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ASYMPTOTIC EXPANSION
OF A CLASS OF MULTI-DIMENSIONAL INTEGRALS

A. SELLIER

ABSTRACT. The aim of this paper is to derive the expansion of the following class
of multi-dimensional integrals

I\ =1p /(;K[x. Aw(0)*] dx.

with respect to the large parameter A when Q is a subset of R”, a > 0, w is a strictly
positive and bounded function on X and fp means an integration in the finite part
sense of Hadamard (see Section 2). This is performed for weak assumptions bearing
on pseudofunction K and by extending to higher dimensional cases the tools developed
in the one-dimensional context. The range of applications of the proposed results is
outlined by the exhibition of several examples.

1. Introduction. Forn > 2, we consider Q an open subset of R", O a point belonging
to Q and d(0O, 0 Q) the distance from O to its boundary d (2 where it is understood that
d(0,0Q) = +oo if Q := R". Moreover, M := x = (x),...,x,) designates an arbitrary
point of R", dx stands for the associated Lebesgue measure and (7,6, ...,0,_)) is a set
of spherical coordinates of origin O with r := OM and 0 := (0,,...,0,—) == x/r. It is
recalled that dx = "~' dr do where do is the Lebesgue measureon X := {M € R",r = 1}
and C will designate the set of complex numbers.

If X is a real and large parameter, /' and g complex functions and ¢ is a real function,
one often seeks the asymptotic expansion of the integral

(L1) L) = [ fx)glAoe) dx,

with respect to the parameter A. This expansion not only depends on the behavior of
function g near infinity but also on the behavior both of functions f and ¢ near the critical
points of Q, i.e. the points of Q satisfying ¢(x) = 0.

When ¢ is real analytic on Q) the problem reduces to the treatment of ¢(x) = x’lI coexln
with (/1,...,1,) € N" (see [3, 7]) and the question remains difficult because the critical
points are not isolated (more precisely the set of critical points is {x = (x,...,x,) €
R™ 1L, x; = 0}). The case of ¢(x) = x7'---x% with (a),...,a,) € R}" has been
investigated in earlier papers [1, 3] for Q = [0,1]",g € S(R) the Schwartz space
and f(x1, ..., %) = X3 x& log'[xi] -« - logh[x,Jh(x1, . .. x,) if (lh,...,0) € N,
(ay,...,0) € C" with Re(a;) > 0 and & € C*°(R"). Particular case n = 2 has been
detailed in [8] and recently extended by [11] to weaker assumptions.
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By now, it is assumed that O is the only one critical point of ¢ in Q. The problem
turns out to be easier to tackle and one usually makes use of Mellin transform method
to deal with it (see [2, 12]). Recently, [4, 5] proposed an approach based on the distri-
butional point of view to provide the asymptotic expansion of certain multi-dimensional
generalized functions. Nevertheless, the following integral

(1.2) ) = fp./Q K(x. A(x)) dx,

where fp means an integration in the finite part sense of Hadamard and K(x, u) (with u
real) is a pseudofunction, do not seem to have attracted such an interest.

The aim of this paper is to derive the asymptotic expansion of /(\) when A — +o0,
pseudofunction K(x, u) offers specific kind of behaviors when u — +00 or x — 0 and
function ¢ reduces to ¢(x) = ¢(r,0) := w(f)r* with a > 0 and w is a strictly positive
and bounded function on X. This is achieved by extending to this question the results
obtained for the one-dimensional case (see [10]). If Section 2 below is devoted to the
introduction of appropriate notations and definitions, main theorems are established in
Section 3 whereas Section 4 deals with some examples and comparisons.

2. Integration in the finite part sense of Hadamard and basic functional spaces.
This section introduces the definition of a multi-dimensional integration in the finite
part sense of Hadamard for certain pseudofunctions. The reader may consult [9, 10] for
detailed explanations. For a > 0, then B(a) := {M € R",OM = r < a}, dB(a) =
{M € R*,OM := r = a} and also B(a) := B(a) U d B(a).

DEFINITION 1. A function f of L] .(R" \ {O}, C) belongs to the set P(R", C) if there
exist positive real 7 and 4y, two complex functions F* € L'(B(n),C) and F> €
L'(R" \ B(4y), C), two families of positive integers (J(i)), (K(l)), two complex families
(), (7)) and two families (/), (/;°) of elements of L'(Z, C) such that

1 J()

Q1) f@)=fr,0) =3 /O log r+ F(x), ae.in B\ {0},

=0 =0
Re(ay) < Re(ay—1) < --- < Re(a) < Re(ag) = —n;

L K()
22  f)=f(r0)= IZ(; kZOf,io(())rJ” logh r+ F®(x), ae.inR"\ B(4)),
Re(7,) < Re(V;-1) < --- < Re(7;) < Re(Vp) == n.

Moreover,

2.3) fp./R f&ydx = fp[. f(x)dx] = /Z [fp'/ooo PV a)dr] do.

/B(f’ \B(e)

Hence, f presents near origin O or at infinity expansions involving a finite num-
ber of terms a(f)r’ log/ » with 8 and j no depending on the angular coordinates 6 :=
(61, ...,6,—1). This choice authorizes the case of / possessing a conical singularity at O,
i.e. such that (2.1) is satisfied with f(r,0) = 0 if r < nyand € V C .
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If go(r) = r'f(r.0), GYr) = r"“FO(r 0) and G°(r) := r""'F>®(r,0) then
2.1), for 0 < r < 1y, leads to go(r) = Yl X0 /2O 'log’r + GY(r) with
Re(a; +n— 1) < —1 and Gy € L'([0. s C) and for r > Ay, (2.2) yields go(r) =
Z,LOZK oSO Mogt r + G°(r) with Re(; +1 —n) < 1 and GP(r) €
L'(R" \ B(1)y), C). Thus, fp J5° go(r)dr admits a sense for & € X, (see [10]). Finally,
for O € Q C R", the set P(Q2, C) is the set of pseudofunctions f such that F € P(R", C)
if F(x) :=f(x) forx € Q, else F(x) :=0and fp [, f(x)dx = fp [ F(x)dx.

By now, for ¢ real and € > 0, the notation 4 = Zﬁ&(a)g a;7€% log/(€) means that there
exist two complex families (a;;) and («;) such that the sequence (Re(a,-)) is strictly in-
creasing andafamily of positive integers (J(i)) such thatif / := sup{q € N,Re(ay) < 1}
then 4 = ZJ(’) a;e% log/(¢). Moreover, for 4 a complex pseudofunction of real
variable such that there exist a real s > ¢, a complex function H? (or H®) and a
neighborhood of zero on the right (or of infinity) in which H? (or H>°) is bounded and
h(u) = Z"(l?e(a) < M log/ u+uw HY (u) (or h(u) = }j](é)e(a) < P log utu~H*(u)) we
note lim,,_ A(u) = Zj(é)e((,)q hou® log/ u and set So(h) == mf{Re(a,-), for i such that exists
J with h% # 0} (or lim, o h(u) = (;ge(a)q hu~% log’ u and set Syo(h) := inf{Re(a;),
for i such that exists j with A3 # 0}). If h depends on several real variables, the
notation lim,_g A(r, ) = (,'{)e(a)ql (@) log' r means that each h) € L'(Z,C) and
that there exist s > ¢, a complex function H%(r,6) and a real 7 > 0 such that in
B(n) \ {0}, H® is bounded and A(r, 0) = ZI(}?e(a)Q. u(0)r"" log/ r+r*H(r, §). Moreover,
So(h) = inf{Re(e;), for i such that h is not the zero function on X}. Definitions of
equality lim,_., A(r, 0) = m.(}?e(«,) <r hgj’n(ﬁ)r“” log™ r and of real Sy(k) are also clear.

These notations authorize the definition of two useful functional spaces.

DEFINITION 2. For three real values r;,r; and b such that 0 < b < 400, the sets
£2(10, 5[, C) and E2 (R”, () are defined by
e E2(10,b[,C) = {f,f is a complex pseudofunction such that lim, of(u) =
E’%)e(a) < Jiu* log/u; if b < +oo then f € L} (]0,5],C) else not only f €
1210, +oo[, C) but also lim, /(1) = Z%‘{%Kn Sou " log" u},

Z’Z(R" C) = {f.f € LL.[®R"\ {0},C) such that notations lim,_of(r,0) =
}:@wm SOy log r and lim, oo f(r,0) = Ty foo(0)r < log" r are
satisfied}.

3. The asymptotic expansion of /(\). First an adequate space of pseudofunctions
K(x, u) is proposed.

DEFINITION 3. For Q an open subset of R” containing O and two real values ¢ and ¢’
the space H/(Q, C) is the set of complex pseudofunctions K(x, u) such that, for A large
enough

1. The pseudofunction 4 such that A(x) = h(r, §) := K(x, Ar) belongs to P(Q, C).

2. If the pseudofunction X(x,u) is defined by K(x.u) := K(x,u) if x € Q, else
K (x,u) := 0 then it obeys all the following properties:
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2.1. There exist a positive integer £, a complex family (7.) with Re(Yp) < -+ <
Re(Vg) = t, families of positive integers (M(e)) and of complex pseudofunctions
(Ke,,,(x)), reals B > 0 and s > ¢, a complex function G,(x,u) and areal 1 < b < +o0
such that for (x,u) € (R" \ {O}) x [b, +oo[

(@)
(3.1 K(x,u) = ZE: /\g Kem(X)u™ log™ u +u""G/(x, u),
e=0 m=0
(b)
(3.2) l/ G dx, < B < +00,

(©) Ve €{0,...,E},Vm € {0,... . M(e)}. Ken € Freir o\ (R". C) and also there exist
a positive integer /, a complex family (o) such that Re(ag) < --- < Re(oy) :== ¢ — n,
a family of positive integers (J(i)), areal s’ > ¢ — n, a family (K¥,) of elements of

L'(Z, C), a complex function L., bounded in a neighborhood of O in which

1 JG) . ,
(3.3) Kem(x) =" KY (0)r* log r + r* Lem(x).
=0 j=0
2.2. For almost any 8 of T there exist a real 49 > b > 0 and By > 0, a family
of complex pseudofunctions (h’-"(-. 9)), a complex function H,[(r,0),u] such that for
0<r<Wygandu>0

(@)
34 Kx,u) = X[(r,0),u] = i JZI h(u, 0)r* log/ r + 1 H,: [(r,0),u],
=0 j=0
(b) )
3.5) ] [ Hel) 2, 0), w1 du‘ < Bl < +00,

(c) fori € {0,....1} andj € {0,...,J@)}, if #(x) := h¥(r,0) where r := OM and
0 := x/r, then b € £”+Re( e(O{)([R" C). Be51des it is understood that lim,_ hY(u,0) =
Zq Re(3)<—n—Re(a) M(H)uﬁf’ log?u and also that there exists a complex function Oy
bounded in a neighborhood of infinity in which
E M(e)

(3.6) R, 0) =5 5" K7 (0w log" u+u*0y(u,0).

e=0 m=0

2.3. Finally, for almost any 6 of Z, the complex function Wf’ , defined by the
relation: " 'u st,,(r u) = P K, 0),u] — YLy MO K, (r, O)u e log" u —
o (')[h‘/ (,0) — YL, MO KT (@) log™ u]r"' log/ 7} remains bounded in the set
10, b] x [Ag, +ool.

Decomposition (3.1) provides the behavior of X (x, #) when u tends to infinity. There-
fore, we assume that b > 1. If x does not belong to Q, K,,,(x) = 0 = G,(x, u). Note that
the integrations arising in (3.2) and (3.5) are usual ones (in Lebesgue’s sense). If a := 1
and w = 1y (the unit function on X), the following theorem holds.
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THEOREM 1. Assume that O € Q C R", a =1 and w = 15. For t real, if K(x,u) €
H'(Q, C) then the expansion below holds for I(\), as ) tends to infinity,

fp / K(x, \r)dx

Me) m ﬂ
B Z Z Cl [fp / Kem(x)r_% IOgm_l(r) dx]/\‘ ¢ logl A
m.Re(?)<t =0 JQ
J(0)
+ Z {ZCI l) [fp/ U(x)ra, logJ [(I‘)d_x]
J-Re(a)<t—-n =0
( yjtq! ) .
3.7 — HY (0)do| log!+a=! \
R g (1+J+q)'[/ 4,(6)do] log
39 Cotmt

+ [ [LKE (a)da] log"*m- ’A}A (@) ool \ + o(A 7,

{e;Ve=a;+n} m=0 (1 +j + m)'

where the sum ¥/ has been previously defined and C', = m!/[I'(m — I)!] for
‘j.Re(a)<r

integers | and m such that 0 <[ <m.

PROOF. For large A, property 1 of Definition 3 ensures the existence of /(\) and if
Jo(N) == fp 8 P~ K[(r, 0), \r] dr it is actually possible to write

(3.8) I0) = fp/ K(x, \r)dx = fp K(x, \r)dx + /z Jo(\)do.

JR7\B(b)
For A large enough, use of decomposition (3.1) immediately leads to

EMe

(3.9) fp K(x, Ar) dx = [fp Sy Ko 10" (hr) x| A7+ ROV,

R\B(b) ro m-O

where 1D fgn\5(5) Kem(x)r ¢ log"(\r)dx indeed admits a sense because K., €
f,'{;ke(7"’)(R”,C') and also according to the assumption s > ¢ and inequality (3.2),

Ye)—n
R(N) = X7 fangp r Gilx, Ar)dx = o(A™"). Since K(x, u) €€ H(Q, C) the reader may
check that foralmostany 6 € X then Fy(r, ) := r"~' K[(r, 0), u] belongs to F," (10, [, C)

a space introduced in [10]. Thus, Theorem 1 derived in [10] yields

M(e Yetn—1 3
W= > B I Kentr, 0" g () ar]a
m.Re(V)<t
JG) J
+ Y Y- 1)’[fp/ (v, O+ logi ! (v) dv
Jj-Re()<t—n I=0
) H(6)

(3.10) - ¥ Z

— P log”ﬁq“/ A
{p:Bp=—ai—-n} 40 T+j+q-1

M(e) K'f /(0) .
+ ——em L Jog!titm-! A] A~@* ) Jog! X + o(A7).
{e;’\,g,ﬁ»n} MZ—'-‘O 1 +.1 +tm—1
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Finally, integration over X of (3.10) together with relation ZJ;ZO Cj(— Y /(1+j+q—0D=
(—=1)Yj'q! /(1 +j + q)! ensure result (3.7).
In order to deal with the general case another functional space is proposed.

DEFINITION 4. For Q an open subset of R” containing O, a € R}, w a strictly positive
and bounded function on X and a real number 7, a complex pseudofunction K(x, u)
belongs to 4,(Q2, w, a, C) if and only if it satisfies the following properties for \ large
enough:

1. The pseudofunction / such that h(x) = h(r,0) .= K (x, )\W(B)r“) belongsto P(Q2, C).

2. The pseudofunction X (x, ) obeys properties 2.1 and 2.2 of Definition 3 with ¢ :== 7
and ¢ := ar except inequalities (3.2) and (3.5) which are replaced by

G.11) ‘ [ g O TG (O] dx} < B < +00,
(.12) [, [(5.6).] | < By < 400,

where d := b'/% > 1 (because a > 0 and b > 1 in Definition 3) and the assumptions
Ko € fﬁ'}f)(l;) (R",C)and b7 € ‘EfJ"'ie](&Li)(R”, C) are respectively replaced by K., €

n

e Re(’)'e)(Rn’ C) and W e E(n+Re(a,-))/a(Rn* 0).
This definition leads to the next result.

THEOREM 2. For t real, if K(x,u) € A(Q,w,a,C) the integral I(\) presents the
Jfollowing and asymptotic expansion with respect to the large parameter A

10\ = fp./Q Klx, \w(0)r*] dx

M(e) m

= 2 ZCf.,[fp [ WO Kameeyr = log"‘"[w(@)r"]dx]/\‘” log' A
m.Re()<t 1=0 JQ
J@) Mie) 1+j+m (—IYJ!m!C’f+-+,,, )
(3.13) + { —————— 2 ¥ (1) log"? A
j.Re(ct)Zgal~n {e;m§Qi+n} m=0 =0 a! 7(1 +j+ m)! 2)708
Ci(—1y

j a;+n s .
P P [fo [, W@ H#, 0 log ! (w(®) 1) dx] 1og! A

o) 1yt (—1Yjlg!C,,, - B
saBp=—a;—n} q=0 L= .

where coefficients HY (k) and H (k) are for positive integer k defined by
q em

Hik) = [ woy

ajtn

Hi k) = [ wO)™ KL, 6) log! " w(®)) dor.

HY,(0)log " [w(9)] do,
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PROOF. Ford := b'/% it is indeed possible to write /(A) = I;(\) + L()\) with

G14) H)=fp [ Klx M@ s, b= [ Klx. w(@)“]dx.
For A > w!if w; := inf{w(6).0 € T}, the assumption r > d := b'/4 ensures that
u = Aw(@)r* > b. Thus, decomposition (3.1) is valid and when combined with inequality
(3.11) and assumption s > ¢ it yields for /;(\)

E M(e)
VY=Y [fp [ WO Ken(O) " log" (8] dx})ﬁ“‘” +o(A ).

e=0 m=0 JR"\B(d)
Observe that each integral in above equality exists because K, € Er %RCIR”, C)and w
is strictly positive and bounded on Z. If 8 = 5(0) := [Aw(#)]'/* and K(x, u) := K(x, u%),
one gets

d

(3.15) B = [0 [ 7 K(x. 180w dr| do = [ J3(®)do
where
(3.16) Js(B) = 1p /Od P K (x, Br)dr  withx = (r, 6).

If \ is large enough, 3(8) := [Aw(6)]'/¢ is large too and the asymptotic expansion of
complex Jj () with respect to 5(6) is required up to order o[3(6)~*]. Such an expansion
is obtained by introducing the function Fi(r,u) = r"~' K*r,u) = " ' K(r,u"). The
reader may easily check that Fj € F4" ,(]0, d[, C). Accordingly,

M(e)

Si® = > [fp/oda'"Kem(r.H)r‘m”""llog"’(,Br)dr g

m.Re(")<t
J@) J

+ 3 ) (-1 [fp /0 = HOA, O log/ ! (v)dv

JRe(a)<at—n I=
o) alHY (0 .
3.17) -~ > S —.‘M log' 7% 3
{p:aB,=—a;—n} ¢=0 1 tj+q— l
& _a"K5,(0)

+ -
o 1+j+tm—1

log! 1 537 log! -+ (574,
{e;av=ai+n} m
The expansion of () is deduced by using the link 3 = Aw(f) and by integrating
expansion (3.17) over Z. After some algebra, one gets formula (3.13).
Of great interest for the applications is also the special case K(x,u) = f(x)H(u),
i.e. the case of separated variables x and u. For adequate assumptions both bearing on
pseudofunctions /' and H, Theorem 2 provides a useful result.

THEOREM 3. Consider Q a domain of R" containing O, a € R} and w a strictly
positive and bounded function on X. For complex pseudofunctions f and H, assume that
it is possible to introduce real values So(f) (Soo(f) if Q is not bounded), So(H) and also
Soo(H). If't, vand T are real numbers T = Max[—t, —(So(/)+n) /a] and if Q is bounded
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t > —So(H), elset > Max[—So(H), (n — Soo(f)) /a], v := Max[n — at, n — aSy.(H)] then
Jorf e E;,_(Q,C)and H € E(]0, +oo[, C) with the following behavior

op) ) ,
(3.18) Hw)= > Hyu”loglu+u" Hyw), T >T
q.Re(3)<T
M(e) N
(3.19) Hw)= % Hyu ¢log"u+uHPu), s>t
e.Re(?)<t
Ja) ) ,
(3.20) f= Y  fOrlogr+rF(x), s >at—n
J-Re(a)<at—n
if Q is not bounded
K({) y
(3.21) f@= 3 fROrlogr+r"Fx), VvV >v
k.Re(6)<v

and also hy(x) = hy(r,0) = fxX)HOW(O)*) € L} (Q\ {0}, C), the expansion below is

valid for large \
L))
=t [ fEOHDWOW ] dx
M(e) m ’ .
= 3 YC,H [ﬂ) / SEWO) r ¢ log" ‘I[W(H)r”]dx])\"” log’ A
m.Re(1)<t =0 JQ
322) % { 5 M) 1+j+m (_IYj!m!d2+j+mHoan(l log!2 )
’ + T 4 7 o) emtij og”
JRe(a)<at—n \{e;ay,=a;+n} m=0 L=0 al+J(1 +j+m)! iy 2) g
i, =1y e ,
+3 fa/. [fp /R [ @wW®O) " H(r*)r* log/ ™! (w(8) ') dx] log/ A
=0 .

o) 14+q (—1Yj1 g!Cl,.
- ¥ L Py log! A A+ 01,
{p;aB,=—a;—n} =0 1;=0 a ](1 +j+ Q)'

with, for positive integers i, j, q, k: Fji(k) == fs f,?(@)w(O)‘E:'_" log"7* 7k [w(6)] do.

Observe that for Q2 not bounded, the behavior (3.21) of function f near infinity and ata
large enough order is not involved in this result despite it is requested for the derivation.
Since the derivation makes use of Theorem 2 and looks like the one given in [10] for
Theorem 3, it is let to the reader.

4. Applications. In this section, several examples are exhibited in order to highlight
the range of applications of the proposed theorems. By the way, comparisons with results
obtained in [4] are also given.

PROPOSITION 1. Consider ® a complex pseudofunction for which it is possible to
introduce So(®) and Sxo(®@). If Y € C, a € R}, | € N and w is a strictly positive
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and bounded function on X, then for real t such that t > n — [Seo(®) + Re(1)]/a,
e ‘EZ;?JLBRE((“'«,))(R"’ C) and X large

IO =1p [ 0 log(je™ " dx

@4n = % {jzﬂjj%k GGl (1Y

oy
jRe(@)<at—n—Re() L=0 =0 @

Y+
T+ i 3—1—"—) logh A
a

g Crec,
— — " L) logh )\})\~(a,-+’y+n)/a
{P:ap=§-;,-—«,vn} 1,26 a7 (1 +j +Dp! (1) log

+o(A7"),

with the notation lim,_,o ®(r, 0) = ij.l?e(a) <at—n—re(ry A (Or™ log/ r and for positive inte-
gersk, mand 3 € C

(4.2) Nu(B) =1p /Ow Vi ogt(v)e ™ dv,
4.3) J;j’.’(k) = /;_All(g) logm+j~k[W(H)]W(O)—(aiﬂérn)/a do.

Since ® € E, 4O R, 0), @ € Ll (R"\ {0},C) and consequently hy(x) :=
O(x)r log/ (e O ¢ Ll (R"\ {0}, C). Formula (4.1) is thereafter obtained by ap-
plying Theorem 3 with f(r, 8) := #* log'(r)®(x) and H(u) = ¢ *.

For 8 € C consider No(8) = fp J5°v?~'e " dv. Clearly, if Re(3) > 0 then No(3)
= I'(3) where I' is the usual Gamma function. By using as many integrations by parts
as necessary two case arise for Re(3) < 0: if 3 = —p with p € N then Ny(—p) =
(=1P¥(@+1)/p! where P(p + 1) := 3| I=! — C, is the usual digamma function, else
No(B) =T(B+m)/[B(B + 1)---(8+m — 1)] where m is any positive integer such that
Re(@)+m > 0.

EXAMPLE 1. Suppose that ¥ = 0,/ = 0 and J(i) = 0 with 4;(6) = A4,(6). In such
circumstances and under the assumptions of Proposition 1, formula (4.1) rewrites
(4.4) MO\ = fp /R D) MO gy
1 oy a;+n
=2 5 [LAomer dono(“2)

a j Re(a)<ar—n

Y
ajtn

a log[w(8)]do

=1y _
— {p;ap;m-”} N [/z A4i(O)w(9)

A+
a;+n

+log[A] /E A(O)w(O) < da]}x(“'+">/"+o(x').

If Vi, Re(a; + n) > 0, the second contribution on the right-hand side of (4.4) vanishes. In
such a case, No(‘-"‘:—”) = l"(g'g—'l). This agrees with the proposed Example 9 given in [5]
if one sets 4;(8) := 0 outside V' C Z. Nevertheless, if there exist positive integers p and
i such that —p <t and o; = —ap — n this second contribution introduces a logarithmic

term (log[A]\) in the asymptotic expansion.
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EXAMPLE 2. By now, it is assumed that ®(x) = ®O(r,0) = A()¢(x) with 4 €
L'(Z,C) and ¢ € Dy(R", C) the set of complex functions ¢ which admit on a compact
neighborhood of origin O continuous derivatives up to order positive integer N. Thanks
to the usual Taylor expansion, there exists for each ¢ € Dy(R”, C) a neighborhood of O
where the function R;f, below is bounded and

[
45) 6= 00 = 3 24D pe( o+ PRY ),
|or|=0 !
where for a = (ay,...,a,) € N" we set: ! := oy!- - !, || ==y +--- + @, and if

x=(r,0) = (x,...,x,) thenx® = x{" - - - x3 := rI“'Aa(()) D*¢ = 6'“‘¢/6x“‘ e Qxgn.
Note also that (4.5) holds for N = 0 by setting ZI o = 0 for ¢ < 0 and by choosing R¢ =
¢ € Do(R", C). For t > n— [Seo(¢) + Re(1)]/a and ¢ € Dy, (R", ONE, 4 LR, C)
if N, := [[1 +at — n — Re(7)]] where [[b]] denotes the integer part of real b, Proposition 1
yields

K()‘) = fp /';"A(a)(]&(x)r’\’ logl(r)e—/\w(@)r" dx
_ uat-nizemm D*¢(0) { LIk (—1Y="V Jo(1 — k= h) (|a| 9+ n) o
o= KRV —k— k) at! h P g

+ 1\t 1 _
(4.6) _ Z IZI ( 1) pC;H 01(1 ll) log" )\})\—(|a[+“,+n)/a+o()\——l)-’

{piap=—]a|—n} 1=0 a(/+ 1p!

!
laf=0 @

with Jy(k) := fz A(0)A(0) logk [w(9)]w(0)‘ ~ do and Z” =0 forp < 0.

Thecasew=A4=1y,a=2and/=01is conSIdered in [5] (Examples 1 and 4). Under
these assumptions Jo (k) = 0 fork > 1 and J,(0) = [z Ao(@)do. If a = (o}, ..., 00) € N,

Jo(0) = 0 for any oy odd and if o = 23 = (23, ...,28,) € N" it is well known that
Jap(0) = 2T(B1 +1/2) - - T(B,+1/2)/T(|B|+n/2) with [(j+1/2) = 7'/2(2j)! /2%}!. This
leads to Jo(0)/ a! = Jo5(0)/(28)! = 27"/2 /[2281 31 T'(| 8| +n/2)]. Fory € C, suppose that
real ¢ is such that [[2t —n— Re(’Y)]] € N (else expansion (4.6) rewrites K()\) = o(/\"’))
and introduce for £ €N, E(k) such that E2m) = EQ2m + 1) := m. If ¥ is not equal to
—n — 2m with m € N it is impossible to find p € N such that 2p = =2|3| — 7 — n.
Consequently the second term on the right-hand side of (4.6) is zero and

@.7) fp_/R L0 e dx
Ell2—n-ReO)) - DX G(O)"/2No(k + (Y +n)/2)

- /\—(2k+",+n)/2 +0 /\—1 )
k;o |3|=k 221(,8! r(k + I’l/Z) ( )

If there exists m € N such that ¥ = —n — 2m for 0 < || < E([[2t — n — Re(7)]] the
integer p := m — | 3] provides a logarithmic term and

E[[2t—n—Re(M]] Dzuqﬁ(O)ﬂ"/z Am—k
P MMM gy = o(A ) + ,
ff" R ( = 5k 22A,[3! r(k + n/2)
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438) {No(k+(7 +m)/2) - [mik (;I!Y] log)\}.

p=0
Observe that both results (4.7) and (4.8) disagree with those proposed in [5]. In fact,

when dealing with integration in the finite part sense a change of scale may generate
corrective terms. For instance, if A > 0 and 6 € C (see [10], Lemma 2),

4.9) fp/O°° PeN dp = \~*/2 fp/om Petdt if6#—1—2p,peN,
(=1y

(4.10) fp/O°° r e gy = P {fp/ooo e gr — N log)\}.

Consequently, if ¢5(x) = x* = A3(0)? with = (B1,...,8,) € N, one obtains
I0)=fp [ s e™ dx
0 Nn—1 _— 1
= [[z A25(0) da] [fp 7 Amten dr] =2 [ 420 da]

{fp /oo yHEE e gy — - 1')”_ 1
0 {p;2=——n-20g)} P

_ 23n

og)\})\

because 2 fp [° Pe" di = fp [°v'T ~'e~" dv. Obviously, above equality agrees with
(4.7) and (4.8). Observe that ¢5 € P(R") := {smooth and complex functions ¢ such
that lim,_+, €7 D%¢(x) = 0, Vb > 0 and o € N"} and that formula (3.10) and (3.13)
proposed by paper [5] don’t apply for ¢g. In fact, it seems that the “moment expansion”
proposed in this latter paper does not hold if Y = —n—2m. More precisely, for ¢ € P(R")
relations (4.9) and (4.10) show that in such a case

@11 (Bl ) "me VN Y b(x)) # (fplr "M, d(x/ V),

and that extra terms occur at this stage.

PROPOSITION 2. Consider ¢ € Ry and A a positive and bounded function on X.
For Q a bounded subset of R" containing origin O, an integer N > n and a function
f € L, (QUIQ, OYN Dy_pn+1(Q, C) (see Example 2 for the definition of Dy(Q2, C)) then

_ S(x)dx
= /n 1+ A@)r + Ar

(4.12) = Nf [fp / (=1°[1 + 4@ Tf (xyr D dx]/\_("”)
e=0 Q

1
loc

Df(0) (=1yrramt
+(ij)€AN[./): ;ﬂ:__’i a! Aa(O)Aj(H)dcr] {fp.o (1+ry*
H(i +¢j + n)(— 1)V ((1 = ¢)j — i — n)!
B (=i —cj —n)!

+A(j,i+Cj+n _ 1)(__1)i+cj+n—lcy'

i+cj+n—

e o,
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where Ay = {(i.j) € N?.a, = i+¢j <N —n}andfor k € N, a € R functions A and H
obey Alk,a)=1=H(—a) ifa € Nand k < a; else A(k,a) = 0 = H(—a).

The reader may easily deduce (4.12) by carefully applying Theorem 1.
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