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1. LetQ=H,@®... ®H, be an abelian group of permutations of a finite non-empty set
S. If H, is generated by ¢,, let 5,,(2) denote the length of the cycle of ¢, containing «. For
any function fon S, let A(f,Q) = {¢peQ |f¢ = f). In Theorem 2 we show that, if for every i # j
and a€S, s54,(x) and s, («) are relatively prime, then A(f, Q) = A(f, H))® ... ®A(f, H,) for all
f, while in Theorem 3 we prove the natural converse.

2. Let Q be a group of permutations of a finite non-empty set S. Let I' be the set of all
functions from S into T where T is a finite set containing at least two elements. If £, geT,
then f'is equivalent to g relative to Q if there exists a ¢ € Q such that fp =g. Wesay that a
permutation ¢ €Q is an automorphism of a function frelative to Qif f¢ = f. Let A(f, ) denote
the group of automorphisms of the function frelative to . For example, if K is the finite field
oforder g, S=K"wherer =21, T= Kand I" = K[x,, ..., x,), then the above situation reduces
to that considered by Carlitz in [1].

If T={ay,...,a} and feT, let S; = {BeS|f(B) = «;}. We define =, the partition of £,
to be the collection of non-empty S;’s. If f, geT with n, = {S;} and m, = {T}}, then f is
equivalent to g relative to Q if and only if there exists a ¢ e Qsuch that ¢(S;) = T;fori=1,...,v.
If we let g = f we may easily prove

LemMA 1. If ¢ is a permutation of S, then ¢ is an automorphism of a function f if and only if
the cycles of ¢ (regarded as sets) form a refinement of n,.

Suppose now that Q is abelian and that Q = H,® ... ® H, where each H; is cyclic gener-
ated by ¢;. If peQ and ae S, let o4(a) denote the cycle of ¢ containing « and sg(a) the length
of g4(a).

THEOREM 2. Let Q be as above. If for every i # jand a€ S, sy(a) and s, () are relatively
prime, then
A, Q=A(f, H)D...®A(f, H) ¢y
for all feT.

Proof. Clearly A(f, H)® ... ®A(f, H,)S A(f, Q) and, if y;€ H;, ;€ H,, then 5, («) and
5,(a) are relatively prime. Let €S and e A(f, Q) so that f{ =f, ...y, = f and hence
O ... Yi(@) = flo) for any integer I. By hypothesis and the Chinese Remainder Theorem,
we may choose for each i an integer /; such that /;= 1 (mods, () and /;=0 (mod s, (a))
for j# i. Hence yY... Y () = () so that f(i(«)) = f(«), which implies that ;€ A(f, H)).

THEOREM 3. If Q is as above and (1) holds for all feT, then for every i # jand a€ S, 5,(0)
and s, (@) are relatively prime.
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Proof. Suppose that for some i # jand some a € S, (55,(®), 55,(2)) = s > 1. Lety; = ¢is(®F
and y; = ¢ ¢/ so that y,;e H;, Y ;€ H; and s5,,(a) = 5, (@) = 5.

Case 1. o,(x) = g, (o) (as sets). Then there exists an integer & such that Y o) = a
Let = Y7 so that oy(a) = (x). Let S, = {a}, S, =8\S,, n={S,, S,} and f be any
function whose partition is z. Then by Lemma 1, fy = fy;* = f so that Y7 e A(f, Q).
Since g, (a) & S,, then ;¢ A(f, H)) so that (1) fails to hold.

Case 2. 0,(a) # 0y (®). Lety = y;sothat (Y, )°(e) = « which implies that s,(e) < 5.
Hence ¢,(«) and o, (x) cannot both be contained in g,(a), so that we may assume that
oy (@) Eo,(0). Let S =o0y(a), S, =8\S;, = {S,, S,} and f be any function whose par-
tition is n. Then y = ;€ A(f, Q); but y;¢ A(f, H)), so that again (1) fails to hold.
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