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Abstract

Let S|z be a groupoid Galois extension with Galois groupoid G such that Eg'(‘e’ C Cl,, forall g € G, where
C is the centre of S, G, is the principal group associated to 7(g) and {E,}cc are the ideals of S. We give
a complete characterisation in terms of a partial isomorphism groupoid for such extensions, showing that
G = UgegIsomg(E,1, E,) if and only if E, is a connected commutative algebra or E, = Eg"“’ ® Eg"‘“,

Gro) -
where E," is connected, for all g € G.
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1. Introduction

Several branches of groupoid theory have aroused curiosity as objects of study
for their applications and generalisations in many areas, such as algebraic topology,
noncommutative geometry, Lie groupoids and theoretical physics (see [2—4, 6-8]).
In this paper, we make a breakthrough in groupoid Galois theory by giving a
characterisation for a groupoid Galois extension with Galois groupoid given by the
disjoint union of the partial isomorphisms between the unitary ideals of that extension.

Our starting point is the work of Chase ef al. [5]. They proved that the Galois
group of a commutative Galois extension with no idempotents other than 0 and 1 is
the automorphism group of the ring. Later, Szeto and Xue [9] proved the converse
proposition, showing that given a Galois algebra S over a commutative ring R with
Galois group G, then G = Autg(S) if and only if either S is commutative with no
idempotents other than 0 and 1, or § = R & R where R contains no idempotents other
than O and 1. In this work, we study such characterisations for groupoid Galois
extensions in terms of the groupoid of partial isomorphisms and the ideals of the
groupoid Galois extension.

The paper is organised as follows. In Section 2 we give some preliminary results
about groupoids, groupoid actions and groupoid Galois theory. In Section 3, we
consider S, a commutative groupoid Galois extension of R with Galois groupoid G,
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where G acts by partial isomorphisms over S. We show that each unitary ideal E, of
S, for g € G, is connected if and only if G is the disjoint union of the R-isomorphisms
between the ideals E;l and E,.

In Section 4 we take S to be a not necessarily commutative groupoid Galois
extension of R with Galois groupoid G. We prove that if the fixed subalgebra of E,
by the action of the principal group associated to r(g) is contained in the projection of
the centre of S over the ideal E,, then G is the disjoint union of the R-isomorphisms
between the ideals E,' and E, with g € G if and only if each ideal E, is a connected
commutative algebra. Moreover, we study the particular case where G is the disjoint
union of the principal groups and present some examples concerning the converse in
that case.

2. Prerequisites

The algebraic version of groupoid that we adopt in this paper is taken from [7].
Although we do not work with the categorical version of groupoids (see [4] for
more details), it should be noted that the algebraic and the categorical definitions of
groupoids are equivalent.

A groupoid is a nonempty set G, equipped with a partially defined binary operation
(which will be denoted by concatenation), such that the following axioms hold:

(i) forall g,h,l € G, g(hl) exists if and only if (gh)! exists and in this case the two
are equal;

(i) forall g, h,l € G, g(hl) exists if and only if gh and Al exist;

(iii) for each g € G, there exist (unique) elements d(g), 7(g) € G such that gd(g) and
r(g)g exist and gd(g) = g = r(g)g;

(iv) for each g € G there exists g~ € G such that d(g) = g"'g and r(g) = gg~".

For every g, h € G, we say that there exists gh whenever the product g/ is defined.
It follows by definition that for every g, h € G, we have that there exists gh if and only
if d(g) = r(h) and, in this case, d(gh) = d(h) and r(gh) = r(g). We denote by G? the
subset of the pairs (g, ) € G X G such that d(g) = r(h). An element e € G is called
an identity of G if e = d(g) = r(g™"), for some g € G. We denote by Gy the set of all
identities of G and by G, the set of all g € G such that d(g) = r(g) = e. It is easy to see
that, for all e € Gy, G, is a group, called the principal group associated to e. Given G
a groupoid and H a nonempty subset of G, we say that H is a subgroupoid of G if it
satisfies the following conditions:

(i) forall g,h € H, if there exists gh then gh € H;
(i) ifge Htheng ' € H,forevery g€ H.

Consider S an algebra over a commutative ring K. Following [1], an action of G
over S is a pair

B= ({Eg}geGa {ﬂg}geG)9
where for each g € G, E, = E,(,) is anideal of § and 8, : E,-1 — E is an isomorphism
of K-algebras satisfying the following conditions:
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(i) B, is the identity map Idg, of E, for every e € Go;
(i) Be(Bu(r)) = Ben(r) for every (g, h) € G* and for every r € Ej1 = Egp-1.

We say that S is a groupoid Galois extension of a ring R € S with Galois groupoid G

if:

() R=S%={seS|By(slg)=sl,, forall g e G}

(ii) there exist elements x;,y; € S, 1 <i < m, such that }},_;., XiB,(yilg1) = Oegle
forall e € Gy and g € G.

The set {x;, yi}1<i<m 1S called a Galois coordinate system of S over R. A ring S is called
a groupoid Galois algebra over R if S is a Galois extension of R and R is contained in
the centre of S'.

Let S be an algebra over a commutative ring R. Define

Ir(S) ={fyy : I = J| fyy is an R-isomorphism and I, J are ideals of §
generated by central idempotents}.
It is easy to see that Ix(S) is a groupoid. If G C Ir(S) as a subgroupoid, we say that the
groupoid G acts over § by partial isomorphisms and, in this case, Bo(s1g-1) = g(s14-1),
for all s € S. This is the case that we consider in this paper.
Throughout, unless otherwise specified, rings and algebras are associative and
unital.

3. Commutative ideals

In this section we assume that S is a commutative groupoid Galois extension of
R with Galois groupoid G such that G acts over S by partial isomorphisms and
S = @e <Go E., where each E,, e € Gy, is a unitary commutative ideal of S with identity
element 1,.

We say that E, is connected if it contains no idempotents other than 0 and 1,.
Let G, = {h € G| d(h) = d(g) and r(h) = r(g)}. The following proposition generalises
[5, Theorem 3.1].

Proposition 3.1. Let A be a commutative R-algebra and let g, ¢, : E; — A be R-
algebra homomorphisms. Then there exists a set {ei | h € G} of pairwise orthogonal
idempotents of A such that Yye g, €f = la and @y(sg) = Ype g, We(h(sg1 1;-1))ef, for
all g € G, where Y45 = SES.

Proor. By [1, Theorem 5.3], the map p: S ® S — [[1eg Er given by p(x ® y) =
(xh(y14-1))nec is an isomorphism of left R-modules. Since E, is commutative for all
g € G, it follows that p is an isomorphism of R-algebras.
Let pg := pIEg@,Eg_, . Then
pg(xg ®yg*‘) = (xgh(yg’l Ly Dhec = (xgh(.Yg’l lhfl))heggg-
Thus, E; ® Eg-1 = [1¢,g, En as R-algebras. Let 6 denote the composition of maps
oy 9)®g ®
1_[ E, L>Eg®REg—1 %Eg@)REg g—%>A®RAi>A,
h€eGy

https://doi.org/10.1017/5S0004972717000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000077

62 W. Cortes and T. Tamusiunas [4]

where k is the contraction homomorphism defined by k(a; ® a;) = aja;.

Consider 1, = (0,...,0,1,,0,...,0) and take e = 0(11), h € (G,. Then {€}}he,q, are
pairwise orthogonal idempotents of A such that 3¢ 5. eg = 14.

Note that pg(1g ® sg-1) = (A(sg-113-1))ne, g, for all s € Eg-1. Applying 6 on both
sides of the equality, we get

ko W ® ) 0 (r() ® 8) 0 p7 (041 ® 53-)) = BA((551 11 ne,,)
ko (e ®g)(1 ® sp) = 9( > hisg 1h4)1—,1).

heGy
So
@a(sg)= D O((sgr 1) 11)1e,6,)0(T1)

he€,G,

= > koW ®¢) 0 (r@) @ 8) 0 g (h(sg1 1) 1)ie,6,)ef
h€,G,

= D koW ®¢,) 0 (r(g) 8 )(h(5g1 1) ® Lg)e
h€,G,

= Z Wo(h(sg11,))eb. O
he€,G,

Denote by j: S * G — Endg(S) the natural map given by

J(Z agug)(x) = Z ag8(xl,1) forallxes.

¢€G ¢€G
By [1, Theorem 5.3], the map j is an isomorphism of rings and S -modules.
CororLary 3.2. Let Wo-r = Homg(E g1, Ey) be the set of the R-algebra homomorphisms
between E,1 and Eg. Then jil(ngl) consists of all elements of S * G of the form
Yhe,G, €t With e} pairwise orthogonal idempotents of Eg such that 3e g, €5 = 1,.
Proor. Consider the map & = jl@hgggg EyxeGe- Then £ is an isomorphism of R-algebras

between @heggg Ej x (G, and the set of R-algebra isomorphisms Isomg(E,-1, Ey),
where
i X @) = 3 anhteg 1) forall xgt € B,
h€gGy he,G,

Take A = E in Proposition 3.1 and -1 : E,-1 — E, defined by ¢g-1(x,-1) = xg,
where .. xg = x € S. By Proposition 3.1, @g-1(xg-1) = Yje g, h(xg lh-l)efl, with ei
pairwise orthogonal idempotents of E,, for all ¢,-1 € W,-1. Consequently, we have
J W) = {Zhe,g, €fun)- o

CoroLLary 3.3. With the same notation as in Corollary 3.2, if €; € Rl for all h € G,
then Wy-1 = Isomg(E,-1, Ey).
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Proor. We claim that for each f € W,-1, there exists f~' € W, such that f o f~' = r(g)
and f~!' o f =d(g). In fact, given f € W,1, there exists a set of pairwise orthogonal

. . — . -1
idempotents {¢f}je,, C Eg such that j(Te,g, efun) = f. Let [ = j(Zie,g, € ).

Then
(Z eiuh)(z efilurl)z Z h(h_l(ei)efil)uhlq

he, G, le,G, hle,G,

B T
= Z h(e & Yy

hle,G,

-l
= Z h(e§ ef g

he,Gg
.
= Z hiey, Jur)
h€,G,
= Lgty(g).

Analogously, we can show that (¥ g, ef_l U )(Xhe,g, €htn) = 1g-1Uag). This proves
that Wy-1 = Isomg(E,-1, E,). O

CoroLrary 3.4. With the same notation as in Corollary 3.3, E, is connected if and only
ifIsomg(Eg-1, Eg) = We1 = G,

Proor. By Corollary 3.3, Isomg(Eg-1, Eg) = W,-1 and it is immediate that (G € W,-1.
If E, is connected, j‘l(ngl) = {lgug}. Since j(1gug)(xy-1) = g(xg-114-1), it follows that
J(gug) € ¢ G,. Thus, Wer = (G,

Conversely, assume W, = ,G,. Suppose that there exists e} # 14,0 in E,. Then
J(€fup + (14 — €)u) € Wi, but it is not in oG, a contradiction. O

CoroLLARY 3.5. Let S|g be a commutative groupoid Galois extension. For each g € G,
the ideal Eg is connected if and only if G = Uy [SOMR(Eg-1, Ey).

Proor. Since G = |J ¢cG Gy, the statement is immediate from Corollary 3.4. O

4. The converse problem

In this section, we assume that S is a not necessarily commutative groupoid Galois
extension of R with Galois groupoid G such that G acts over S by partial isomorphisms
and S = @eeGO E,, where each E,, g€ G, is a unitary ideal of S with identity
element 1.

Lemma 4.1. Let Ajy € Ig(S) such that Ay # 1d; (in the case I = J). If a # 0 is a central
idempotent in I such that A;(sa) = sdy(a) forall s € S, then A5 ¢ G.

Proor. Since S is a groupoid Galois extension over R, there exist elements x;,y; € S,
1 <i<m,suchthat 37 x;g(yily1) = 6egl,, foralle € Gpand g € G.
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Take Aj; as in the hypothesis for a # 0 a central idempotent in /, and assume A;; € G.
Then there exists g € G \ Gy such that 4y = g, which implies that E,-1 = I and E, = J.
Thus, 37, x;g(vilg1) = 0, since g ¢ Go. Hence,

m m m

0=0-g@) =) xighile) - g@) = ) xiglvia) = Y xiyigla) = g(a),

i=1 i=1 i=1
which is a contradiction. So A;; ¢ G. O

Lemma 4.2. If G = UgGG Isomg(Eg-1, Ey), then R, := Rl is connected for each g € G.

Proor. Suppose that G = UgeG Isomg(Ey1, Eg). Then (G, = Isomg(E -1, Eg). Assume
that R, is not connected. Then there exists ag # 0, 1,, a, € R, such that a§ = ag and
E, = E,a, ® Eg(1, — ag). Since a, € R,, there exists r € R such that a, = r1,. Thus,
g (ag) =g N (rly) = rlg1 = ag1. Hence, Egqt = Eg1ag1 ® Eg-1(1,1 — ag1). We have
two cases.

Case 1. |,G,| = 1. In this case, there exists only one partial isomorphism from E, to
Eqi. But ag1 0 Eg = Eg defined by ag-1(xag + y(1g — ag)) = xag-1 + y(1g-1 — ag-1)
and Ag-1 : E; — E,-1 defined by Ag-1(xag + y(1g — ag)) = yag1 + x(1,-1 — a,-1) are both
partial isomorphisms, which is a contradiction.

Case 2. [4G4| 2 2. Choose h € G, and h ¢ Gy (which means that & # Idg, in the
case d(g) = r(g)). Thus, k' ¢ Gy and h™'|g,q, # Idg,q, OF B! |g,1,-a,) # 1dE,(1,—a,)-
Assume, without loss of generality, that h*IIEg(lg_ag) # Idg,(1,-q,)- Define the map
A1t Eg = Eg1 by Ag-1(xag + y(1, — ag)) = xag1 + h'(y(14 — ay)), for all x,y € S.
Then, by Lemma 4.1, 4,1+ ¢ G, which is a contradiction. So R, is connected. O

Lemma 4.3. If G = UgEG Isomg(E,-1, Eg) and |;Ge| > 2 for all g € G, then E, is a
connected R-algebra, for all g € G.

Proor. By Lemma 4.2, R, is connected for all g € G. We claim that E, is connected
for all g € G. In fact, since S is a groupoid Galois extension over R with groupoid G,
then, by [1, Theorem 5.3], S is a finitely generated R-module. Thus, S contains only
finitely many minimal idempotents. Since S = P E,, E, contains only finitely
many minimal idempotents, for all e € Gy.

Let g€ G and {a,; |i=1,2,..., g} be the minimal central idempotents in E,. As
well as Eg ~ E,-1, the ideals E; and E 1 have the same number of minimal central
idempotents. Let {a,-1;|i=1,2,..., g} be the minimal central idempotents in E,-1. If
g = 1, we are done.

Assume g > 1. Let h € ,G, be such that 4 ¢ Gy and h‘l(ag,l) = a1 j, for some j.
Then we have the following four cases.

ecGy

Case 1. j=1and h™'(say) = sa,1, for all s € S. Then, by Lemma 4.1, h™' ¢ G,
which is a contradiction.
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Case 2. j=1 and h™'(sag,) # sa,1; for some s € S. Then we have the partial
isomorphism Ag-1 : E; — Eg1 defined by Ag-1ls4,, = hillgag_, and Ag-1(sag) = sag;
foralli# 1, s €S. Thus, by Lemma 4.1, A1 2G,a contradiction again.

Case 3. j# 1 and g > 2. Consider the partial isomorphism 4,1 : E, — E,-1 such that
Agtlsag, = sa,, 1 Sag1 = Sag j, Ag-1(sag ;) = sag; and Ag-1(sag ) = sag-1 y, for all
k # 1, j. Then, by Lemma 4.1, 4,1 ¢ G, a contradiction.

Case 4. j#1 and ¢=2. Then h™'(ag) = a,1,. Since |,G,| > 2, there exists
l€ 4G, such that [ # h and [ ¢ Go. Thus, ["'(ag1) = ag1; or "N (ag1) = ag1,. If
I"'(ag1) = az-1 5, then we have Case 1 or Case 2. Hence, assume ['(ag ) = a1 5.
Note that hl™! exists, since d(h) = d(g) = d(I) = r(I""). Then we have hl~' : E, - E,,
hl™'(ag1) = ag and hi™! ¢ G, since h # [. This is either Case 1 or Case 2, which leads
to a contradiction.

So, g =1 and E, is a connected R-algebra for all g € G. O

OBSseRVATION 4.4. Lemmas 4.2 and 4.3 are also true if G = Iz(S). But if S is a Galois
extension over R with Galois groupoid G such that G = Ig(S) and |,G,| > 2 for all
g € G, all ideals of S generated by central idempotents are connected. In particular, S
is an ideal of itself and it is generated by a central idempotent, so S is connected. This
implies that 1, = 15 for all e € Gy, and then Gy = {e} which means that G is a group.
This case was worked out in [9].

In the particular case where G = UeeGo Autg(E,), we have the commutativity of the
ideals E,, g € G, as the next result shows.

THeoreM 4.5. Let S be a groupoid Galois algebra of R with Galois groupoid G. If
G = Ueeg, Autr(E,) and |,G,| > 2 for all g € G, then E, is a connected commutative
R-algebra, for all g € G.

Proor. Since G = J,eg, Autr(E,), we have G = J,e,G.. Let g€ G. As S|g is a
groupoid Galois extension with Galois groupoid G, E glEc,<g) is a Galois extension with
group G,(g. Note that in this case G, = G and so |(g},(g)| > 2. Next we will show
that EglE;;r(g) is a Galois algebra, that is, Ef"(g’ C C,, where C, is the centre of E,.
Since § is a groupoid Galois algebra over R, R1, C Cl, = C; € S1,. Note that
R1, = {xg) € Eg | M(Xy(g)) = Xy(g)s Vh € Grig)} = Eg’(g). Thus EglE;;r(g) is a Galois algebra.
So, by [9, Theorem 4.4], E, is a connected commutative R-algebra. O
THeOREM 4.6. Let S be a groupoid Galois algebra of R with Galois groupoid G.

If G= UeeGo Autr(E,) and |;Gel =2 for all g € G, then either E, is a connected
commutative R-algebra, or Eq = R1, ® R1,, where R1, is connected, for all g € G.

Proor. It was shown in the proof of the Theorem 4.5 that R1, = EgG"(g) and that £ glEG,m

is a Galois algebra. Since Autz(E,) = G, and ,G, = G,y for all g € G, the resgult
follows from [9, Theorem 4.5]. O
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The converse of each of the two previous results is false. The following examples
shows that one can take a G-groupoid Galois algebra with E, = R1, ® R1,, where
R1, is connected, for all g € G, or each E, is a connected commutative ideal, but
G # Ueeg, Autp(E,).

ExamprLE 4.7. Let K be a field and let S be a commutative K-algebra such that
S =Ke; @ Key ® Kez & Key, where ey, €5, e3 and e4 are minimal central idempotents of
S and R ¢ K1y a subring of S such that 2 < |[Autg(K)| < co. Define g;; : Ke; — Ke;
by gsij(ke;) = o(k)e;, where o € Autg(K) and 1 <i, j<4. Let G be the groupoid
G ={gwij| 0 € Autg(K) and 1 < i, j<4}). Then SC = {ae; + ae; + ae3 + aes | a €
KAuE)Y and S |ge is a groupoid Galois algebra, with Galois coordinate system given
by {x; =yi=e;| 1 <i<4}). Then|,G,| > 2, forall g € G. Clearly, G # UeeGg Autg(E,).

ExawmpLE 4.8. Let C be the complex number field and S be a commutative C-algebra
such that S = Ce; @ Ce, @ Ces, where e, e, and e3 are minimal central idempotents of
S. Define gy;; : Ce; — Ce; by gsij(xe;) = o(x)ej, where o € Autc(C)and 1 < i, j < 3.
Let G = {gsij | 0 € Autc(C) and 1 <i, j <3}. Then we see that G is a groupoid,
SY = {ae, + ae; + aez | a € R} and S|g¢ is a groupoid Galois algebra, with Galois
coordinate system given by {x; = y; = ¢; | 1 <i < 3}. Note that, in this case, |,G,| = 2,
for all g € G. Immediately, G # [ e, Autr(E,).

ExampLE 4.9. Let S be a commutative ring, R = § G and

G = {d(g),r() & &' h, k™" | d(h) = d(g) # r(g) = r(h)} C Ix(S).

Suppose that § = R,-1 ® R ® Ry ® Ry, where R, = R1, is connected. Then define
8 Ry 1 ®Ry1 > Rg® Ry by g(r1lg1 +ralg1) =rilg+rlg, h iRyt @Ryt > R, O Ry
by h(rilg-1 + ralg-1) = ralg + r1l,. Thus S is a groupoid Galois algebra over R, with
Ept = Eg1 = Rpt ® Ry, Ej = E;, = R ® R, and Galois coordinate system given by
{x1 =y1 =141 + 11, x0 = y2 = I + 1 }. Note that, in this case, [,G,| = 2, forall g € G.
We have |AutgrE,| = |AutgrE,-1| = 2 and |AutgE, U Autg E,-1| = 4, which shows that
G # Ueec, Autr(E,), since |G| = 6.

In fact, in all of the previous examples, G = UgeG Isomg(E,-1, Eg). At the end of
this section we give a complete characterisation of this case. First, to achieve the
commutativity of the ideals we need to add one more condition.

TreoREM 4.10. If G = Ugeg ISomp(Eg1, Ey), [;G,l > 2 and Ef"(g’ C Clg, forall g €G,
where C is the centre of S, then either E, is a connected commutative algebra.

Proor. Note that C1, = C, is the centre of the group Galois extension EglEc,.(g) with
Galois group G,). Thus Eg|EG,(g) is a Galois algebra. So the statement foflows by
[9, Theorem 4.4]. ’ O
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Traeorem 4.11. If G = Ugec Isomp(Eq1, Ey), |Gl = 2 and Eg’(”’) CClyg, forall g € G,
where C is the centre of S, then either E, is a connected commutative algebra, or
E, = Eg"“') ® EgGm”, where EgGm” is connected for all g € G.

Proor. As mentioned in the proof of the previous theorem, C, is the centre of the
group Galois extension Eg| c,, with Galois group G,(,. The statement follows by
[9, Theorem 4.5]. ’ |

A more general characterisation is given in the next result.

TuEOREM 4.12. Let S|g be a groupoid Galois extension with Galois groupoid G
such that Ega(g’ C Cl,, for all g € G, where C is the centre of S. Then we have
G = Ugeg IsSomg(Eg-1, E,) if and only if E, is a connected commutative algebra or

G, Gy Gy
E,=E;" ® E;"", where E;" is connected for all g € G.

Proor. (=) This implication is a consequence of Theorems 4.10 and 4.11.
(&) Suppose that E, is a connected commutative algebra. Then it is immediate that
§ is a commutative algebra. So, by Corollary 3.5, G = e ISOomg(Eg1, Ey).

Assume now that E, = Eg"‘” @Ef"(g’, where Eg'(g) is connected for all g € G.
Then the only isomorphisms in Isomg(E,-1, Eg) are yg(xe1 © yo-1) = xg ® y, and
Gg(Xg1 @ yg1) = yg ® Xx,, Which means that [Isomg(Eg-1, E,)l = 2 = (Gl . Because
¢Gg C Isomg(E,-1, E,), it follows that (G, = Isomg(Eg-1, E,). Since G = Jgei (G
we see that G = UKGG Isomg(Eg1, Ey). O
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