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A NIL-IMPLIES-NILPOTENT RESULT IN
LINEARLY COMPACT RINGS

WEIMIN XUE

Dedicated to the memory of Professor I.N. Herstein

Let R be a left linearly compact ring with left ideals I C J such that zJ is
finitely generated and gr(J/I) is Artinian. We prove that if J is nil over I then
J is nilpotent over I.

INTRODUCTION

Let R be an associative ring with identity. Let I C J be left ideals of R such
that J is nil over I, in the sense that for each a € J there exists a natural number
n = n(a) such that a® € I. Herstein [2] conjectured that if R is left Noetherian then
J is nilpotent over I, that is, J™ C I for some natural number m. Although this
conjecture is still open, partial answers have been given in [2], [3], [5] and [6]. Meyer
[5] verified Herstein’s conjecture for left Artinian rings. This was also proved (but not
published) independently by Herstein and Stafford, as mentioned in [3]. In this note, we
consider Herstein’s conjecture for left linearly compact rings instead of left Noetherian
rings. Generalising the above mentioned result of Herstein, Meyer and Stafford, we
shall establish the following

THEOREM 1. Let R be a left linearly compact ring with left ideals I C J such
that rJ is finitely generated and g(J/I) is Artinian. If J is nil over I then J is
nilpotent over I.

PRELIMINARIES

Basic properties of linearly compact modules are presented in Section 3 of the
author’s book [7]. Here we recall some definitions for the convenience of the reader.

Let rRM be a unitary left R-module. We use N £ M to denote that N is a
submodule of M, and M(®) to denote the direct sum of n copies of M. A family
{m;, M;}ic1, where each m; € M and M; £ M, is called solvable in case there exists
an m € M such that m —m; € M; for all z € I; and it is called finitely solvable in
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case {m;, M;};cF is solvable for each finite subset F' C I. The module M is called
linearly compact in case each finitely solvable family of M is solvable. For example,
each Artinian module is linearly compact. The ring R is called left linearly compact if
the module gR is a linearly compact R-module. Hence a left Artinian ring is both left
Noetherian and left linearly compact, and our Theorem 1 is indeed a generalisation of
the main result in [5].

For the sake of completness, we give the following result which is essentially due
to Menini [4].

LEMMA 2. Let J be a left ideal of a left linearly compact ring R. If pM is
a finitely generated R-module then (n Jk)M = () JEM. In particular, if rJ is
k=1 k=1

finitely generated then ( N J”) J=NJE.
k=1 k=1

PROOF: Let M = Y Rm; and let

i=1
f: R™ M  via (rl,...,rn)»——»Zr;m;.
i=1
Then f is an R-module epimorphism. Now

()=o) -o((@7)") - (A7)

On the other hand,

N fF(I*R™) = N J* (™) = M 7.
k=1 k=1

k=1
Since rR(™ islinearly compact, the equality f (ﬁl J kR(")) = lﬁl f(J kR(")) holds by
Leptin’s Theorem (see, for example, [7, Theorem 3.8]). That is, we have (kho1 J k) M =
ﬁ JEM. 0
k=1

PRrRooF oF THEOREM 1

Now we are ready to prove the main result.
Suppose J is not nilpotent over I, that is, J* ¢ I for each k € N. We shall derive

a contradiction
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Since g(J/I) is Alztinia.n, there exists an m € N such that J™+ 1 =J™ ¥ 4 T for
each k € N. Since gR is linearly compact, by [7, Corollary 3.9], we have

(ﬁJk)+I= ﬁ (JE+D)=Jm+I¢1

k=1 k=1

Hence ) J* ¢ I. Let
k=1

W={H/I|ISHZJ and (ﬂ J")H;t_[}.
k=1
Since gpJ is finitely generated, by Lemma 1 we have
(ﬂ”)"= N*er,
k=1 k=1

so J/I € W. Since p(J/I) is Artinian, W has a minimal element, say H/I. Then
(ﬂ J")H;(_I and (ﬂ Jk)hgl for some h € H. Since
k=1 k=1

and h is nil over I, there exists a n € N such that (7=, J*)A" ¢ I and
(n:‘;l J k)h"""’ C I for each k € N. Without loss of generality, we assume that

(1) (ﬂ J”)hg_land (n J”)hkngor each integer k 2 2.

k=1 k=1

Since (ﬁ J")Jh = (ﬁ J")h ¢ I, we see that (I+Jh)/I € W. By the
k=1 k=1

minimality of H/I, we have I+ Jh = H. Hence jh=h+1i forsome j € J and 1 € I.
Then for each k € N, we have j*h = h + i} for some i, € I. Since J is nil over I,
j*® € I if k is sufficiently large. Hence we may assume that

(2) j €Iand j*h = h 4+ i} whereiy € I and k € N.
Then, there exists an integer n 2 2 such that (h+3)" € I, since j € I and h ¢ I. So,

(R b= B 457 h 4+ 3 R = B b htinog + 3 B ERT
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is an element of I, where each of p,k,r € N.
Let z = ... hPjkh".
Ifr=22,z=14h" forsomeicl.
Now let » =1. Then

(i) =z = hPjEh = hP(h +1ix) = hP*! + i for some i € I, where p+1 2 2; or
(ii) e =...j9%%j*h (g € N). In this case, z =...j9(hP*! 4+ i) = i'hP+! 4
for some ', ¢ € I, where p+1 2 2.

Hence I contains an element

h™ +h+ Y .. hPj*RT
=h"+h+kah? 4. A ha AV iR+l AT 4L

where k3, ..., k,—1 € N and 1}, ..., i, € I. Hence we have

(3) (ﬂ J") (A™ +h+kah® + ...+ kpyB™ 7+ iR2 + . 4, AP C T
k=1

Since n 2 2, by (1) we get,

and

(ﬂ J")k,h‘gl

k=1

foreach t =2,...,n —1. Since (ﬂ J")J=(ﬂ Jk),wehave
k=1 k=1

(ﬁ Jk)i;h* C (ﬁ J") Jht = (ﬁ J")h‘ cI,
k=1 k=1 k=1

by (1) again for t =2, ...,n — 1. It follows from (3) that

(ﬁ J")hgl,

k=1

which contradicts (1).
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AN EXAMPLE
We conclude with an example which shows our generalisation is non-trivial.

EXAMPLE 3: Let F be a field and F[[z]] be the power series ring of F' over z.
Then F[1/z], the polynomial ring over 1/z, is an Artinian F[[z]]-module, and the
trivial extension, R = F[[z]] « F[1/z], is a commutative linearly compact ring which is
not Noetherian (see [7, Example 10.9] for details). Let J = zF[[z]] x F[1/z], which is
the Jacobson radical of R. We see that grJ is finitely generated, R(J /J ") is Artinian
for each k € N, and clearly J is nilpotent over J*.
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