continuous anti-isomorphism. Set (21**, • ) = A and

(21**, 0) = B. Take F, G in A and let (fr) and (#,•) be nets in 21 such that weak* - lim % =

F, weak* - lim^j = G.

Let A** : A -»• B, be the second adjoint of A. Then

A**(FD G) = 10* - lim u>* - lim A*

= io* - lim w* - lim (A(/i)A(ffj))A

• i

= w* - lim w* - limA**(5i)A**(/i)

= A**(G)0A**(F).

Hence A** is an isomorphism from A onto B09 and so by Proposition 1.3 (i) B is amenable.

The proof in the case when A is an involution follows similar lines. D

Recall that 21* is said to factor on the left if 21* • 21 = 21*, [10]. When 21 has a
bounded approximate identity and 21** has an identity, 21* factors on the left [10].

THEOREM 1 . 5 . Suppose that (21**,•) is amenable and 21D21** C Zx. Then 21
is Arens regular.
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PROOF: Since (21**, • ) is amenable it has an identity [2]. Also, amenability of 21**
necessitates amenability of 21, ([2]), and so 21 has a bounded approximate identity. Hence
21* factors on the left; 21* • 21 = 21*. Let / £ 21*. Then / = g • a, for some g € 21* and
a € 21. Let rn,n € 21**, and / e 21*. Then, since a D m € Z\ and aOm = aOm, we have

(mDn,/) = (mOn,g- a)

= (aD(mDn),j) = ((oDm)Dn,j)

= ((aDm) On,5) = ((a<>m)0n,g)

— (SO (mOn),s) = (m§n,g • a)

= (mOnJ),

and so m D n = m 0 n, showing that 21 is Arens regular. D

2. W E A K AMENABILITY OF 21**

Let 2l2 = span{a6 : a, b G 21}.

It is known that if the Banach algebra 21 is weakly amenable, then 2t2 is dense in 21.

The following is a positive result in the direction of answering the question of whether

weak amenability of 21** implies weak amenability of 21.

PROPOSITION 2 . 1 . Suppose that 21** is weakly amenable. Then 2l2 is dense

in 21.

PROOF: Let a € 21. Since 21** is weakly amenable 21** is equal to the closure of
K(n)

(2l**)2. Hence there exists a sequence (sn) C (2l**)2 such that sn — y~]MnikONn<k and
norm— lim sn = a. *=i

n

On the other hand, for each n and k, there exist nets {anik<i : i € / } and {bn}kj : j 6

J } such that weak* - lim an<kti = MHik and weak* - lim bnikj = Nntk. Hence

Mn,fc • Nnik = w* - lim u;* - lim anikii D^n.jtj
• i

and so
a = norm — lim w* — lim w* — lim an k i • 6n ̂  ,.

n t j

This shows that a belongs to the weak* closure of the set 21D 21; this means that a
belongs to the weak closure of 2121. Hence a is in the weak closure of span (2121). Since
span(2l2l) is convex, it follows that a belongs to the norm-closure of span(2l2l). D

Recall that a Banach algebra 21 is a dual Banach algebra if 21 = X* for some Banach

space X and X is a submodule of the dual 2l-bimodule 21*.

THEOREM 2 . 2 . Suppose that 21 is a dual Banach algebra. If 21** is weakly

amenable then 01 is weakly amenable.
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P R O O F : Let 21 = B*, for some Banach space B, such that B is a submodule of the
dual module 21*. Let i : B —> 21* be the canonical mapping and let i* be the adjoint of
i. First we show that i* is a homomorphism from (21**, • ) onto 21. If a £ 21, then for
6 £ B, we have

Hence i*{a) = a. Now for F,G £ 21**, take two nets (/Q), (g0) of 21 such that F =
weak* — lim/Q, G = weak* — lim^a. Then

a 0

f (FDG) = i*{w* - lim to* - lim fQgp) = w* - lim w* - lim i*({fagB))
a 0 a 0

= w* — lim w* — lim (fa gp) = w* — lim fa w* — lim gp
a 0 a 0

• = « , * - lim(t*(/o) w* - lim i*{90)) =w*- lim (/o)t*(G))
Q p Q

Hence i* is an algebra homomorphism from 21** onto 21.
Now let D : 21 -^ 21* be a derivation. Then ~D = i** o D o i* : 21** -> 21*** is a

derivation. In fact, let m,n,p 6 21**. Then

(D(mDn),p) = ((i"o£)ot*)(mDn),p)

= (D(i*(m)),t*(nDp)) + (l)(t*(n)),i*(pDm))

= <V*(D(i*(m)))nQp) + (i**(D(i*(rz))

= /(i** o D o i*)(m) • n + m • i** D(i*(n)),p\

- (D(m) •n + m-^(n),p).

Hence D is a derivation, and so from the assumption of weak amenability of 21**, there
exists F € 21*** such that

~D(m) = m-F-F-m (m € 21**).

Now 21** is naturally an 2t-bimodule and the canonical mapping j : 21 —» 21** is an 21-
bimodule morphism, and hence so is j* : 21*** -4 21*. Set / = j*{F). Then if a, b 6 91, we
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have

= (a-F-F-a,j{b))

= (j*(a-F-F-a),b)

= (a-j*(F)-j*(F)-a,b).

Hence D{a) = a • f — / • a, and 21 is weakly amenable. D

In the proof of the next theorem we adopt the following notation. Let 21** have the
first Arens product D. Then for F G 21*** = (21**)* and m € 21**, m B F is the element
of 21*** specified by (m • F,n) = (F,nOm) (m E 21**). F • m, mQF and FQm,
follow similar convention and should be clear from the context.

THEOREM 2 . 3 . Let 21 be a Banach algebra admitting a continuous anti-homomorphism
(p such that (f2 = la. Then (21**, • ) is weakly amenable if and only if (21**, 0) is weakly
amenable.

PROOF: Let ip** : 21** -> 21** be the second adjoint of tp. For clarity, we introduce
the following notation. A = (21**, D), A°P = (21**, 0 ) , B = (21**, 0 ) , B ° P = (21**, 0 ) , so
that if F, G G 21**, then FUG = GUF and F~$G = G0F. Using weak* limits we have
(y,**)* = i a . . . Let F,G € 21**. Then <p**(FDG) = y>**(F) 0 V**(G). In fact let (/;) and
(<7j) be nets in 21, such that w* — lim ft = F, w* - lim §,• = G. Then

= w* - lim ty* - lim (p**(Ti9j) = w* - lim w* - lim [p{fi9j)T

= w* - lim w* - lim

Similarly,

Now suppose that .4 = (21**, D) is weakly amenable. Then /lop is weakly amenable. Let
D be a derivation from B into B*. Then D = y?***oDoy?** is a derivation from A0? into
(J4

op)*. In fact, for m,n€ A0", we have

oD ) 0 f**(n))]
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Hence there exists an element ip € 21*** such that for every F 6 21**

Applying <p*** to the two sides of the above equation and using (y>***)2 — la—, we
obtain

D (<p

Since <p** is surjective, D is inner. D
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