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ASYMPTOTIC EXPANSION 
OF A CLASS OF MULTI-DIMENSIONAL INTEGRALS 

A. SELLIER 

ABSTRACT. The aim of this paper is to derive the expansion of the following class 
of multi-dimensional integrals 

/(A):=fp [ K[x.\w(0y]dx, 
.In 

with respect to the large parameter A when Q is a subset of W7, a > 0, w is a strictly 
positive and bounded function on £ and fp means an integration in the finite part 
sense of Hadamard (see Section 2). This is performed for weak assumptions bearing 
on pseudofunction K and by extending to higher dimensional cases the tools developed 
in the one-dimensional context. The range of applications of the proposed results is 
outlined by the exhibition of several examples. 

1. Introduction. For n > 2, we consider Q an open subset of W, O a point belonging 
to Q and d(0, d Q) the distance from O to its boundary d Q where it is understood that 
d(0,dQ) := +oo if Q := W. Moreover, M := x = (JCJ, . . . ,xn) designates an arbitrary 
point of W1, dx stands for the associated Lebesgue measure and (r, 0\,..., 0n-\) is a set 
of spherical coordinates of origin O with r := OM and 9 := (9\,..., 0„_j) := x/r. It is 
recalled that dx = r"~l drda where da is the Lebesgue measure on S := {M G W1, r = 1} 
and C will designate the set of complex numbers. 

If A is a real and large parameter,/ and g complex functions and </> is a real function, 
one often seeks the asymptotic expansion of the integral 

(1.1) L(\):= [nf(x)g[\t(x)]dx, 

with respect to the parameter A. This expansion not only depends on the behavior of 
function g near infinity but also on the behavior both of functions/ and <j> near the critical 
points of Q, i.e. the points of Q satisfying </>(JC) = 0. 

When (j> is real analytic on Q the problem reduces to the treatment of </>(x) = x1^ • • • xf% 
with (/i , . . . , /„) G N" (see [3, 7]) and the question remains difficult because the critical 
points are not isolated (more precisely the set of critical points is {x = (JCI, . . . ,x„) G 
Rn;n?=,*/ = 0}). The case of </>(x) := xa

{
1 .••*£" with (a\,...,a„) G Rf has been 

investigated in earlier papers [1, 3] for Q := [0, l]n,g G S(R) the Schwartz space 
and/(*, , . . . ,*„) := <1-..x^log / '[x1]-..log /«[xw]/z(xi,...7xw) if (/ , , . . . , / ,) G N", 
(a\,...,a„) G C" with Re(<*/) > 0 and h G C°°(Rn). Particular case n = 2 has been 
detailed in [8] and recently extended by [11 ] to weaker assumptions. 
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By now, it is assumed that O is the only one critical point of <j> in Q. The problem 
turns out to be easier to tackle and one usually makes use of Mellin transform method 
to deal with it (see [2, 12]). Recently, [4, 5] proposed an approach based on the distri­
butional point of view to provide the asymptotic expansion of certain multi-dimensional 
generalized functions. Nevertheless, the following integral 

(1.2) /(A) := fp | K[x, A#t)) dx, 

where fp means an integration in the finite part sense of Hadamard and K(x, u) (with u 
real) is a pseudofunction, do not seem to have attracted such an interest. 

The aim of this paper is to derive the asymptotic expansion of/(A) when A —* +oo, 
pseudofunction K(x, u) offers specific kind of behaviors when u —» +oo or x —-> 0 and 
function </> reduces to </>(*) = </>(r, 6) := w(^)^ with a > 0 and w is a strictly positive 
and bounded function on Z. This is achieved by extending to this question the results 
obtained for the one-dimensional case (see [10]). If Section 2 below is devoted to the 
introduction of appropriate notations and definitions, main theorems are established in 
Section 3 whereas Section 4 deals with some examples and comparisons. 

2. Integration in the finite part sense of Hadamard and basic functional spaces. 
This section introduces the definition of a multi-dimensional integration in the finite 
part sense of Hadamard for certain pseudofunctions. The reader may consult [9, 10] for 
detailed explanations. For a > 0, then B(a) := {M e R",OM := r < a}, dB(a) := 
{M e R", OM:=r = a} and also <B(a) := B(a) UdB(a). 

DEFINITION 1. A function/ of Lloc(R
n \ {#}, Q belongs to the set ^(R", Q if there 

exist positive real r\f and Af, two complex functions F® E Vf/B^f), C) and F30 G 
L\Rn \ B(Af), C), two families of positive integers (/(/)), (K(l)), two complex families 
(a,-), (7/) and two families (/J), (/J°) of elements of Ll(L, Q such that 

(2.1) f(x) =f(r,0) = J2YJy(0y^ logr + F°(x), a.c. in 0fo,) \ {O}, 
i=0j=0 

Re(a7) < Re(a/_i) < • • • < Re(«i) < Re(a0) := -n\ 
L K(l) 

(2.2) f(x) =/(r, 9) = £ Ef^iOy-"1 log" r + F»(x), a.e. in R» \ B(Af), 
1=0 k=0 

RQ(1L) < Re(7i-i) < • • < Re(7i) < Re(7o) := n. 

Moreover, 

(2.3) fej^mdx^ € ) ^ do. 

Hence, / presents near origin O or at infinity expansions involving a finite num­
ber of terms a(S)r^ log7 r with j3 and j no depending on the angular coordinates 0 := 
(# i , . . . , 0n-\). This choice authorizes the case of/possessing a conical singularity at O, 
Le. such that (2.1) is satisfied with/(r, 0) = 0 if r < r]j and 6 e V C Z. 
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If ge(r) := r»~xf(r,9\ Gg(r) := r»-xf*(rj) and Gg°(r) := ^ ,- |F00(r,fl) then 
(2.1), for 0 < r < iy, leads to ge(r) = T.1M)T$J!j(0)r"i+n-1 log>r + Gg(r) with 
Re(a, + » - 1) < - 1 and G6 G ^([O,? / / ] ,^ and for r > ^ (2.2) yields ge(r) = 

?.U^fi?Wr~'yi+n~l l°£r + GT(r) wi th Re(^/ + ! - « ) < 1 and G£°(r) G 
L^R" \ B(iy\C). Thus, fp$?ge(r)dr admits a sense for 8 6 X„ (see [10]). Finally, 
for O € Q C Rn, the set 2>(Q, Q is the set of pseudofunctions/ such that J <E fP(Rw, C) 
if f(x) :=/(JC) for* G Q, else J(JC) := 0 and fp JQf(x) dx := fp JR„ ^(jr)dr. 

By now, for f real and e > 0, the notation A = E^Re(cr)<, a//ea' log'(e) means that there 
exist two complex families (ay) and («/) such that the sequence (Re(a,)) is strictly in­
creasing and a family of positive integers (./(/)) such that if/ := sup{# G N, Re(c^) < /} 
then A = £j_0 S/=o ^i/6"' l°g/'(^)- Moreover, for h a complex pseudofunction of real 
variable such that there exist a real s > t, a complex function 7/f (or H^°) and a 
neighborhood of zero on the right (or of infinity) in which H® (or Hf°) is bounded and 
h(u) = £^e(a)<,h°ua ' log*' u+usFPt(u)(orA(«) = £ ^ e ( ^ , h<*tr«> log'" a+ir*fl°°(i0) we 
note limM_o A(w) = ^RQ(a)<t ^tju&i ^ u a n d s e t £o(^) •= inf{Re(a/), for / such that exists 
j with A° ^ 0} (or lim^oo A(H) = E ^ ^ , A^ir0* log71/ and set S^h) := ihf{Re(a/), 
for / such that exists j with h™ ^ 0}). If h depends on several real variables, the 
notation lim^-o A(r, 0) = ^(Re(cr)<n ^(9)^' log/r means that each A?. G Z ^ Q and 
that there exist 5 > t, a complex function H®(r, 9) and a real 77 > 0 such that in 
B(r]) \{0},H? is bounded and h(r, 9) = £^ e ( a )< r i /$(0)ra' log7 r + ̂ ( r , 9). Moreover, 
So(h) = inf{Re(a/), for / such that h^ is not the zero function on I } . Definitions of 
equality linv^o A(r, 9) = E^Re0)<r2 hfm(9)r-^ logw r and of real S^A) are also clear. 

These notations authorize the definition of two useful functional spaces. 

DEFINITION 2. For three real values r\,ri and b such that 0 < b < +00, the sets 
2£Q0,6[, Q and 2JJ(R", Q are denned by 

• ££f(]0, &[, C) := {/*,/ is a complex pseudofunction such that limM_^o/(w) = 

^%{«)<rflju<X,X°gu> i f * < + 0 ° t h e n / ^ AocG0^],Q else not on ly / G 

4c(]0, +oo[, O but also linv^oo/M = E ^ ^ log" 11}, 
• 2£(RW,C) : = {f,f € ^ ( R " \ {0} ,Q such that notations limr__0/(^ 9) = 

^a)<rAeya'X^r a n d l i m -oo/(r ,0) = ^(1)<r2f%(9)r-^\ogmr are 
satisfied}. 

3. The asymptotic expansion of/(A). First an adequate space of pseudofunctions 
K(x, u) is proposed. 

DEFINITION 3. For Q an open subset of W containing O and two real values t and t' 
the space i^/(Q, C) is the set of complex pseudofunctions K(x, u) such that, for A large 
enough 

1. The pseudofunction h such that h(x) = h(r, 9) := K(x, Xr) belongs to !P(Q, C). 
2. If the pseudofunction ^C(x, u) is defined by ^C(x, w) := AT(x, u) if x G O, else 

^C(JC, w) := 0 then it obeys all the following properties: 

https://doi.org/10.4153/CJM-1996-056-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1996-056-7


1082 A. SELLIER 

2.1. There exist a positive integer E, a complex family (le) with Re(7o) < • • • < 
Re(7f) := t, families of positive integers (M(e)} and of complex pseudofunctions 
(Kem(xf), reals B > 0 and s > t, a complex function Gt(x, u) and a real 1 < b < +oo 
such that for (x, u) G (Rn \ {0}) x [6, +oo[ 

(a) 
£ A/(e) 

(3.1) ^C(x, w) = E E ^ W " " 1 ' log™ u + *TsG,(x,«), 

(b) 
(3.2) I f r~sGt{x, \r)dx\ < B < +oo, 
v ' \h"\B(b) v ' I _ 

(c) to € {0, . . . ,£},Vm G {0, . . . ,M(e)} ,^ m G ^ " ^ ( R " , Q and also there exist 
a positive integer /, a complex family (a/) such that Re(ao) < • • • < Re(a/) := tf — n, 
a family of positive integers (•/(/))> a real 5' > t1 — ny a family (K^) of elements of 
Ll(L, C), a complex function I^m bounded in a neighborhood of O in which 

(3.3) Kem{x) = EE^L(O)^ log'V + Z ^ W . 
/=0 y=0 

2.2. For almost any 0 of I there exist a real ^# > b >- 0 and B'e > 0, a family 
of complex pseudofunctions (/2^(-,#)), a complex function 7/,[(r, 0), w] such that for 
0 < r < Wd and u > 0 

(a) 

(3.4) 3C(JC, K) = 3Q(r, 01 u]=J2Jl *>Hu, e>ai log7 r + / / / , [ ( r , 0), 11], 
/=0 y=0 

(b) 

(3.5) I ^ V ' ^ - ^ ^ K M / A , ^ , ! ! ] ^ ! <B'e< +00, 

(c) for / G {0 , . . . , / } and; G { 0 , . . . , J(/)}, if Hj(x) := /^'(r, 0) where r := <9M and 
0 := jc/r, then F G ^ t l i ^ " ^ Q- Besides it is understood that \imu^0h

iJ(u,6) = 

^(KdQ)<-n-KQ{al)^
ipq^u<3p ^°Zq u a n d also m a t there exists a complex function 0,y 

bounded in a neighborhood of infinity in which 

E M(e) 

(3.6) hHu, 6) = E E * L ( % ~ % logw a + I T ' O ^ H , 0). 

2.3. Finally, for almost any 9 of X, the complex function W°tt, defined by the 

relation: r ^ - ' i r ^ f c i i ) := ^ { ^ C t M ) , " ] - E ^ E ^ ^ M ) " " 7 ' l o g" w " 

E 'H, E/S [*,y(«, A) - E^o £m=o *L(G)"~% l og" «]^'" ^g7' ' } remains bounded in the set 

]0,f t ]x[^,+oo[. 

Decomposition (3.1) provides the behavior of *KSx, u) when u tends to infinity. There­
fore, we assume that b > 1. If x does not belong to Q, Kem(x) = 0 = G,(x, u). Note that 
the integrations arising in (3.2) and (3.5) are usual ones (in Lebesgue's sense). If a := 1 
and w = lx (the unit function on Z), the following theorem holds. 
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THEOREM 1. Assume that O e Q C W, a = 1 and w = lz. For t real, ifK(x, u) <E 
^ ( Q , C) then the expansion below holds for I(\), as A tends to infinity, 

fp j K(x,\r)dx 

M(e) m r r 1 
= E £ Cm fe /n ^ ( x y •' logm-'(r) rfxj A" - log' A 

m.Re(l)<?/=0 

AD 

(3.7) 

+ E E C/(-1 y h» I, *j(xY" i°g''""V) dx\ 
y.Re(a)</-w I/=0 L , R J 

E E^;[(W^ , „ , „ „ , l o g 1 ^ " ' A 

/^LW^jlog'^-'A + y (-lX/!m! 
{ , ; ^ , + „}-o (1+y + «)! 

i - ( « , + « ) log'A + oCA"'), 

where the sum £-Re(Q,)<r ^AS been previously defined and Cl
m := m\/[l\(m — 1)1] for 

integers I and m such that 0 < / < m. 

PROOF. For large A, property 1 of Definition 3 ensures the existence of/(A) and if 
JQ(\) := fp j j r*-1 !\;[(r, 0), Ar] rfr it is actually possible to write 

(3.8) /(A) =:= fp [Rn Tax, Ar)dx = fp ^ ^ 3C(x, Ar)</x + £ J9(X)da. 

For A large enough, use of decomposition (3.1) immediately leads to 

(3'9> * L ™ *kx,\r)dx = E E * L^K^y~le \ogm{\r)dx\\-^ + *(A), 
e=0 w=0 

where f p / ^ ^ ^ ^ ^ ( x y - 7 ^ logm(Ar)<ix indeed admits a sense because A^w G 
^ t f i ^ j O ^ O a nd a^so according to the assumption s > / and inequality (3.2), 
R{\) := A~5 J ^ w r~5Gt(x, \r)dx = o(A~/}. Since K(x, u) <EG ^ ( Q , Q the reader may 
check that for almost any 6 e I then F9(r, u) := r"~1 3Q(r, 0), a] belongs to Jj_, (]0,6[, Q 
a space introduced in [10]. Thus, Theorem 1 derived in [10] yields 

A" •MA) = £ * L Kem(r,Q)r-^n-{ \ogm(Xr)dr\ 
/n,Re(7)<r *'° J 

+ E E^(-i)'Mp/n A"(v,fly"+-1iog'-,(v)rfv 

(3.10) 

• / ( ' • ) 

E 
y.Re(a)<?-« /=0 

Q(P) W (0) 

- E Ey^-.log'^-'A 
{p;PP=-ai-„}q=o l+J + q - l 

M{e) vij (Q\ 

+ E E , + : ( ) .log1*'*"-7A 
A-(a'+"»log'A + o(A-'). 
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Finally, integration over X of (3.10) together with relation £y
/=0 Cj(— 1 )l / (1 +j + q — I) = 

{-\yj\q\/(\ +j + q)\ ensure result (3.7). 

In order to deal with the general case another functional space is proposed. 

DEFINITION 4. For Q an open subset of W1 containing O, a e R£, w a strictly positive 
and bounded function on I and a real number r, a complex pseudofunction K(x, u) 
belongs to J^(Q, w, a, C) if and only if it satisfies the following properties for A large 
enough: 

1. The pseudofunction h such that h(x) = h(r, 8) := K(x, Xw(9y) belongs to 2>(Q, Q. 

2. The pseudofunction %{x, u) obeys properties 2.1 and 2.2 of Definition 3 with t := r 
and t' := ar except inequalities (3.2) and (3.5) which are replaced by 

(3.11) 

(3.12) 

f w(6ysr-asGt[x, \w(0y] dx 
h"\B(d) v ' L v ' J < B < +oo, 

< Bn < +00 , 

where d := 61/* > 1 (because a > 0 and Z? > 1 in Definition 3) and the assumptions 
Kem G ̂ ^ ( r , Q and A* e S ^ ^ ^ " ' ^ a r e respectively replaced by /Cew e 
^- f lRe(7,) (^? Q a n ( j ^- G 27(w+Re(a ) ) / f l ( r , Q. 

This definition leads to the next result. 

THEOREM 2. For t real, if K(x,u) £ J3,(Q, w, a, Q //ze integral /(A) presents the 
following and asymptotic expansion with respect to the large parameter A 

/(A) := fp j K[x,\w(Qy]dx 

M(e) m r r -. 
= E X X « fr iL W 0 T 7 ' * * . M ' " ^ logm-'[w(^K] <fc A" - log7 

m.Re(-!)<;/=0 l • '" J 

(3.13) 
M(e)i+/+m(_iyyim!c'l

2
1 + E I E E'S^Stf^'^ 

y,Re(a)<fl/-/i I {e ;«%=«,+«} m=0 /2=0 a 7 U + 7 + m)1 

^U 1V , + Z • [ft /" >K^"^A ,V,fl)^ t ' log ' - /(w(flrV)d!r log'A 

{p 
E E E Un+/+S^(/ |}log A A~( /a+o(A"r)' 

where coefficients ^q{k) and ?QJ
m(k) are for positive integer k defined by 

Xlik) := Jiw(er^Kl(0)\ogl+J+m-k[w(6)]da. 
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PROOF. For d := b]la it is indeed possible to write /(A) = I\ (A) + /2(A) with 

(3.14) /, (A) = fp j ^ m !Qx, \w(0y] dx, /2(A) = fp [^ !£[*, Xw(9V] dx. 

For A > w~l if Wj := inf{w(0)< 9 G I } , the assumption r > d := bxla ensures that 
u := \w(9)ra > b. Thus, decomposition (3.1) is valid and when combined with inequality 
(3.11) and assumption s > tit yields for I\ (A) 

E M(e), , 

/i(A)=EE* L^^y'^^y'^ log^^]^ A--+*(*-'>. 
E M{e), 

EE 
e=0 m=0 L 

Observe that each integral in above equality exists because Kem G (E"^a
n
Re^'e\Rn, Q and w 

is strictly positive and bounded on E. If (3 = (3(9) := [Aw(9)]1 la and %?(x, u) := 3C(x, w"), 
one gets 

(3.15) /2(A) = / J fp j V 1 %{x, [f3(9)rf) dr] da = j^Ja
e((3)da 

where 

(3.16) Ja
e((3) :=fp f ^X^x.^dr withx = (r,9). 

If A is large enough, (3(9) := [\w(9)]l/a is large too and the asymptotic expansion of 
complex JQ((3) with respect to /3(9) is required up to order o[(3(9)~at]. Such an expansion 
is obtained by introducing the function F^r, u) := r"~] %?(r,u) = rn~] %{r,ua). The 
reader may easily check that FQ G ^ / _ J (]0, d[, C). Accordingly, 

• W ) = E H a " * ^ ^ " ' " ' ^ ' log-OSr) dr P~ 

AO J 

+ ^ Eq(-D' 
y'.Re(a)<a/-n /=0 

fp /"OO/jy(va,0)va'+"-1 log'-'OOdv 

(3.17) E E , " ,iog'^/? 

(3-{ai+n)\ogl(3 + o((3-at). 

The expansion of /2(A) is deduced by using the link (3a = Xw(9) and by integrating 
expansion (3.17) over Z. After some algebra, one gets formula (3.13). 

Of great interest for the applications is also the special case K(x, u) = f(x)H(u), 
i.e. the case of separated variables x and u. For adequate assumptions both bearing on 
pseudofunctions/ and //, Theorem 2 provides a useful result. 

THEOREM 3. Consider Q a domain ofW containing O, a £ IR+ and w a strictly 
positive and bounded function on Z. For complex pseudofunctions f and H, assume that 
it is possible to introduce real values So(f) (Soo(f) ifQ is not bounded), So(H) and also 
SOQ(H). Ift, v and T are real numbers T := Max [—/, — (So(/) + n)/a] and ifQ is bounded 
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t > -S0(H), elset > Max[-S0(H), (n-5oo(/))/a], v := Max[rc-at,n-aSJJI)} then 
forf E *Eat-n(Q Q and He EJ.Q0, +oo[, Q with the following behavior 

Q(p) 

(3.18) H(u) = £ H°pqu^ log* 1/ + uT H°T(u), T'>T 

M(e) 

(3.19) H(u)= £ HZu-"e\ogmu + u-sH^(ul s>t 
<?.ReO)<f 

(3.20) /(*) = E j§(ey"Wr + /F0(x), s'>at-n 
j,Re(a)<at—n 

ifQ is not bounded 

K(l) 

(3.21) f(x)= £ >S°(fl)r^ log* r + r - ^ i ^ W , v' > v 
A.Re(<S)<v 

and also h\(x) = h\(r, 9) := / ( i ) / / (Aw(^) G ^ ^ ( H \ {O}, C), f/*e expansion below is 
valid for large A 

1(A) 

:=fp fnf(x)H[\w(9y]dx 
Jn 

M(e) 

= E E cL^C fp LAxMer1^-^ log^VK] <& A- - log' A 
m,Re(7)<r/=0 L , U J 

0-22) + £ £ £ £ ^n+z + ̂ v^^^1 0 8 A 

^^tl 
1=0 of 

fp [ntf(6)w(0rO-¥H(r*)rai log'1 (w(6)-1 ra) dx log'A 

^) i+y+9(- lX/!^?c / i 
- E E E ^ - +

g;;y/^c/oiog" A)A-^>/-+0(A->), 

with, for positive integers i,j, q, k: I*(k) := Si, Jy (0)^0)-^ log1+^"*[w(0)]rft7. 

Observe that for Q not bounded, the behavior (3.21) of function/near infinity and at a 
large enough order is not involved in this result despite it is requested for the derivation. 
Since the derivation makes use of Theorem 2 and looks like the one given in [10] for 
Theorem 3, it is let to the reader. 

4. Applications. In this section, several examples are exhibited in order to highlight 
the range of applications of the proposed theorems. By the way, comparisons with results 
obtained in [4] are also given. 

PROPOSITION 1. Consider O a complex pseudofunction for which it is possible to 
introduce S0(d>) and 5,

0o(^>)- If 7 £ C a e RJ, / £ N and w is a strictly positive 
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and bounded function on I, then for real t such that t > n — [Soo^) + Re(7)]/#, 

* e ^-TraR"- °>and x larse 

J{\) = fp / <D(x)r logV)e~AH'("K dx 

(4.1) = 
E EE 7+/ ̂ , •* 

y.Re(Q')<a/-/7-ReO) I *=0 //=0 "* 

^Wfc(*^)krfA 

{p;^=-«;-o-/2}/i=o « 7 u+/ + 'J!p! J 

MA"'), 

with the notation limr_+o 0(r, 0) = E^R^(Cr)<^_n_Re(7)^(/(^)^ar/ log' ^ and for positive inte­
gers k, m and (3 G C 

(4.2) 

(4.3) 

tf*G3) := fp /o°° v ^ 1 log*(v)e-vrfv, 

Since O G 2 ^ ^ ( ^ , 0 , 0 G /^ (R" \ {0} ? Q and consequently hx(x) := 
0(jc)r logV)e~AM;(^ G Z^CR" \ {O}, Q. Formula (4.1) is thereafter obtained by ap­
plying Theorem 3 with/(r, 0) := r logVW*) and//(w) := e~". 

For /? G C consider #o(/3) = fp Jg° v^xQ~vdv. Clearly, if Re(/3) > 0 then N0(f3) 
= T(J3) where T is the usual Gamma function. By using as many integrations by parts 
as necessary two case arise for Re(/3) < 0: if (3 = —p with p G N then No(—p) = 
(-If^Q? + \)/p\ where *¥(p + 1) := £?=1 l~

x - Ce is the usual digamma function, else 
No(J3) = T(J3 + m)/[f3((3 + 1) • • • (/3 + m — 1)] where m is any positive integer such that 
Re(/?) + m > 0. 

EXAMPLE 1. Suppose that 7 = 0,/ = 0 and J(i) = 0 with AyiB) = ,4/(0). In such 
circumstances and under the assumptions of Proposition 1, formula (4.1) rewrites 

(4.4) M(\) = fp f ®(x)e-Xw(0r dx 

|jT /̂(fl)*Kfl)~~ <fo]jv0(-^-) 

v ; ' J Aj(9)w(8)- ~ log[w(0)] da 
L./I 

fl 7,Re(<*)<a/-H 

- E 
{p;ap=—aj—n} r-

+ log[A] ^Ai(9)w(era-^ do\ \\-^>+»)la +o{\-t). 

If Vz, Re(a, + «) > 0, the second contribution on the right-hand side of (4.4) vanishes. In 
such a case, Aro(^21) = fX^21). This agrees with the proposed Example 9 given in [5] 
if one sets Aj(6) := 0 outside F c l Nevertheless, if there exist positive integers/? and 
/ such that —p<t and a, = —ap — n this second contribution introduces a logarithmic 
term (logtAJA^) in the asymptotic expansion. 
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EXAMPLE 2. By now, it is assumed that 0>(x) = O(r,0) := A(G)<t>(x) with A G 
I ^ Z , Q and </> G 2)yv(R", Q the set of complex functions </> which admit on a compact 
neighborhood of origin O continuous derivatives up to order positive integer N. Thanks 
to the usual Taylor expansion, there exists for each cj) G 2V(ff̂ \ Q a neighborhood of O 
where the function R.fj below is bounded and 

(4.5) <Kx) = <Kr, 9) = £ M V < / > ( 0 ) r M + r»R*(x), 
\a\=0 uc' 

where for a = ( « i , . . . , a„) G NT we set: a\ := ot\! • • • a„!, |a | := ai + • • • + a„ and if 
x = (r,9) = (JCI, . . . ,JC„) thenxa := JC?1 • • • j£- := rH^(0),£>a</> := d^/dx? • • • d*£\ 
Note also that (4.5) holds for N = 0 by setting EL = 0 := 0 for g < 0 and by choosing^ = 

4> G 2%(R", Q. For / > n - [S^) + Re(7)]/« and </> G ^ ( R " , Q H ̂ S ( ? ) ( R n ' O 
if TV, := [[ 1 + af — « — Re(7)]] where [[b]] denotes the integer part of real b, Proposition 1 
yields 

K(X) = fp [ A(0)(t>(x)r \ogl(r)Q-Xw(ey' dx 

J[at-n-R*m EPftO) i ' l^(-\)l-hl\Ja(l-k-h)Ar f\a\+l + n}, kx = So ~ ^ ~ E S «*!(/-*-*)!*" ^l ^ Jl0g " 
(4.6) £ V ( - 1 ) / + / ? c ; ; 1 J a ( i - / 1 ) 7i | (W+0+ll) /a + , 

withJa(£) := Jz^(eMa(fl)log*[w(fl)Mfl) ^ da and E^,=0 := 0 forp < 0. 
The case w = A = l s , a = 2 and / = 0 is considered in [5] (Examples 1 and 4). Under 

these assumptions Ja(k) = 0 for k > 1 and Ja(0) = J^Aa(6)da. If a = (oc\,..., a„) G Nn, 
Ja(0) = 0 for any a/ odd and if a = 2/3 = (2/3i,... , 2/J„) G NT it is well known that 
J2P(0) = 21X3,+ 1/2)- • .TCS^ + l /2)/r( | /J |+*/2) with F(/+1/2) = 7r,/2(2/)!/2^/!. This 
leadstoJa(0)/a! = J^O)/(2/3)1 = 27rn/2/[22W(3\T (\(3\+n/2)]. For 7 G C, suppose that 
real / is such that [[2/ — n — Re(7)]l G N (else expansion (4.6) rewrites K(\) = o(A_/)) 
and introduce for k GN, £(&) such that E(2m) = E(2m + 1) := m. If 7 is not equal to 
—n — 2m with ra G N it is impossible to find/7 G N such that 2p = — 2|/3| — 7 — «. 
Consequently the second term on the right-hand side of (4.6) is zero and 

(4.7) f p / <t>(xy e~Ar2 dx 

- h h ww2) ( )-

If there exists m G N such that 7 = —n - 2m for 0 < |/?| < £([[2/ — « — Re(7)]] the 
integer/? := m — \(3\ provides a logarithmic term and 

fp/R>w 
£[[2/-«-ReO)]] n2pA(n\-n/2 \m-k 

ir-<"+2m>e-^ Jx = o(X") + E E ,* / 
£o |fe 2»/3ir(k + n/2) 
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y c-iy log A 

Observe that both results (4.7) and (4.8) disagree with those proposed in [5]. In fact, 
when dealing with integration in the finite part sense a change of scale may generate 
corrective terms. For instance, if A > 0 and S € C (see [10], Lemma 2), 

(4.9) fpJ°0^e-x'2dr = \-^+l)/2fpJ00^e-'2dt ifSf - 1 -2p,p e N, 

(4.10) fp r r~' -2pQ-Xl2 dr = \p j fp jf°° r ' - ^e - ' 2 <// ( - I f log A 

Consequently, if ^ (x ) := JC2" = A10)r1^ with /? = (/?,, . . . , /?„) <E N", one obtains 

I(\) = fp[Rn<t>g{xye~X'2dx 

= [lA2,(9)da] [ f p / f ^ l ^ — e - ^ J r j = ^A^da] 

f p / v ~ ^ " V v - £ ! ~T- logA 
, / 0 {/>;2/?=-7-/7-2|/?|} ^ ! 

A 2 

because 2 fp J^° /̂ e ^ J/ = fp JJ° v 2 XQ vdv. Obviously, above equality agrees with 
(4.7) and (4.8). Observe that (pp G !P(Rn) := {smooth and complex functions </5 such 
that linwKx, Q-brDa<t>{x) = 0, VZ> > 0 and a G N"} and that formula (3.10) and (3.13) 
proposed by paper [5] don't apply for <f>p. In fact, it seems that the "moment expansion" 
proposed in this latter paper does not hold if 7 = — n — 2m. More precisely, for </> G (P(Rn) 
relations (4.9) and (4.10) show that in such a case 

(4.11) (fp[(V\rrin+2m)c-^r)2l #c)> 1 <fp[r-<"+2m)e-'l <fo/y/\)), 

and that extra terms occur at this stage. 

PROPOSITION 2. Consider c G 1+ and A a positive and bounded function on Z. 
For Q a bounded subset of Rn containing origin O, an integer N > n and a function 
f G Z/0C(Q U a Q, O H (DN-n+] (Q, Q (see Example 2 for the definition of(Dq(Q, Q) then 

f(x)dx r 
/ (A) = Ja TTA(py + \r 

(4.12) = £ [fp f(-1 f [ 1 +A{0yrf{x)r-(e+l) dx\x •(e+\) 

+ E 
(i,j)eANl"Aj \a\=i l?^F^^»H*f 

(-lyy+cj* n-\ 

( l+ry+ 1 -dr 

Hii + cj + nX-lf-^-'-^il-cy-i-n)] 
j \ (-i - cj - n)\ 

+A(/\ 1 + cj + n - 1 ) ( - l y ^ - 1 di+cj+n_x) \-^
c^ + o(A~"), 
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where AH := {(ij) G N2, di := / + cj < N — n} and for k G N, a G R functions A and H 
ofcey A(£, a) = 1 = / / ( - a ) i/a G N a«rf & < a\ else A(&, a) = 0 = H(—a). 

The reader may easily deduce (4.12) by carefully applying Theorem 1. 
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