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Abstract. The notions of central endolength and semigeneric tameness are
introduced, and their behaviour under base field extension for finite-dimensional
algebras over perfect fields are analysed. For k a perfect field, K an algebraic closure
and A a finite-dimensional k-algebra, here there is a proof that A is semigenerically
tame if and only if A ®; K is tame.
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1. Introduction. In this note, k denotes a perfect field, perhaps finite, K an
algebraic closure of k, and A a finite-dimensional k-algebra.

For an object V" with structure of k-vector space and F, a field extension of k, we
denote by V¥ the object V ®; F.

In [6] and [7], the notion of generic module was introduced in order to generalize
the concept of tameness, providing a deeper understanding of representation type
problems of finite-dimensional algebras over an arbitrary field.

DEFINITION 1.1. For M € A — Mod, we denote Ey; = End(M)?. The endolength
of M is its length as right £,-module and it is denoted as endol(M). We say that M is
endofinite if endol(M) < oco. We say that M is generic if it is endofinite, indecomposable
and it has infinite dimension over k.

DEFINITION 1.2. A is generically trivial if there are no generic modules in A — Mod
and A is generically tame if for each natural number d there is only a finite number of
isomorphism classes of generic modules of endolength d in A — Mod.

THEOREM 1.3 (Theorems 4.4 and 4.5 of [6]). Let us assume that k is algebraically
closed, i.e. k = K. Then, A is of finite representation type if and only if A is generically
trivial, and A is tame if and only if A is generically tame.

A nice way to study the case when the base field is not algebraically closed is to
use base field extension, as was proposed in [12] and [13].

THEOREM 1.4 (Theorem 5.2 of [13] and Theorem 2.1 of [14]). If A is generically
tame, then AX is generically tame.

Whether the converse of the precedent theorem holds seems to be a quite hard
problem, so here I suggest to consider a more tractable type of generic modules:
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DEFINITION 1.5. Let G be a generic A-module. We say that G is algebraically rigid
if the AX-module GX is generic. We say that the generic A-module G is algebraically
bounded if there exists a finite field extension L/k and a natural number » such that
G-=G & - ® G,, where G; is an algebraically rigid A“—module fori e {1, ..., n}.

Also it seems convenient to consider a slightly different way to measure some
generic modules.

DEFINITION 1.6. For M € A — Mod, we denote Dy, = Ej;/rad(E)) and by Zy,
the centre of Dy,. Let G be an indecomposable endofinite A-module, then it is known
that Dy is a division ring (see Proposition 2.2(a)). If D¢ is finite-dimensional over the
field Zg, then dimz (Dg) = c2G for a natural number ¢ : in this case, we say that G is
centrally finite and we define its central endolength as ¢ — endol(G) = ¢ x endol(G).
Otherwise, we define ¢ — endol(G) = dimy_(Dg) x endol(G).

DEFINITION 1.7. We say that A is semigenerically tame if for each d € N there is
only a finite number of isomorphism classes of algebraically bounded and centrally
finite generic modules of central endolength equal to d.

The main result in this paper is the following:

THEOREM 1.8. Let k be a perfect field, K an algebraic closure of k, and A a finite-
dimensional k-algebra. Then, A is semigenerically tame if and only if AX is generically
tame. Moreover, if A is semigenerically tame, then each algebraically bounded generic
A-module is centrally finite.

The problem of whether semigeneric tameness is equivalent to generic tameness
remains open (see 2.20).

2. Some facts about generic modules and base field extension. It is convenient to
recall some important facts.

LeEmMA 2.1 (Lemma 1.1 of [6]). Let M, N € A — Mod, then
max {endol (M), endol (N)} < endol (M @& N) < endol (M) + endol (N).

If I # @, then endol (®;c; M) = endol (M) .
PRrOPOSITION 2.2 ([7] and [13]).

(a) The endomorphism ring of an endofinite indecomposable A-module G is a local
ring with nilpotent radical.

(b) If M = @,.; M; and G is an endofinite indecomposable module such that G is
a direct summand of M, then G is a direct summand of M; for some i € I.

(¢) A A-module G is endofinite if and only if G is isomorphic to a direct

Sum (@ I Gj) , for some natural number s, endofinite indecomposable

S
=1
modules Gjandsets I, forj € {1, ..., s}. Applying Lemma 2.1 and the previous
item, we get that if H is an indecomposable direct summand of G, then there
exists j such that H = G;. Moreover, by Azumaya’s decomposition Theorem
(12.6 of [1]), if G = ®,cu Ny, where N, is indecomposable for each u, then
(assuming j # j implies ; NIy =0 and G; 2 Gy ) there exists a bijection
o:U— I U.---Ulsuch that N, = G; if and only if o (u) € I;.
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LEMMA 2.3 (Lemma 2.5 of [12] and Lemmas 3.2 and 3.3 of [13]). Let M and N be
A-modules and let L]k be a field extension.

(a) The natural map o : Hom (M, N)* — Homy: (M*, N*) is a monomorph-
ism. If [L:k] <400 then o is an isomorphism. If M = N, then « is a
morphism of L-algebras.

(b) If[L : k] < +00 and M is endofinite, then M* is endofinite and

endol (M) < endol (M*) < [L : k]endol (M).

(¢) If M is endofinite and indecomposable, and M* and N* have a common direct
summand, then M is a direct summand of N.

REMARK 2.4. The injectivity in Lemma 2.3(a) can be obtained through the proof
of Lemma 3.2 of [13]. The proof of 2.3(c) for M generic is the same of Lemma 3.3 (b)
of [13].

REMARK 2.5. Let L/k be a field extension. Let £ : A — Mod — A — Mod be
the restriction functor of [13] and ())* : A — Mod — AL — Mod the scalar extension
functor. By Lemma 3.1 of [13], the functor £ is right adjoint to (_)* . Let us observe that
()" is naturally equivalent to the functor AL ®, _, when we consider the canonical
structure of AL — A-bimodule of AL, and £ is naturally equivalent to the functor
AT ®,:. _, when we consider the canonical structure of A — AZ-bimodule of AL.

LEMMA 2.6 (Lemma 31.4 of [5]). Let Ay and A, be k-algebras and let B be a
A1 — As-bimodule such that it is free of finite rank m as right Ay-module. Then, for any
M € Ay, — Mod we have that

endol (B ®a, M) < m x endol (M).

If the functor B®x, -1 Ay — Mod — Ay — Mod is full, then the equality holds.

Proof. The first part of the statement is Lemma 31.4 of [5], and the second part of
the statement follows easily from the proof given in [5].

0

LEMMA 2.7 (Lemma 3.4 of [13]). Let L/k be an arbitrary field extension. For any
AL-module M the endolength of &€ (M) is less than or equal to the endolength of M.

COROLLARY 2.8. Let L be an intermediate field of an arbitrary field extension F/ k.
Then for any A-module M we have that endol (M*) < endol (MF).

Proof. Let £ : A¥ —Mod — AY — Mod be the restriction functor. By Lemma
2.7, we get endol (M¥) > endol (& (M¥)). It is easy to see that & (M¥) = @, M-,
where the cardinality of 7 is [F : L], and by Lemma 2.1 we have endol (e, M*) =
endol (M*), so endol (M*) > endol (M").

]

REMARK 2.9. Let G be an algebraically rigid A-module and let L be an intermediate
field of K/ k. Since (GL)K = GX we get that G* is an indecomposable AX-module. Also
it is known that dimy (G) = dim;, (G*). By Corollary 2.8, we have that endol (G) <
endol (G*) < endol (G*) . It follows that G* is a generic A*-module.

REMARK 2.10. Let 0 : L — L' be an isomorphism of k-algebras, and K/L and
K’/ L’ algebraic field extensions such that K and K’ are algebraically closed. Recall that
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there exists an isomorphism of k-algebras 1, : K — K’ such that (n2), = n1. Then,
there are induced isomorphisms of k-categories Fig,, : AL — Mod — AL — Mod
and Fig,, : AKX —Mod — AKX — Mod. Thus, we have, by Remark 2.9, the following
equivalent definition: a A-module G is algebraically rigid if G* is generic for any
algebraic field extension L/k. The argument of Remark 2.9 also exhibits that we can
drop out the assumption of genericity for G in Definition 1.5, for algebraic rigidness,
and substitute it for indecomposability, in the case of algebraic boundedness.

In this note, a Galois field extension F/k means a normal separable finite field
extension F of k.

LEMMA 2.11. Let F/k be a Galois field extension and L an intermediate field with
n=[L:KkK].

(a) There is an isomorphism of F-algebras hy : L @i F — x"_,F.
(b) There is an isomorphism of L-algebras hy : L @i F — x!_,F.

Proof. L is separable over k, then it is a simple field extension over k,
ie. L=k(a). Let p be the irreducible monic polynomial of @ over k, and p =
[T, (x — r) its factorization on F[x]. It is known that we can choose elements of
the Galois group Gal (F/k), namely o, 0, ..., 0y, such that o; (a) = r;. Then, there
is a k-linear transformation /) : L ®; F — F x --- x F, determined by /) (/ ® f) =
(a1 (Df,...,0,()f), where/ € Land f € F, and it is easy to verify that /4 satisfies the
first item.

The composition i, = (x/_,0;')h = L@ F — F x --- x F, given in homogen-
eous elements by /o (I ® ) = (lo; ' (). ..., lo;7' (f)) ., fulfils the second item.

]

REMARK 2.12. In the context of Lemma 2.11 and its proof, notice that there
are precisely n isomorphism classes of indecomposable L — F-bimodules, being
{F°1, ..., F°} acomplete set of representatives, where F is F with its natural structure
of right F-module and with the structure of left Z-module given by the composition

LLFSF , where j is the inclusion.

If we set a = ry, we get F = F°' as L — F-bimodules.

Also we observe that we can define the L — F-bimodule F,,, which is F as left
L-module and with the structure of right F-module determined by 1-f = o;7! (f) :
then (0;)"! induces an isomorphism of L — F-bimodules between F” and F,.

It is easy to see that hy : L@ F — x[_F% and hy: L® F — x]_F, are
isomorphisms of L — F-bimodules.

LEMMA 2.13. Let F/k be a Galois field extension, & : A¥ — Mod — A — Mod
the restriction functor, F°', ..., Fo as in Remark 2.12, and M € A¥ — Mod. Then,
EM) =@ (A® F)®xr M and M is a direct summand of & (M)" . Moreover,
M is (indecomposable, generic, centrally finite, algebraically rigid, algebraically
bounded) if and only if (A Qi F°) ®ar M is (respectively indecomposable, generic,
centrally finite, algebraically rigid, algebraically bounded) for each i. Also dimp (M) =
dimg (A ®x F7) @ar M) and endol (M) = endol (A ®x F%) @ar M) for each i. If M
is indecomposable and endofinite, then ¢ — endol (M) = ¢ — endol (A ®x F7) Qxr M)
Jor each i.
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Proof. The first part of the claim follows by Remarks 2.5 and 2.12,
ie. we have isomorphisms of A ® F-modules &(M)" = AF @y AF @pr M =
(A ®r A) @k (FQr F)) @pr M =L (A ®k F7) @pr M.

It is easy to see that for i e {l,...,n} there exists i/ € {I,...,n} such that
Foi@p F°' = F as F — F-bimodules, so (A ®x F%) Qr (A Q F7) = (A @4 A) Qx
(Fo @p Fo') = AF as AT — Af-bimodule.

Then, the functor (A ®; F°) ®ar _: A¥ — Mod — AF — Mod is an equivalence
of k-categories, so M is indecomposable if and only if (A ®; F%)Q@ar M is
indecomposable for each i.

Since A ®; F% = AY as right Af-modules, by Lemma 2.6 we get endol (M) =
endol (A ®x F) @,r M), for each i.

Since dimyp (M) = dimg (A ®; F%) @ r M), we get that M is generic if and only
if (A ®; F°) ®ar M is generic for each i.

By the previous equivalence of k-categories it follows, when M is indecomposable
and endofinite, that dim,, (D) = dimZ(A@,(m)@AFM (DiasyFoive, rur) for each i.

Using the canonical isomorphism
(A ® F*) ®xr M)" = (A @k F” ®F K) ®px M*

we can develop an argument similar to the above one and conclude that
(A ®k Fo) @ or M)X is generic if and only if MX is generic. Then, M is algebraically
rigid if and only if (A ®x F°) ®r M is algebraically rigid for each i.
By a similar argument, and the additivity of the tensor product, we can verify the
part of the statement about algebraic boundedness.
O

PrROPOSITION 2.14. Let L/k be a finite field extension and G an endofinite
indecomposable A-module. Then:

(a) GF= G, @ ---® G, where G; is an endofinite indecomposable A*-module
forie{l,...,m}. Let F/k be a Galois field extension with L an intermediate
field, then m < [F : k].

(b) Gisadirect summand of € (G;) , for each i, where & : A* — Mod — A — Mod
is the restriction functor.

(c) G is (generic, algebraically bounded) if and only if G; is (respectively generic,
algebraically bounded) for each i, if and only if G; is (respectively generic,
algebraically bounded) for some i.

(d) If L/k is a Galois field extension, then endol(G;) = --- = endol(G,,),
¢ —endol(Gy) =--- =c—endol(Gy,) and Dg, = --- = Dy, as k-algebras.

Proof. Let F/k be as in item (a). By Lemma 2.3(b) and Proposition 2.2(c), there
exists an endofinite indecomposable direct summand H of G

Let & :Af —Mod - A —Mod and & : Af —Mod — A —Mod be the
respective restriction functors.

By Lemma 2.7 and Proposition 2.2(c), we get & (H) = @;:1 (691, Mj), where
each M; is indecomposable and endofinite.

By Lemma 2.13, we get that H is a direct summand of & (H)" then, by Lemma
2.3(b) and Proposition 2.2(c), there exists jy € {1,...,s} such that H is a direct
summand of Mf: . By Lemma 2.3(c), we get M;, = G.
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Then, G* is a direct summand of &, (H)" and so, by Lemma 2.13 and Proposition
2.2(c), GF is a finite direct sum of endofinite indecomposable Af-modules. It follows
that G = G| ® - - - @ G,,, where G, is indecomposable and endofinite for each i, and
m < [F : k].Moreover, if H; and H; are indecomposable direct summands, respectively,
of G and Gf, then endol(H;) = endol(H) = endol(H;), c¢— endol(H;) =
¢ —endol (H) = ¢ — endol (H;) and dimp (H;) = dimp (H) = dimg (H;) .

It follows that dimg(H) < dim;(G) <[F : k] x dimg(H) and dimg(H) <
dim; (G;) < [F : k] x dimg (H) for each i, then G is generic if and only if H is generic,
if and only if G; is generic for each i.

Also, using the equivalence of categories of the proof of Lemma 2.13, we get
Dy, = Dy, as k-algebras.

Letusfixi € {1, ..., m}, and assume that H; is an indecomposable direct summand
of Gf'. By the previous argument, G is a direct summand of &, (H;) and of §; (GY) , and

we have & (GF) = £¢' (GF) = ¢ (@E_FZ:IL]Gi) x EBEFZ:IL]S (G;) : by Lemmas 2.7 and 2.1 and
Proposition 2.2(c), it follows that G is a direct summand of & (G;) for each i.

It is easy to verify that G algebraically bounded implies G; algebraically bounded
for each i.

Now let us assume that G; is algebraically bounded for some i € {1, ..., m}, and
notice that we can choose F such that the indecomposable direct summand H; of GF
is algebraically rigid. Also we have seen that G* is a direct summand of & (H;)" and
so, by Lemma 2.13 and Proposition 2.2(c), G is algebraically bounded.

(]

PROPOSITION 2.15. Let L/k be a finite field extension, H an endofinite
indecomposable A*-module, and & : A* — Mod — A — Mod the restriction functor.

(a) E(H)ZE G & - D Gy, where G; is an endofinite indecomposable A—module

forie{l,...,m}. Let F/k be a Galois field extension with L an intermediate
field, thenm < [F : k].
(b) There exists iy € {1, ..., m} such that H is a direct summand of(GiO)L .

(c¢) H is (generic, algebraically bounded) if and only if G; is (respectively generic,
algebraically bounded) for each i, if and only if G; is (respectively generic,
algebraically bounded) for some i.

Proof. Let F/k be as in item (a). By Proposition 2.14, weget H' = H, @ --- ® H,,,
where H; is indecomposable and endofinite for each j, and n < [F : L].

Let & :Af —Mod - A —Mod and & :Af —Mod — AL —Mod be the
respective restriction functors.

By Lemma 2.13, we get that &; (H F )F is a finite direct sum of # x [F : k] endofinite
indecomposable Af-modules, thus & (H') = £&' (HF) = @Eif]é (H) and & (H) are
finite direct sums of endofinite indecomposable A -modules, then we obtain (a).

By Proposition 2.14 and Lemma 2.13, we get that H is (generic, algebraically
bounded) if and only if each direct summand of & (HF )F is (respectively generic,
algebraically bounded): the last item of the claim follows applying this and Proposition
2.14 to the isomorphism & (H*)" = 6" (GF & --- @ GF).

]
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LEMMA 2.16. Let G be an endofinite indecomposable A-module and L a finite field
extension of k. The isomorphism o : (Eg)" — Egt of 2.3(a) induces an isomorphism of
L-algebras (Dg)* = Dge.

Proof. It is clear that & induces an isomorphism of L-algebras
@ : (Eq)" /rad (Eg)") — Egt/rad (Egt) = Dge.

Since k is perfect, from Theorem 2.5.36 of [15], we have that (rad (Eg))* = rad ((EG)L) ,
then

(Dg)" = (Eg/rad (Eq))" = (Eg)" / (rad (Eg))" = (Eg)" /rad ((E¢)") = Dge.
]

LEMMA 2.17. Let G be an endofinite indecomposable A-module. Let L be a finite
field extension of k. By Proposition 2.14, we have that G* = m G, @ --- ®m,G,,
where my,my,...,m; € N and Gy,...,G; are pairwise non-isomorphic endofinite
indecomposable A*-modules. Then, we have isomorphisms of L—algebras

DGL = EndAL (mlGl D--- tht)()p /rad (EndAL (mlGl b---Pb th[)ap)
= Mml (DGl) X X Mm, (DG,)'

Proof. The isomorphisms follow from the usual description of the radical of an
endomorphism algebra of a finite direct sum of modules with local endomorphism
algebras (use Proposition 2.2(a)). ]

PROPOSITION 2.18. Let G be an endofinite indecomposable A-module, L/k a finite
field extension and G* = m\G @ - - - ® m;G,, wheremy, my, ..., m; e Nand Gy, ..., G,
are pairwise non-isomorphic endofinite indecomposable A*-modules. Then:

(a) endol (G;) = endol(G) x m; for je{l,....1}. If L/k is a Galois field
extension, thenmy = ... = m;.

(b) ¢ —endol (Gj) = ¢ —endol (G) for each j. Moreover, G is centrally finite if
and only if there exists j € {1, ..., t} such that G; is centrally finite.

Proof. For j € {1, ..., t} consider the idempotent ¢; of Es: induced by one of the
copies of G}, i.e. given a monomorphism o; : G; — G* and an epimorphism 7; : G —
G; such that m;o0; is the identity on G;, we set ¢; = o;7;. Notice that o : G; — Ge; is an
isomorphism of A“—modules, so endol (G;) = endol (G¢) .

It is immediate that Egr, = e;Egre;, and so endol (Ghe)) is its length as right
ejEgrej-module.

Let {0}=WycCc W, C...C W,=G be a composition series for G as right
Eg-module, and observe that W,/ W, = Dgforq e {0,...,u—1}.

Itis clear that G* and W, for each ¢, are (Eg)* -modules and Eg:-modules. Also,

we have W(JLJrl IWE= W/ Wq)L X~ (Dg)" . The above isomorphism composed with

@ : (Dg)" — Dg: gives an isomorphism of Eg-modules WqLJrl / WqL = Dge. We also
have an isomorphism of e;Eg:e;-modules WqLHej /Wke; = Dgre;.
By Lemma 2.17, we get that length, 1., (D) = m; :itfollows thatendol (G"e;) =

mj.
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By Proposition 2.14, we get, when L/ k is a Galois field extension, that endol (G) =
...=-endol(G;),andsom| =my = --- = m;.

For item (b), we recall (Corollary 1.7.24 of [15]) that the centre of (Dg)" is (Z)*,
and by Lemmas 2.16 and 2.17 we have (D(;)L =M, (Dg,) X -+ x My, (Dg,), so
(Zo)F = Zg, x --- x Zg, as L-algebras.

It follows that 1® 1 =¢| + ...+ ¢,, where {ej’} o is a set of primitive
je t

,,,,

orthogonal idempotents contained in (Zg)*, thus (Dg)" ¢ is a (Zo)F e-vector
space with the same dimension that the Zg-vector space D¢, i.e. dimyg, (Dg) =

m; x dimz, (Dg,) for each j.
Then, ¢ —endol (G) = endol (G) x /dimz; (D) = endol (G) x m; x

dimz,, (Dg,) = endol (G) x [dimz, (Dg,) = ¢ — endol (G;) for each ;.

Now the last part of the item (b) is immediate.

g

COROLLARY 2.19. Let L/k be a finite field extension. Then, A is semigenerically
tame if and only if AT is semigenerically tame.

Proof. Let G and G’ be algebraically bounded and centrally finite A-modules such
that G 2 G’ and ¢ — endol (G) = ¢ — endol (G’) . By Propositions 2.14 and 2.18, there
exist algebraically bounded A’-modules H and H’ such that H is a direct summand of
GE, H' is a direct summand of (G')* , and ¢ — endol (H) = ¢ — endol (H’) . By Lemma
2.3(c), we get that H 2 H’ : it follows that A not semigenerically tame implies A~ not
semigenerically tame.

Now, let H be an algebraically bounded centrally finite A“-module. By Proposition
2.15, there exists an algebraically bounded A-module G such that H is a direct
summand of G'. By Proposition 2.18, we get ¢ — endol (G) = ¢ — endol (H). By
Proposition 2.14, we know that G* has a finite number of isomorphism classes of
indecomposable direct summands: it follows that A semigenerically tame implies A”
semigenerically tame.

O

The next corollary provides an example of a situation where generic tameness
coincides with semigeneric tameness.

COROLLARY 2.20. Assume that K/ k is a finite field extension and AX is tame. Let G
be a generic A-module, then G is algebraically bounded and centrally finite.

Proof. The case k = K is immediate from Theorem 4.6 of [6].

If kK C K, by Theorem 17 VI Section 11 of [11], the field k is real closed and
K:k(\/—_l),so[K:k]=2.

In this case, G is algebraically bounded by Proposition 2.14.

Let H be an indecomposable direct summand of GX. Then, H is generic, by
Proposition 2.14, and so H is centrally finite by Theorem 4.6 of [6]: by Proposition
2.18 (b) we get that G is centrally finite.

O

The next results exhibit special features associated to algebraically bounded and
algebraically rigid modules.
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LEMMA 2.21. Let G be an algebraically bounded A-module and Ag the field of the
algebraic elements of Z. Let L/ k be a finite field extension such that G* = m\G; @ - - - @
m,G,, where my,...,m; € N and Gy, ..., G; are pairwise non-isomorphic algebraically
rigid A*-modules, then [Ag : k] = t.

Proof. Let Zy be a subfield of Ag such that [Z; : k] < co. Let F/Z; be a field
extension such that F/k is a Galois field and L can be identified with an intermediate
field of F/k. (Recall Remark 2.10.)

Applying Lemma 2.11, we have Zy® F=F x --- x F, and so ZgQ®; F =
26Qz, Lo @k F=Zg®z, (Fx---xF)= XlS-ZIZG ®z, F, where s = [Z : k].

By Lemma 2.16, we can embed (Zg)" in Zgr, and so there are at least s non-trivial
central orthogonal idempotents in Dgr : by Lemma 2.17 and Proposition 7.8 of [1], we
get s < t. It follows that [Ag : k] < t.

Now let F/Ag be a field extension such that F/k is a Galois field extension
and L can be identified with an intermediate field of F/k, so we get that (Zg)" =
xi_1Zc ®u; F, where s = [Ag : k].

By Theorem 21.2 IV Section 10 of [11], we have that Z; ® 4, F is a field: by Lemma
2.17 applied to G¥, and Proposition 7.8 of [1], it follows that s = ¢.

O

PROPOSITION 2.22. Let L/k be an algebraic field extension and G an algebraically
rigid AL-module. Then, the morphism of K-algebras o : (Eg)X — Egx induces an
injection@ : (Dg)* — Dgx.

Proof. By Lemma 2.3(a), there is a canonical monomorphism « : (Eg)* — Egx,
and by Proposition 2.2(a) we get that rad (Eg)X is nilpotent, so o (rad (Eg)K) -

rad (Egx) and « induces a morphism of K-algebras @ : (D)X — Dgx.

Now, let A; be the subfield of the algebraic elements of Z; : by Lemma 2.21 we
get Ag = L.

Then, by Theorem 21.2 IV Section 10 of [11], (Z¢) is a field.

By Corollary 1.7.24 of [15], the centre of (Dg)¥ is (Zg)® . Now, consider the
canonical isomorphism (D6)* = Dg ®z, (Zo)X - by Theorem 1.7.27 of [15], we get
that (D)X is a simple ring. It follows that @ is injective.

0

3. Tame case. We recall some known facts, in order to have tools for the proof
of Theorem 3.2.

A ring morphism 7 : R — S induces by restriction a faithful functor 7, : S —
Mod — R — Mod. By Silver’s Theorem F, is full if and only if 5 is an epimorphism
(see [16]).

Let A be an arbitrary k-algebra. Then:

(1) For any morphism of k-algebras n: A — M, (A), we can consider a A —
A-bimodule ,M = A", where A acts by the right canonically and A acts by
the left by A - v = n (A) v. Clearly, k acts centrally on , M.

(2) Now assume that M is a A — A-bimodule, where k acts centrally, and 7 :
M — A" is an isomorphism of right A-modules. Then, we can transfer the
A-module structure of M to A” in the canonical way, i.e. defining A - v =
(27! (v)) . Notice that now  is an isomorphism of A — A-bimodules.
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Moreover, there is induced a morphism of k-algebras v : A — M, (A) such
that A — L;, where L, : A" — A" denotes the action of A, induced by 7,
on the A — A-bimodule A”.

(3) Givena A — A-bimodule M we have the right multiplication morphism fx :
A — Ej givenby 8 — s, where us : M — M denotes right multiplication
by 8. If M is free by the right, then u is injective.

4) If M is a A-module such that Ey; = A@rad(Ey), where A is a
subalgebra of E), then the inclusion map A — E); coincides with the
right multiplication morphism u : A — E); described above. In particular,
A =Impu.

With the previous ideas, it is easy to prove the next claim.

LEMMA 3.1. Let G € A — Mod be a generic module such that its endomorphisms
ring is split over its radical, i.e. EG = D @ rad(Eg) as k-vector spaces, where D
is a subalgebra of Eg and a division k-algebra. Thus, G is a A — D-bimodule and
there is associated a morphism of k-algebras n: A — M, (D), where n = endol (G).
Moreover, for the induced restriction functor F, : M, (D) — Mod — A — Mod we get
.7:,] (EndMn(D) (G)) = D%,

THEOREM 3.2. Assume that AX is tame. Let G be an algebraically bounded generic
A-module. Then, there exists a Galois field extension F/k such that G¥ = G, & --- ® G,
and for any intermediate field Z of K/F andi € {1, ...,n}, we have:

(a) G? is an algebraically rigid A-module;

(b) Egz = D; ®rad (Egz) , where D; = Z (x);

(¢) G is centrally finite and ¢ — endol(G) = ¢ — endol (G7) = dimy(, (G7) =
endol (GF).

It follows that A is semigenerically tame.

Proof. Let L/ k be a finite field extension such that G* = H, @ - - - @ H,,, where H;
is an algebraically rigid generic A“-module fori € {1, ..., n}.

Let us fix 7 for the following argument.

By definition HX is a generic AX-module. By Theorem 4.6 of [6] the K-algebra
Eyx is split over its radical, where Eyx = D @ rad (E HiK) and D = K (x).

H¥ has a structure of AX — K (x)-bimodule and endol (H}) = dimg ) (HX) =
d;, for some natural number d;.

By Lemma 3.1, this structure of AX — K (x) -bimodule determines a morphism of
K-algebras ¥ : AX — M, (K (x)).

Then, there exists a finite field extension F;/k and a morphism of F;—algebras
¢ : AT — M, (F; (x)) such that the following diagram commutes:

AP @y K —25 s My, (Fi(x) ®F K
lm
= My, (F; (x) ®r, K)
lnz
AK s My (K (),
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where 11 and 7, are the canonical isomorphisms: we recall that the canonical morphism
of K-algebras F; (x)* = K (x) is an isomorphism (see Lemma 5.1 of [13]).

It follows that associated to ¢ thereisa A% — F; (x) -bimodule, denoted by G,, such
that QIK = HX : by Remark 2.10 we get that G, is an algebraically rigid Af-module.

Observe that F;(x) = Enday, ke (Fi (X)) = End,rv (G;), and that the
restriction functor Fy identifies Endyy, () (G;) with a subalgebra D; of Eg, so
endol (G;) < d;.

Let 7 : Eg, — Dg, be the canonical epimorphism, and « : (DQ[)K — Dgr the
injection of Proposition 2.22. It is not hard to verify that K (x) =« (7[ (D,-)K) = Dgr,
thus Dg, = 7 (D;) = F; (x) and G; is centrally finite.

Moreover, Eg = D; @ rad (Eg ) and ¢ — endol (G,) = endol (G;) = 4.

We have a similar argument for Q[Z , where Z is an intermediate field of K/F;,
) QiZ is an algebraically rigid A“-module, such that Epz=Z (x)®rad (Eg’z) and

d; = endol (G7) = ¢ — endol (G/) = dimy(y (G7).

Now, we choose a field extension F/L such that F/k is a Galois field extension
and we can identify each F; with an intermediate field of F/k, and let be G; = Q,F for
each i.

By construction G¥ = HF for all i, then G' = Hf @ 0 H =G & - @
G,. By Proposition 2.18, we get that G is centrally finite and ¢ — endol (G) =
¢ —endol (G;) = d;, for each i.

Now we only need to apply Theorem 1.3 and Lemma 2.3(c) to get that AX tame
implies A semigenerically tame.

0

REMARK 3.3. Let AX be tame, L/k an algebraic field extension and G an
algebraically rigid A*-module. Theorem 3.2, Lemma 2.16 and Corollary 1.7.24 of
[15] imply that D¢ is commutative. For an example let us consider the triangular

matrix R-algebra A = (11; 2) where R is a real closed field and H is the quaternion

ring over R. There is a unique, up to isomorphism, generic A-module G, and Dg =
R[]/ (x> + 3>+ 1) ([9]). Also, we have Dgec = (Dg)“ = C(x)[y]/ (x> + > + 1) =
C (1), where C is the algebraic closure of R and ¢ can be identified with the element
v/ (x = /1) € C(x) Y]/ (x* + y* + 1) (see [8] for a detailed argument). Notice that
G is an algebraically rigid generic A-module with Dg 2 R(w) for w a commutative
variable.

4. Wild case. Now it is necessary to strength a little bit the definition of wild
representation type for a finite-dimensional K-algebra. In order to do so, we are going
to use differential tensor algebras and their reduction functors.

DEFINITION 4.1. Let C and D be additive k-categories and F : C — D a k—functor
(see page 28 of [2]). We say that F is sharp if:

1. F preserves indecomposables and isomorphism classes.

2. For any indecomposable M € C, we have F(radEy) C radEpu, and
the induced morphism of k-algebras Ey/radEy — Erar/radEras is a
bijection.
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REMARK 4.2. If F : C — D is full and faithful and idempotents split in C, then F
is sharp.

REMARK 4.3. If F: C — D and H : D — & are sharp functors, then HF is sharp.

LEMMA 4.4, Assume that B is a proper subalgebra (see Definitions 3.2 of [3] and
12.10f [5]) of the Roiter ditalgebra A (see Definition 5.5 of [5]). Let F : B — Mod —
A — Mod be the corresponding extension functor. Then, F is sharp.

Proof. It is easy to see that F preserves indecomposables and isomorphism classes
(see Lemma 2.4 of [4]). For sharpness, we can work with the usual characterization of
the radical

radE = {f € E | 1 — gfhis invertible for all g, h € E}

for a given ring E. Given M € B — Mod, f° e radEy and g, h € Err), we have that
g 1’ € Ey, then 1, — g°f%h0 is invertible in Ej;. Since A is a Roiter ditalgebra and
(1F(M) —gF (fo) h)o =1y — gOthO we get that 1F(M) —gF (fo) his invertible in EF(M)-
Thus, F (radEy) C radEry).

Now, givenf € Epy), thereisadecompositionf = (f°, /1) = (f°,0) + (0, /') asa
sum of morphisms in Ery). Here, (0, /') € radEry), because (17 — g (0, /1) h)o =
1y is invertible for all g, A € Ery). Thus, the induced morphism F: Ey/radEy —
Eruy/radEpy) is surjective. Similarly, F (/°) = (f, 0) € radEpy) implies that /° €
radEy,, so F is bijective.

O

LEMMA 4.5. The restriction of the cokernel functor Cok® : P*(A) — A — Mod is
sharp.

Proof. Use Lemma 18.10 and Remark 31.6 of [5].
O

In the following, we are going to use results from [6, 7] and [10], all of them
carefully studied in [5].

THEOREM 4.6. Let AKX be of wild representation type, then there exists a AX —
K (x, y) -bimodule B, finitely generated as right module, such that the functor B @k x ) -
K (x,y) — Mod — AKX — Mod is sharp.

Proof. Let us recall that associated to AX there is a basic finite-dimensional
K-algebra T, called the reduced form of AX (see page 35 of [2]), and an equivalence
of categories P®r : I' — Mod — AX — Mod where P is the bimodule of proposition
Section 2.2.5 of [2]: it is an easy exercise in Morita equivalence to extend the functor
of that proposition from finitely generated modules to arbitrary modules.

I" is wild by Corollary 22.15 of [5].

Associated to I there is the ditalgebra of Drozd, denoted by D' (see chapter 19 of
[5]). By Theorems 27.10(1) and 27.14 of [5], we have that D' is wild.

By Theorem 27.10(2) of [5], there is a reduction functor F : C — Mod — D' —
Mod such that C is a critical ditalgebra. Reviewing the argument in the proof of the
mentioned proposition, we see that F is full and faithful.
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Let A (resp. C) be the k-algebra of the degree zero elements of the underlying
graded algebra of D' (resp. C) (see Definition 2.2 of [5]) and consider the canonical
embedding Lpr : A — Mod — D — Mod (resp. L¢ : C — Mod — C — Mod).

Reviewing carefully the development of chapter 24 of [5], we observe in that
reference the proof of the existence of a C — K (x, y) -bimodule B, such that the functor
Lc (Bo ®K(x.y) ,) : K (x,y) — Mod — C — Mod is sharp: the functor that produces the
wildness of the star algebra of 30.2 of [5] is full and faithful, and for the extension
functor involved we apply the Lemma 4.4. Also, By is free of finite rank as right
module (see Lemma 22.7 of [5]).

By the properties of the reduction functors involved and Lemma 22.7 of [5], we
get that By = F (By) is an 4 — K (x, y) -bimodule, free of finite rank, and the functor
Lypr (B) ®k(x,y) -) is sharp.

Consider the equivalence functor E : D" — Mod — P! (I") (see Proposition 19.8
of [5]). By Lemma 22.20(1) of [5], the image of any indecomposable under the
composition functor ELpr (B; ®kx,y -) is contained in P?(I'). Then, by Lemma
4.5 and the previous arguments, Cok?ELpr (B) ®k(x,y) -) is sharp.

By Lemma 22.18(2) of [5], there exists a transitional bimodule, the ' — A-bimodule
Z. By construction Z ® 4 _ is naturally isomorphic to the composition CokELpr.
Then, the I' — K (x, y) -bimodule Z ® 4 B is finitely generated as right module and the
functor Z ® 4 B1 ®k(x.y) - 1s sharp.

Then, the statement is true for the AX — K (x, y) -bimodule B= P ®p Z ®4 B,
and the functor B ®k v ) -

O

THEOREM 4.7. If AX is wild, then A is not semigenerically tame.

Proof. This proof contains an adaptation of the argument of [14].

By Theorem 4.6, there is a AX — K (x, y) -bimodule By, finitely generated as right
module, such that By @,y - is a sharp functor.

As in Section 3, the composition of the epimorphisms of algebras K (x, y) —
K[x,y] = K(x)[y] has an associated restriction functor F, : K (x)[y] — Mod —
K (x,y) —Mod which is full and faithful. Notice that F, is equivalent to the
functor K (x)[y] ®kp) - when we consider the canonical structure of K (x,y) —
K (x) [y] -bimodule of K (x)[y].

Then, By ®kx.y) K (X) V] @k - : K (x)[v] — Mod — AX — Mod is sharp.

We also have that By ®kx ) K (x)[y] is finitely generated as right module. Since
K (x)[y] is a principal ideal domain, there exists a polynomial /2 € K (x)[y] such that
B = By ®kx,y) K (x) [y]), is free of finite rank as right module, where K (x)[y];, denotes
the localization of K (x)[y] over A.

The canonical algebra morphism K (x)[y] — K (x)[y],, is an epimorphism, so the
functor B ®k vy, - - K (x) ], — Mod — AKX — Mod also is sharp.

Since B is of finite rank as right module and A is finite-dimensional, there exist
a finite field extension L/k and a AL — L(x)[y],-bimodule B, such that B is free
as L(x)[y],-module with rank; ), (B) = rankgy), (B) = n and BX = B as AKX —
K (x) [y],, -bimodules. Of course, it is assumed that 4 € L(x)[y].

Let {p;};c; be an infinite set of non-equivalent primes of L[y], each one relatively
prime to 4 in L (x)[y].

There is a canonical isomorphism of L (x) -algebras L (x) ®, L[y] = L (x)[y] and
so, for each i € I, there exists an isomorphism of L (x) -algebras L (x) @, (L[y]/ (p:)) =
(L(x)[»]/ (pi) - Then, choosing F; as a normal closure of L[y]/ (p;) we get, by the
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previous isomorphisms, Lemma 2.11(a) and Lemma 5.1 of [13], the isomorphisms of
k (x) -algebras

(LD /) =L(x) @ (L] /() ®L Fi = L(x) ®r
(Fix - X F) Z F(x) x -+ x F; (%),

where the number of factors is dimy (L[y]/ (p:)).
For each i € I, let us consider the left L (x)[y], -module G; = L(x)[y], / (p;) - Let

]_[gmd(p) (v — riy) be its factorization on F;[y]. From Remark 2.12, we get that

GF = ]d'"l'L(LW P ”)H where H;; is the F; (x) [y], -module F; (x), where the action of
v is multiply by r;;.

There is a canonical isomorphism F ) ], ®F K = K (x)[y],, of K (x)-algebras.
It is easy to see that we can identify H w1th the K (x) [y], -module K (x), where the
action of y is to multiply by r;;.

Notice that Eg, = (L(x)¥))/ (i) , Du,, = En,, = Fi(x) and Dy = e = K (%),

then 1 = endol (G;) = endol (H,;) = endol (H,Ij) , for each i and each ;.

Moreover, we get that the monomorphism « : (EH,.J.)K — Eyx of Lemma 2.3(a) is
bijective. '

By Lemma 26, we have that endol(B®ypy, Gi) <n and
endol (B KW, Hl’j) < n, for each i and each j.

Then, by Proposition 2.2(c) and Lemma 2.1, we have that B ®), Gi =
@y, (1, Ui,) . where s; € N for each i € 1, I, is a set for t € {1,..., s}, Uy, is an
indecomposable A’-module of endolength less or equal to n, for each i and each ¢,
and ¢ # ¢ implies U;, 2 U, ,.

Also by sharpness, we get that B ® kv, H is indecomposable, and clearly it is
of infinite dimension over K.

Itiseasy to verify that for any i € I there exists acommutative diagram of categories
and functors

- i - ®rK
L(x)[v], — Mod Sl F(x) ], — Mod — 2%~ K (x)[], — Mod
\LB‘@L(V)DM - lBF "QFbY, - J{B‘@K(v)mh -
_QLF; - ®rK
— Mod - AFi — Mod ’ AKX — Mod.

From the previous diagram, and the fact that B @y, H is a generic AX-module, we

get that BY ®r,vyy, Hij is indecomposable for each i and each J» then BY @y, Hij
is an algebraically rigid Af-module for each i and each j.

By Proposition 2.2 and Lemma 2.3(c), we get that U, is an algebraically bounded
A*-module, for each i and each .

By sharpness of B ®k(vyy, -» We get that i # i implies that B @k, H &

B Qkom, Hl.,!j and so, by Lemma 2.3(c), U;; 2 U ;.
Also by sharpness of B®gyp, -» we get that endol (B ki, H, 5) =
¢ — endol (B kil H, ) for each i/ and each j.
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By the previous commutative diagram and the mentioned isomorphism of
K . K
K-algebras o : (Ep,)" — Epys, it follows that (DﬁFi@Fi(Y)D’]h Hm) = Dpeyy, K> and
so we get
¢ — endol (EF’ QF, Hi,t) = ¢ —endol (B KD, HK) .

it

Now by Proposition 2.18 we have ¢ — endol (U;;) < n : it follows that A" is not
semigenerically tame and, by Corollary 2.19, A is not semigenerically tame. ]

Keeping in mind Drozd’s theorem, it is clear that Theorem 1.8 is a consequence of
Theorems 3.2 and 4.7.
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