jYCMS

http://dx.doi.org/10.4153/CMB-2017-045-2 ZSMC

Canad. Math. Bull. Vol. 60 (4), 2017 pp. 879-890 ]
© Canadian Mathematical Society 2017

Triangulated Equivalences Involving
Gorenstein Projective Modules

Yuefei Zheng and Zhaoyong Huang

Abstract. For any ring R, we show that, in the bounded derived category D? (Mod R) of left R-mod-
ules, the subcategory of complexes with finite Gorenstein projective (resp. injective) dimension
modulo the subcategory of complexes with finite projective (resp. injective) dimension is equiva-
lent to the stable category GP(Mod R) (resp. GI(Mod R)) of Gorenstein projective (resp. injective)
modules. As a consequence, we get that if R is a left and right noetherian ring admitting a dualizing
complex, then GP(Mod R) and GI(Mod R) are equivalent.

1 Introduction

As a generalization of finitely generated projective modules, Auslander and Bridger
[AuB] introduced the notion of finitely generated modules having G-dimension zero
over Noetherian rings. Enochs and Jenda [EJ1] generalized it to that of Gorenstein
projective modules for arbitrary modules over a general ring. Then a finitely generated
module having G-dimension zero is exactly Gorenstein projective.

Let R be a finite-dimensional Gorenstein algebra over a field. Buchweitz proved in
[Bu] that the stable category GP(mod R) of all finitely generated Gorenstein projec-
tive left R-modules is equivalent to the bounded derived category of finitely generated
left R-modules modulo the bounded homotopy category of all finitely generated pro-
jective left R-modules; see also [H2].

Veliche [V] defined the Gorenstein projective dimension for complexes of left mod-
ules over any ring. It is a refinement of the projective dimension for complexes. Let
R be any ring. In the bounded derived category D’(Mod R) of left R-modules, we
first show that the subcategory of complexes with finite Gorenstein projective dimen-
sion is a triangulated category (Proposition 3.2). Then we show that the subcategory
of complexes with finite Gorenstein projective dimension modulo the subcategory
of complexes with finite projective dimension is equivalent to the stable category
GP(Mod R) of Gorenstein projective modules (Theorem 3.4). It is an extension of
the Buchweitz’s result mentioned above (see Proposition 3.10).

The notion of dualizing complexes is important in commutative algebra (see, for
example, [AVF]). A. Yekutieli [Y], and recently, Iyengar and Krause [IK], generalized
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it to the non-commutative case. For a left and right noetherian ring R admitting a du-
alizing complex, we obtain an equivalence between the stable category of Gorenstein
projective left R-modules and that of Gorenstein injective left R-modules (Proposition
3.7). If R is a finite-dimensional algebra, this equivalence was obtained by Beligiannis
and Reiten [BR].

The equivalence in Theorem 3.4 links a Verdier quotient and an additive quotient.
After finishing the paper, we find that there exists another result associated with the
two kinds of quotients arising from tilting theory [IYa]. In the appendix, we give a
sketch of how our result can be obtained from [IYa, Theorem 4.7]. We thank Dong
Yang for some conversations on this topic.

Note that the stable category of Gorenstein projective (resp. injective) modules can
also be realized as the homotopy category of some model category. It means that the
Verdier quotients we constructed can be obtained by Quillen model structures; see
[DEH] for the details.

2 Preliminaries

Throughout this paper, R is an associative ring with unit, and all modules consid-
ered are left R-modules unless stated otherwise. We use Mod R (resp. mod R) to de-
note the category of left R-modules (resp. finitely presented left R-modules). We use
Proj R (resp. proj R) to denote the subcategory of Mod R (resp. mod R) consisting of
projective modules.

Let R be a ring. We write a complex as

. i1 dxe g dxe g dxe i
X i xi DX i OX i TXO yeiv2

>

where di. is the i-th differential of X®. Any left R-module M is regarded as the stalk
complex, that is, a complex concentrated in degree zero. We denote the homology
complex of X* by H(X*®). A chain map (or a morphism) from X*® to Y* is a collection
{f*}iez, where fi: X' - Y' is a morphism in Mod R commuting with the differen-
tials for any i € Z. Let f: X* — Y* be a chain map. We denote by X*[1] the 1-shift
of X* to the left with X’[1] = X**! and déf'[l] = —di! for any i € Z (the ring of inte-
gers). The chain map f is called a quasi-isomorphism if H(f): H(X®*) - H(Y*) isan
isomorphism.

A complex T* of left R-modules is called totally acyclic if it consists of projective
modules such that Hompg (T, P) remains exact for any projective module P. A left
R-module M is called Gorenstein projective if there exists a totally acyclic complex T*
such that M is isomorphic to some cokernel of T°. Dually, the notions of cototally
acyclic complexes and Gorenstein injective modules are defined.

Let X* be a complex of left R-modules. A projective resolution of X*® is a
quasi-isomorphism f:P* — X°* such that P* consists of projective modules and
Hompg (P, -) preserves exact complexes. The projective dimension of X*® is finite
if there exists some projective resolution P* such that P’ = 0 for i << 0. Note that in
the bounded derived category D? (Mod R), the subcategory of complexes with finite
projective dimension is isomorphic to the bounded homotopy category K”(Proj R)
of all projective left R-modules.
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With every complex X*® we associate two numbers:
sup X* :=sup{i| X' #0} and infX*:=inf{i| X' #0}.

X* is called bounded above if sup X*® < co; X* is called bounded below if inf X*® > —oo;

and X* is called bounded if it is bounded above and below. For every complex X* and

n € Z, there is a kind of operation called the hard truncation:
X2, = XMl X" 00— .-

X;n =0 — X" s XM,

>

There certainly exists a triangle

X;n - X. - X;n—l - X;n[l]
in K(ModR).

For an additive category A, we denote by C(A) and K(A) the category of com-
plexes of A and the homotopy category of complexes of A, respectively. If A is abelian,
we denote by D(A) the derived category of A. The bounded versions of C(A), K(A)
and D(A) are denoted by C?(A), K¥(A) and D¥(A), respectively.

3 Main Results

Let X*® be a complex of left R-modules. Following [V], X* is said to have finite Goren-
stein projective dimension if there exists a diagram of morphisms of complexes

(3.0) T* 5 p* 5 xo,

where P* 5 X* is a projective resolution of X* and T* is a totally acyclic complex
with 7/ bijective for i < 0. In this case, (3.1) is called a complete resolution of X°.
Clearly, the finiteness of the projective dimension of a complex implies the finiteness
of its Gorenstein projective dimension.

Note that, if X* has finite Gorenstein projective dimension, then H(X*) is bounded
below. If, in addition, H(X*) is bounded above, then there exists a bounded complex
G* consisting of Gorenstein projective modules such that G* = X* in D(Mod R) (see
[V, Construction 5.5]).

A Gorenstein projective resolution of X* is a complex G*® consisting of Gorenstein
projective modules such that G* = X*® in D(Mod R). Such a resolution is finite if G' =
0 for all |i| > 0; and it is special if it is finite, sup G® = sup H(X*®) and G’ is projective
for any i < sup H(X*®). Also by [V, Construction 5.7], if H(X*®) is bounded and
X* admits a special Gorenstein projective resolution, then X* has finite Gorenstein
projective dimension.

Remark 3.1 Let X* be a complex of left R-modules. If H(X*) is bounded, then X*
has finite Gorenstein projective dimension if and only if it admits a special Gorenstein
projective resolution. Thus, the definition of finite Gorenstein projective dimension
for complexes is well defined in D? (Mod R).
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Proposition 3.2 All homology bounded complexes with finite Gorenstein pro-
jective dimension form a triangulated full subcategory of D®(ModR), denoted by
D*(ModR) sgp.

Proof As noted in Remark 3.1, D?(ModR)sgp is closed under isomorphisms
in D¥(Mod R); moreover, it is closed under shifts. We only need to show that
D*(Mod R) sgp is closed under mapping cones. Let

X' —Y' —Z°— X*[1]
be a triangle in D?(Mod R). We can assume that it is induced by an exact sequence
of complexes

0—X*" —Y —272°"—0

in C(Mod R). Now the assertion follows from [V, Theorem 3.9]. [ |

Let A be an exact category in the sense of [Q]. If A has enough projectives and
injectives and the projectives coincide with the injectives, then A is called a Frobenius
category. We use J to denote the class of projective-injective objects of A. Then the
stable category A/J is a triangulated category by [H1]. The triangles are induced by
the pushout as follows:

0 X I[(X) —— T(X) —— 0
(R |
0 Y C(u) —— T(X) — 0,

where I(X) is an injective object, C(u) is the pushout, and T(X) is the first cosyzygy
of X. Then

X5 Y — C(u) — T(X)
is a triangle in A /J, where T is the shift functor in A/J.

Let T be a triangulated category and X a triangulated subcategory of T closed
under summands, that is, a thick subcategory. Then by [GM] we can form the
Verdier quotient T/XK. It is also a triangulated category. Note that the category of
Gorenstein projective R-modules, denoted by GP(Mod R), is a Frobenius category
whose projective-injective objects are all projective modules. Hence the stable cat-
egory GP(Mod R) is a triangulated category. Also by Proposition 3.2, we have that
D’(ModR) gp is a triangulated category. Obviously, K?(ProjR) is a triangulated
subcategory of D?(Mod R) sp; moreover, it is closed under direct summands. Thus,
D’(ModR) s6p/K"(ProjR) is also a triangulated category.

Lemma 3.3  Let M be Gorenstein projective in Mod R. If P* € K?(Proj R) with P* = 0
for any i > 0, then Homp (yod r) (M, P*) = 0.

Proof Note that Homp(uod r) (M, P[i]) & Exty(M,P) = 0 for any projective left

R-module P and i > 1. Now we can get the assertion by using induction on the width
of P* in K®(ProjR). [ |
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Notice that any Gorenstein projective module as a complex has finite Gorenstein
projective dimension, so there exists an embedding: GP(Mod R) = D?(Mod R) fGp.
Let F be the composition

GP(ModR) — D”(ModR) ;gp — D”(ModR) s6p/K’(ProjR),

where the latter is the natural quotient functor. It is clear that F sends projective mod-
ules to 0 in D”(Mod R) s6p/K? (Proj R), so it factors through GP(Mod R). As a con-
sequence, there exists a functor F: GP(Mod R) - D?(Mod R) s6p/K® (ProjR) such
that F = Frm, where m: GP(ModR) - GP(ModR) is the natural quotient functor.
Our main result is the following theorem.

Theorem 3.4  The functor
F:GP(Mod R) —> D?(ModR) ;6p/K"(ProjR)

is a triangulated equivalence.

Proof We will show that F is a triangulated functor and it is essentially surjective
(or dense), full and faithful.

(1) F is a triangulated functor.
Let
X5 Y - C(u) » T(X)

be a triangle in GP(Mod R). Then it comes from a commutative diagram

0 X I(X) —— T(X) —— 0
0 Y Cuy) —— T'(X) —— 0
in GP(Mod R). This yields a commutative diagram of triangles
X I(X) T(X) —— X[1]
TR
Y C(u) T(X) —— Y[1]

in D’(ModR) sep with [1] the shift functor. It is sent to a commutative diagram of
triangles in D?(Mod R) r6p/K”(ProjR). We have T(X) = X[1], since I(X) is zero
in D?(Mod R) ¢6p/K"® (Proj R). Thus

X—Y— C(u) — X[1]
is a triangle in D?(Mod R) s6p/K” (ProjR) and F is a triangulated functor.

(2) F is essentially surjective (or dense).
Let X* be any complex in D?(Mod R) sgp/K” (Proj R). We can assume that X* is
bounded on both sides. By definition, there exists a complete resolution

T.—T)P.i)Xo
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of X*. Suppose that 7’ is bijective in degree < t. Note that P* can be selected to be
bounded on the right. Write

PPi=..— Pl pt . P2 Pl P,
Then we have a triangle

P, — P — P — P [l]

Ft+1 Tt+1
in K(Mod R), which is sent to a triangle in D”(Mod R) sp/K?(Proj R). Hence, P* =
P2 in D?(Mod R) sgp/K” (Proj R). We see that P2, is a projective resolution of C.’
and C5.' is Gorenstein projective, where CL! = Cokerdb.'. Hence, X* = CL.! in
D’(ModR) s6p/K"(Proj R). This implies that F is dense.

(3) F and F are full.
Let
x Lz Ly
be a diagram in D?(Mod R) sgp/K” (Proj R) with X, Y Gorenstein projective, where
f lies in the compatible saturated multiplicative system corresponding to K¥(Proj R).
Complete f to a triangle

X[-1]-% Q" — 7z Lox
with Q* € K?(Proj R). Consider the triangle
Q- Q" -5 Qf — Q4[]
in Kh(ProjR). Since HomD(ModR)(X[—l], Q%) = HomD(MOdR)(X, Q2,[1]) = 0by

Lemma 3.3, it follows that pw = 0 and w factors through 1. Consider the diagram

s

X[-1] Q, 7 b
D
X[-1] —“— Q° 7z L. x

where s, [, f are all in the compatible saturated multiplicative system corresponding
to K(ProjR). Since Homp gy (Q2%, Y) = Homg gy (Q%, Y) = 0, there exists some
h:X — Y such that gl = hs = hfl. So we have that h = gf~! and F is full. Since
F = Fr, it follows that F is also full.

(4) F is faithful. B
Suppose that there exists a morphism f: X — Y in GP(Mod R) such that F(f) = 0.
Complete it to a triangle

x Ly 2z x[]

in GP(Mod R). Since F(f) = 0, we have that F(g) is a section. By (3), F is full. So
there exists some map «: Z — Y such that 15y, = F (ag), and also there exists some
map f: Y — Y satisfying F(B) = I5(yy such that § = ag. Consider the triangle

v Ly —cp) — v
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in GP(Mod R). We have that F[C()] € K”(Proj R). By [EJ2, Proposition 10.2.3], any
Gorenstein projective module is either of infinite projective dimension or projective.
It follows that C(3) is projective and f3 is an isomorphism. So g is a section and hence
f = 0. This completes the proof. ]

Remark 3.5 By using the results in [V, AS], we see that all of the above results
have (Gorenstein) injective counterparts. The corresponding categories are denoted
by GI(Mod R), GI(Mod R), and D?(Mod R) 761, respectively.

Let R be a left and right noetherian ring and let I* be a complex of R-bimodules.
Following [IK], I® is called a dualizing complex if the following three conditions are
satisfied.

(a) I*isbounded and each I" is injective both as an R-module and as an R°”-module.

(b) H"(I®) is finitely generated both as an R-module and as an R°”-module for each
n.

(c) The canonical maps

R — Homg(I*,I°) and R —> Homge(I°,1%)
are quasi-isomorphisms.

Lemma 3.6 Let R be a left and right noetherian ring admitting a dualizing complex
I*. Then

I* ®% —: D?(Mod R) jp —> D?(ModR) r61

is a triangulated equivalence, where I* ®% — is the left derived functor of I* ®g —.

Proof Combine [IK, Proposition 7.2] (see also [AvF, Theorem 3.2]) with [IK, Theo-
rem 8.1]. u

Because the subcategory of K(Proj R) (resp. K(Inj R)) consisting of totally acyclic
complexes is clearly triangulated equivalent to GP(Mod R) (resp. GI(Mod R)), the
equivalence in the following result can be deduced from [IK, 5.12]. We give here an
alternative proof.

Proposition 3.7  Let R be a left and right noetherian ring admitting a dualizing com-
plex I*. Then we have a triangulated equivalence

GP(ModR) ~ GI(ModR).

Proof We have the commutative diagram

K'(ProjR) 2%, K(InjR)

| |

I®k-
D¥(ModR) j6p ———> D*(ModR) g

in D¥(Mod R), where both columns are embeddings. By [IK, Theorem 4.2], we have
that I* ®g — : K(Proj R) — K(InjR) is an equivalence, which induces an equivalence
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I* ®g — K (ProjR) — K?(InjR) in D¥(Mod R). Combine Theorem 3.4 and its dual
version with Lemma 3.6, and we have GP(Mod R) ~ GI(Mod R). [ |

As a consequence of this proposition, we have the following corollary.

Corollary 3.8 (cf. [BR, Chapter X, Proposition 1.4]) Let R be a finite-dimensional
algebra over a field K. Then we have a triangulated equivalence

GP(ModR) ~ GI(ModR),
which restricts to a triangulated equivalence

GP(modR) ~ GI(modR).

Proof It is easy to see that DR as a complex of R-bimodules is a dualizing complex
for R, where D = Homg (-, K). So by Proposition 3.7, we get the first triangulated
equivalence. Note that the functor DR ®p — is isomorphic to D Homg( -, R) naturally
in mod R. It is clear that Hompg (-, R) gives a duality from totally acyclic complexes
in mod R to totally acyclic complexes in mod R°?. It follows that the first triangulated
equivalence restricts to the second one. ]

Recall that a finite-dimensional algebra R is called Gorenstein if the left and right
self-injective dimensions of R are finite. In this case, the left and right self-injective
dimensions of R are identical.

Lemma 3.9 Let R be a finite-dimensional Gorenstein algebra. Then we have a trian-
gulated equivalence

D?(ModR) gp = D’(ModR).

Proof Let the left and right self-injective dimensions of R are equal to n(< oo). Let
X* be a homologically bounded complex and P* its projective resolution. Then we
have the commutative diagram

ds:n ds:l
. ps—n r ps—n+l . ps-1 4 ps
ﬂs—n J/ n_s—n+l Jv l ﬂs—l J{ T[S J/
" '
. Xsn Xs—n+1 . Xs—l XS
Let inf H(X®) = s. Then P* and X* are exact in degree < s — 1. So we have an exact
sequence
e — Ps—n N Psfn+1 e — PS—Z N Ps—l —1Im dls;l N 0,

which is a projective resolution of Im d3.". It follows from [E]2, Theorem 10.2.14] that
Kerdj." is Gorenstein projective. Thus, X* has finite Gorenstein projective dimen-
sion by [V, Theorem 3.4]. [ |

Buchweitz proved in [Bu, Theorem 4.4.1(2)] that for a finite-dimensional Goren-
stein algebra R, there exists a triangulated equivalence:

GP(mod R) ~ D”(mod R)/K” (proj R).
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The following proposition extends this result.

Proposition 3.10 Let R be a finite-dimensional Gorenstein algebra. Then there exists
a triangulated equivalence

GP(ModR) ~ D(Mod R)/K"(ProjR),
which restricts to a triangulated equivalence

GP(mod R) ~ D”(mod R)/K” (proj R).

Proof The first assertion follows from Theorem 3.4 and Lemma 3.9. Note that the
embedding
GP(modR) -+ GP(ModR)

induces a triangulated embedding
GP(modR) - GP(ModR).

It is easy to see that the essential image of the composition

GP(mod R) - GP(Mod R) —»
D®(ModR) s6p/K" (Proj R)(= D’ (Mod R)/K®(Proj R))

is D’ (mod R)/K®(proj R), where F is as in Theorem 3.4. Thus, we get the second
triangulated equivalence. ]

A lyama-Yang Equivalence

In this appendix, we will introduce an equivalence proved by Iyama and Yang when
they studied the interplay between silting reduction and Calabi-Yau reduction in tri-
angulated categories [IYa], and then apply the Iyama-Yang equivalence to obtain the
previous main result.

Before stating the Iyama-Yang equivalence, we recall some notions. Let T be a
triangulated category. A full subcategory P of T is called presilting if Homg (P, P[i]) =
0 for any i > 1. In the following we always assume that P = add?, that is, P is closed
under T-summands. We write & := thicks P (the smallest triangulated subcategory
of T containing P and closed under T-summands). The Verdier quotient U := T/8 is
called the silting reduction of T with respect to P ([AI]).

Let [ € Z. We define two full subcategories of T as follows:

851 =8s11:= UP[-1—i] *--- P[] -1] » P[],
i>0
Sgl = 8<1+1 =U [:P[—l] * fP[—l + 1] ke ok fPl:—Z + i],
i>0
where for two subcategories A, B of 7,

AxB = {X| there exists a triangle A > X - B —> A[1]with Ae Aand B € B}.

By the octahedral axiom, we have (A * B) * C = A x (B * C) for subcategories A, B, C
of T. We also define a full subcategory of J:

Z2:="8,n8% ="P[>0]nP[< 0],
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where for a subcategory M of T,
M := { X | Homg (X, M) = 0},
M[>n]:= {X | Homs (X, M[i]) = 0 for any i > n}.

Assume that (Z, Z) forms a P-mutation pair in the sense of [[Yo]; that is, the fol-
lowing conditions are satisfied. (1) P ¢ Z and Homg (P, Z[1]) = 0 = Homg(Z, P[1]);
(2) For any Z € Z, there exists triangles

Z—P —Z7'— Z[1],
Z// . P// N Z N Z’l[l]

with P, P" € Pand Z’, Z" € Z. Then the additive subfactor Z/[P] carries a structure
of a triangulated category ([IYo]). Recall from [IYa] that a pair (X, Y) of two additive
full subcategories of 7 is called a co-t-structure if the following three conditions are
satisfied.

(@ X=*(Y[1]) and Y = (X[-1])*.

(b) T =2 = (Y[1]).

(c) Yisclosed under [1].

In this case, the subcategory X n'Y is called the co-heart of (X, Y).

Theorem A.1 ([IYa, Theorem 4.7]) Let the notation be as above. Assume that (Z,2Z.)

forms a P-mutation pair. If the two pairs (*8<o,8<0) and (8s0,8%,) both are co-t-
structures with co-heart P, then the composition Z c P-U induces a triangulated
equivalence

Theorem A.2  Let R be a ring, and let T = D’ (Mod R) sGp and P = Proj R. Then we
have a triangulated equivalence
Z 7
EadLAN I8
(7]

which is the same as the one given in Theorem 3.4.

Proof We will sketch a proof by checking the conditions in Theorem A.1.

(1) It is true that P is a presilting subcategory of T and P = add .

Define a functor P: D?(Mod R) sgp = K™ () that sends each X to its projective
resolution. It is then fully faithful. In the following, the essential image of IP is also
denoted by 7.

(2) It is obvious that 8 = thicks(P) = K¥(P).

(3) We claim that Z = GP(ModR). Let T € Z c 7. Suppose that the Goren-
stein projective dimension of T < g(> 0). Then by [V, Theorem 3.4], we have that
sup H(T) > —g and Coker d,* is Gorenstein projective. Write T as

e T8 T8 T Y T T ) — ...,
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By the definition of Z, we have Homs(P[i], T) = 0 for any i < —1. This implies that
H/ Homg (P, T) = 0 for any j > 1, and hence

Teeoo T8 T8 ... ,T171 TIO ) —> .-

in T, where T} is a summand of T°.
Since T € *89, we have the diagram

T’ T2 T! T?
T3 T2 T! 0 .
It induces that this cochain map is null-homotopic, and hence T is exact in degree

<-1
Since Homg (T, P[i]) = 0 for any i > 1, we have H' Homg (T, ?P) = 0 for any > L
Then we obtain an exact sequence

-—)ng—>T7g+1—>-~-—>T71—>T10—>C—>O,

which remains exact after applying Hompg (-, P). Since Coker d,# is Gorenstein pro-
jective, we have that C is Gorenstein projective by [Ho, Corollary 2.11]. So T is a pro-
jective resolution of C, and hence Z € GP(Mod R). The opposite inclusion is clear by
the definition of Gorenstein projective modules.

(4) (Z,2) forms a P-mutation pair, and the triangulated structure in Z/[P] coin-
cides with that in GP(Mod R). Hence we have GP(Mod R) = Z/[P].

(5) 1t is easy to show that the two pairs (*8<o, 8<0) and (8x0,8%,) both are co-t-
structures with co-heart P. ]
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