A COMBINATORIAL ANALOGUE OF POINCARE'’S
DUALITY THEOREM

VICTOR KLEE

Introduction. For a non-negative integer s and a finite simplicial complex
K, let B,(K) denote the s-dimensional Betti number of K and let f(K) denote
the number of s-simplices of K. Our theorem, like Poincaré’s, applies to
combinatorial manifolds M, but it concerns the numbers f;(}) instead of the
numbers B,(M). One of the formulae given below is used by the author in (5)
to establish a sharp upper bound for the number of vertices of z-dimensional
convex polytopes which have a given number 7 of (# — 1)-faces. This amounts
to estimating the size of the computation problem which may be involved in
solving a system of ¢ linear inequalities in z variables, and was the original
motivation for our study.

A combinatorial n-manifold' is a finite simplicial n-complex M" such that
for each s-simplex ¢°® € M”", the linked complex L(s%, M") has the same
homology groups as an (# — s — 1)-sphere; analogously, an Eulerian n-
manifold is defined here by the condition that L(¢%, M") always has the same
Euler characteristic 1 — (—1)"* as an (n — s — 1)-sphere, where of course
the Euler characteristic of a finite complex K is the alternating sum

() = 3 0 (= 5 -0 am)

Let E* [C"] denote the class of all Eulerian [orientable combinatorial] #-
manifolds, and for each M € E” let

B(M) = (Bo(M), 8:(M),...,B.(M)) and f(M) = (fo(M), L(M),...,f.(M)).
Then define
B(C") = {B(M): M € C"} C N**'and fE") = {f(M): M € E*} C R+L.

Poincaré’s theorem (B8;(M) = B,_s(M)) implies that the linear span of the
set B(C") is an [(n + 2)/2]-dimensional subspace of N"*! (where [k] denotes
the greatest integer < k), and the theorem exhibits a convenient basis for
that subspace. The same results are obtained here for the linear span of f(E"),
which has a convenient basis involving binomial coefficients in a simple way.
For example, bases for the linear spans of f(E®) C R7 and f(E7) C RS8 are as
follows:

Received May 13, 1963.
IThis is the definition of Lefschetz (8); it is not the currently popular use of the term.
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Es: (2,0,0,0,0,0,0),(1,3,2,0,0,0,0), (0,1,4,5,2,0,0), (0,0,1,5,9,7,2);

E7: (1) 1y 0; 01 Ov 0, 0, O), (0, 1, 2, 1, 0, 0, 0, 0)’ (0, 0’ 1, 3’ 3, 1’ 0’ 0)’
(0,0,0,1,4,6,4,1).

(Note that (1,3,2) = (1,2,1) + (0,1,1), (1,4,5,2) = (1,3,3,1)
+ 0, 1,2,1), etc.)

Having a convenient basis for the linear span of f(E") leads to a useful
characterization of the linear relations which must subsist among the numbers
fo(M) for all M € E~ It turns out that when #» = 2u — 1 (whence x(M) =0
for all M € E*) the numbers f,(M), fu,_1(M),...,f.(M) can be expressed
linearly in terms of f,_1(M),...,f1(M), fo(M) (the expressions being valid
for all M € E*), while when n = 2u — 2, the numbers f, (M), f,_: (M), ...,
fu_1(M) admit linear expressions in terms of f, (M), ..., fo(M), x(M).

Our approach is of a purely combinatorial nature, involving neither sub-
division nor homology. The arithmetical identities of §1 are used in §2 to
prove the main result, a theorem concerning abstract incidence systems which
exhibit some properties of those which are dual to Eulerian manifolds. Applica-
tions to Eulerian manifolds and convex polytopes appear in §3.

For the elementary properties of complexes and convex polytopes which are
employed here, the reader may consult Alexandroff and Hopf (1) and Weyl
(6). For a treatment of the Euler characteristic which is well suited to the
present elementary combinatorial approach, see Hadwiger (3) or Klee (4).

Helpful comments were supplied by C. B. Allendoerfer, E. H. Spanier, and
H. S. Zuckerman. D. Gale and E. C. Zeeman have observed that our approach
has several points of similarity with those of Somerville (9) and Fieldhouse (7).

1. Some arithmetical identities. This section contains some arithmetical
identities involving binomial coefficients which are to be employed in §2.
Although these may appear in the literature, we have not found them there,
and thus include their proofs as an aid to the reader.? We agree that (7) is
defined in the usual way for all integers » and r—positive, zero, or negative
(cf. 2, p. 40), and shall use freely the basic recursion relation

7 n—1 n—1
()-077)+02)).
7 r r — 1
1.1. PropoSITION. For all non-negative integers j and k,

@)=L,
i = -0 Q) (1),

2Alternative (and simpler) proofs have been supplied to the author by J. Riordan.

Proof. Let

whence
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o0+ DI+ (7))

V(i j, k) =
gy j—1[<¢+j—2) <i+j—2>
(=1 <i——1> )T\ el
i-l—j—2> <i+j—2>]
+(k—l + E—2
-2V —1,j—Lek—1))—=V@G@—1,7— 1,k — 2).
Now let

UG = 3 Vb,

Corresponding to the five terms V(-,7 — 1, -) in the above expression for
V(,j, k), we obtain the five bracketed terms in the equation

UG k) =[UG—= 1,k + V(GJi—1,k)]
+UG—-LEe=1D+V(Gj—1k—1)]
—V(=1Li=1,k+ UG =1,k
—2[V(=1,j— 1L, k= 1)+ UG—1,k—1)]
—[(V(=Lj—-1Lk=2)+ UG —1,k—2)]

=—-UG{—-1Lk—1)—UG—1,k—2).

Now, clearly, when m = 0,

Ulm, &) = (—1)" (k Tm>

for all integers & (positive, negative, or zero). Suppose the same is known for
m = j — 1 and consider the case of U(j, k). We have

e T ()] ()

so the proof of 1.1 is completed by mathematical induction.

1.2. ProrosiTION. For 0 < j < &,

2k—3j

el Jer-a(2)) -0

Proof. Let
. 2k —1 (i — 1
hk, i) = = (k—1>
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and note that
(1) h(k — 1,7) = h(k,7 + 1) — k(k,1).

Indeed, (1) asserts that

%:J.:Z(i—1)_213_:}'—1[«—1>+(i—1>]_2ﬁ_—i<i—1)
E—1 \k—2/" & E—1 k—2 E \k—1/"

which reduces at once to

which is easily verified.
Now let

S . j > .

We want to show that 7'(k,j) = 0 whenever 0 < j < k. Since effective
summation in the expression for 7'(k, j) is over the range max(2k — 2j, k)
<1< 2k — 7, it is easily verified that 7' (k, 2 — 1) =0 for 2 > 2, and in
particular 7°(2, m) = 0 whenever 0 < m < 2. Now suppose it is known that
T(k —1,m) =0 whenever 0 < m < k — 1 and that 7'(k, m) = 0 whenever
j <m <k (where j <k — 1). We can show that T'(k,j) = 0 by proving
that

(2) Tk, +7Tkj+1)+7Tk—1,7)+T(k—1j—1) =0.

To verify (2) we note that

rtg = 5 0 (5 7 e

k—2j -
and
2%—j—1 .
T(kj+ 1) = 2;2;_2 (-1’ <2k _]]-“L_li _ ]>h(k,i),
with summation always on 7, and from (1) it follows that
9%—j—3 _ .
I'(k—1,7) = %_22]__3 (=1 <2k —j]— i — 1>h(k, 1)

2%—j—2

- 1\ j .
2;;;.’]'—2 =D <2k —j—1— 2>h(k’ t),

j 5 ( J—1 > .
T — 1 — = ___1 2 1< 7 ] .
Ie—1j=1= > (D757 ;)mekd
2%—j—1 < i1 )
B zfzj (=1 % —j—i—1 h(k, 7).
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Then (2) is proved by showing that for each 7, the net coefficient of % (k, )
on the left side of (2) is equal to zero. For example, when 2k — 2 + 1 < ¢
< 2k — j — 3, this coefhcient is equal to (—1)¢ times the number

< . > < . v > <2 . )

which is equal to zero by the basic recursion used in justifying (1). The other
cases are even simpler.

2. A theorem on certain incidence systems. By the term incidence
system we shall mean a finite set X with an associated incidence function ¢
and dimension function §; ¢ is a symmetric real-valued function on X X X
(that is, ¢(x, y) = ¢ (v, x) for all x,y € X) and 6 is a function on X to a set
of integers. For each element y of X and each integer 7, we define

pi(y) = Z ,¢‘(yr x).

zeX ,0(x)=1

In the case of special interest, ¢ assumes only the values 0 and 1 and is thus
the characteristic function of an incidence relation (a symmetric subset of
X X X); in this case, u;(y) is merely the number of 7-dimensional elements
of X which are incident to y.
The characteristic x(y) of an element y € X is defined as the alternating sum
()

x(y) = ;ﬁ (=) ().

IFFor d > 1, the system (X, ¢, §) will be called a d-system provided it satisfies
the following conditions:

(i) max{é(x):x € X} =d — 1;

(1) x(y) =1 for all y € X with 6(y) > 0;

(ii1) whenever ¥y € X and 0 < é6(y) < i< d — 1, then

_ d—ﬁ(y)>
wily) = <z -8/

Note that these conditions are all satisfied when X is the simplest triangulation
of a (d — 1)-sphere (that is, the system of all proper faces of a d-simplex),
¢(x,y) = 1 when x and y are incident (x C y or x D y) and = 0, otherwise,
and § is the usual dimension function.

2.1. THEOREM. Suppose the incidence system (X, ¢, 6) is a d-system, with
d=2u—1ord =2u. For 0 < s <d — 1, let f; denote the number of s-dimen-
sional elements of X, and let

=18 o,
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For 1 < j < u, let v,* denote the 2u-vector (v%;0, ..., ¥%jc2ury), where
[(2%—5)( j. > when d = 2u — 1
2u—j—s '
Yis =
< 7 ) when d = 2u.

20 —j —
Then the vector f = (fo,...,fw-1) s linearly dependent on the wu vectors
Y4, ooy Y% Further, f; = 0 when d = 2u.

Proof. For 7 and j between 0 and d — 1, let

gij = Z ¢(x! y)

z,yeX; d(2)=1, d(¥)=j

Then, of course, g;; = g;:. It follows from Condition (iii) that wsq,(v) =1
for all ¥ € X, and then from Condition (ii) that
s(y—1

2 (=D rly) = 1= (=1
Using this equation in conjunction with (iii), we see that for 1 < m < d — 1,
(1 - (_l)m)fm = Zmo — gm1 + LI + <_1>m‘_1gm(m——1)

LT Vi RS G

Hence, we obtain the following equations E,, for 1 < m < d — 1:

SR
+ <d P 1>fm_1 — s

d—m

(even m) E,,: 0= <diim> 0 — <Z _—7i>f1+ Lot <d ;T; 1>fm—l~

And we have also
E,: O=fo—fi+ ...+ (=" fou1 — 2fs

These equations are redundant, and we shall be concerned only with those
having odd indices, that is, with

B 0= <di1>f°—2f1’

Ba o 0= (di3>°—<j:;>ﬂ+ <§:§>f2‘2f3'

terminating with E,_;, or in other words with
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(odd @) E;: O=fo—fid+fo—fi+ ...+ o1 — 2fs
or
(even d) Eix: 0=dfo— (d—1fi + (@ — 2)fa — (d — 3)fs
4o+ 2fme — 20

For 1 <r<wuand 0 <s < 2u — 1, let 8%, be the coefficient of f, in the
equation FEs,_;, where, of course, 8%, = 0 for s > 2 — 1. The u vectors

Bdr = (BdTOv .0y 6dr(2u—1)) E m?u, 1 < r < u,

are linearly independent because the » X u submatrix
B%) (A<r<u,1<odds<2u-—1)

is triangular and has exclusively —2’s along its main diagonal. Let L denote

the #-dimensional linear subspace of :* which is spanned by {8%, ..., 8%}
and let L° denote the orthogonal supplement of L, consisting of all vectors
¥ = (Yo, - -+ Yu—1) € R* such that
2u—1
.B(//i's vs =10
$=0

for 1 < r < u. Then, of course, f € L° and we shall show below that {y%,

., v%} C L° Since L°is a #-dimensional linear space and since the # vectors
v%; (1 < j < u) are easily seen to be linearly independent, it will follow that
fisa linear combination of the v%;'s. This is the first assertion of 2.1. The second
assertion of 2.1 is that if d = 2u, then f; = 0, or in other words the 2u-vector
(1, —1,...,1 — 1) is orthogonal to the 2u-vector f = (fo, ..., fa_1). For
this it suffices (in view of the first assertion) to show that (1, —1,...,1 — 1)
is orthogonal to each of the vectors v¢;, (1 < j < ). But recalling the defini-
tion of the vectors v%;, we note that if d = 2u and 1 < j < u, then

2u—1 . a 2u—1 \ ] 3 - 2u—j ; ]
> (D= 2 (=1 ( S) = (=07 X (=1 ()

s=0 5=0 2u —j— .

(1'% (-1 <J> -0,

where the final equality follows from 1.1. with & = 0.
To complete the proof we must show that

I

If

2u—1
[d, 7, 7] > B =0 forl1<r<ul<j<u
s=0
Recalling the definition of 8%, we see that 8%, —1 = —2, while

d _ (_1\$ d—s ) —
Brs = (—1) (d——21'+1 fors = 2r — 1.

When d = 2u — 1 and 27 — 1 is not between 2u — 27 and 2u — j, the left
side of [d, r,j] is given by
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22‘:16”(214—5)( j. > MZ] B,\(Qu—s)< j. )

—J— s=2u—2j —J—

2u—j . ] -

x=:4;_2j (=1 <2u - - s>(2“ 3)< — 2 ; 1)
2u—j : 1+

(=1 ;0 (=1 <>(’+J)< zr+1>’

where the last equality comes from the substitution ¢+ = 2u — j — s. But

147 _ 147
(’+J)( 2+>_(d 2’+2)< 2+2)

so the above sum is equal to
By i4j >
(=1 2”“2)2( 1)<><d—2r+2

— . 2u—j ¢ ¢ - J j —_

where the next-to-last equality comes from 1.1 and the final equality results

from the fact that
J _
<d——2r—|~2——j> =0

when 27 — 1 is not between 2 — 2j and 2u — j.

Now suppose that d = 2u — 1 but 2u — 2j < 2r — 1 < 2u — j. Correcting
the preceding computation to account for the special value of 8%, 1, we
see that the left side of [d, 7, 7] is equal to

(d —2r + 2)( _ 9y + 9 _ > + ’Yj(o,__l) <~2 - (——1)2’—1 (dd—_(g: __*_ 1)))

=(d~2r+2)<

)
d—2r+2—3j

— (Qu— (2r — 1>><2u —j N (2 — 1>> -

Suppose, finally, that d = 2u. When 2 — 1 is not between 2u — 2j and
2u — j, the left side of [d, 7, j] is given by

e )G
v e (O )

= (=D (—1)’ (d - 2r]—‘|- . —J> =0
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where we have used 2.1 and the fact thatd — 2r 4 1 — jis <0 or >j. When
d—2j <2r—1<d - j correction for the special value of 8%, leads

again to the value 0, as in the preceding paragraph. This completes the proof
of 2.1.

2.2. CorROLLARY. Suppose that d is a positive integer with d = 2u — 1 or
d = 2u, and I is a set of integers which includes at least one from each of the u
pairs {0,1},1{2,3},...,{2u — 2,2u — 1}. If two d-systems (x, $,8) and
(X', ¢, 8) are such that f; = [/ for all i € I (where the numbers f, and f! are
as in 2.1), then fs = f{ for 0 <s < 2u — 1.

Proof. Upon examination of the basis system 7%, ..., y%, this is seen to
follow at once from 2.1.

The following is also an immediate consequence of 2.1.

2.3. CorROLLARY. With hypotheses and notation as in 2.1, let = denote the set
of all vectors £ = (£o, ..., E2u_1) € R™ such that

2u—

1
Esfs = 0.

s=0
Then E includes all vectors & such that

2u—

1
& 'Y?s =0
s=0

Jor 1 <j < u.

The next theorem is the one whose dual (given in 3.2 below) will be applied

in (5).

2.4. THEOREM. Suppose d is a positive integer with d = 2u — 1 or d = 2u,
and t is an integer with 0 < t < u — 1. Then there is a vector

2u—

1
= (8, ... 8 such that fi= Z £,

—u

whenever the numbers f are obtained from a d-system as in 2.1. In particular,

i

d .
fo= 2 (=1)72 (;_ i) i when d = 2u — 1,

=u

and

Jo= dZ_:l (=™ <2 — 5)(’ _ })fi when d = 2u.

u U

Proof. The first assertion of 2.4 is an easy consequence of 2.3. To justify
the specific formulae for f, it suffices (in view of 2.3) to show that:

ford =2u —1and 1 <j <,

2u—1 ) 1 -1
5 (2 - s
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for d =2u and 1 <j < u,

S : i(i—1
L0 (=)0 e o

Recalling the formulae for v%;; (which depend on the parity of d), we see that
the statements are easily verified when j = u, while for 1 < j < u they both
amount to the assertion that

E 0o S Jeema(2]) o

But here the effective range of summation is only for 2u — 27 < ¢ < 2u — j,

since otherwise
j ) _
<2u —j—1 0,

and the desired conclusion follows from 1.2.

3. Application to Eulerian manifolds and convex polytopes. A cell-
complex is a finite family K of convex polytopes (the cells of K) such that each
face of a member of K is a member of K, and the intersection of any two
members of K is a face of both. An n-dimensional cell-complex K" will be
called a simple n-manifold provided that for 0 < s < ¢ < n, each s-cell of K*
is a face of <n Ti s— S) i-cells of K"

3.1. PROPOSITION. Suppose K is a simple n-manifold and d = n 4+ 1. For
o, 7€ K, let ¢(o,7) =1 when ¢ C1o0r ¢ D, and ¢(o,7) = 0 otherwise. Let
8 be the usual dimension function. Then (K, ¢,0d) is a d-system and hence the
results 2.1-2.4 apply to the numbers fo, . . ., fq, where f¢ is the number of s-cells
of K for 0 < s < m, and

fu= ; (—1)'f..

Proof. Conditions (i) and (iii) (in the definition of a d-system) are obviously
satisfied, and Condition (ii) follows from the fact that when a cell-complex
is formed in the natural way from a convex polytope, its Euler characteristic
must be equal to 1.

Now we recall (from the Introduction) the notion of an Eulerian n-manifold.
This is a finite simplicial #-complex M" such that for each s-simplex ¢ € M™,
the Euler characteristic of the linked complex L(s% M") is equal to
1 — (—1)**. Here, as usual, L(s*, M") is the set of all simplexes ¢ of M"
such that ¢ M 5% = @ and the join of o and ¢° is a simplexo { M™.

3.2. TuroreM. Let E* denote the class of all Eulerian n-manifolds. For
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M€ E and 0 < s < mn, let f(M) denote the number of s-simplices of M and
let x (M) denote the Euler characteristic

n

3 (=1 ().

§=0
If n =2u — 1 and M € E", then x(M) = 0 and the 2u-vector (fo(M), ...,
fo(M)) is a linear combination of the u row-vectors of the u X (2u) matrix J,:

11
1 21
1 3 3 1

@6

< u > < u > <u>
(whefe Zeros h(we been Omitted). 1u7thef,

u—1 . .
- _ u—1—1.7+1<n_.7—1> )
fo= X o= U T s
If n =2u — 2 and M € E", then the 2u-vector (3x(M), fo(M), ..., fo(M))
1s a linear combination of the u row-vectors of the u X (2u) matrix J,:

1 2
1 3 2
1 4 5 2
u u u—1 U u—1
1))+ (5. G+ (7))
u u—1 u uw—1 u u—1
<u—2>+ <u—3>’(u——1>+ <u—2>’<u>+<u——1>
(where zeros have been omitted). Further,

Ja= (=" ( ’ )x + ; (=1)*%2 (" 20 1>ff-

u—1

Proof. For o, 7 € M let ¢(o,7) =1 when ¢ C7 or ¢ D7, and ¢(s,7) =0
otherwise. For each o € M let 6(¢) = n — dim o, where dim is the usual
dimension function. With d = »n + 1, we claim that (M ~ {0}, ¢,0) is a
d-system. Since min{dim ¢: ¢ € M ~ {@}} = 0, Condition (i) is evident. To
verify Condition (ii) we note that if ¢ € M, then relative to the system
(M ~{@}, ¢, 8) the characteristic x(o) of ¢ (in the sense of §2) is the alter-

nating sum
8(0)

Z:O (=1 wilo),
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where p;(¢) is the number of simplices + € M for which ¢ C 7 and 6(7) = 1.
Since 8(r) = n — dim 7, each simplex 7 D ¢ contributes (—1)*4™ 7" to the
formation of x(s). The choice 7 = ¢ contributes nothing to the formation of
xL (o, M), but each 7 € M which properly contains ¢ corresponds to a simplex
of dimension dim r — dim ¢ — 1 whose join with o is equal to 7, and thus
with s = dim ¢ each such simplex 7 contributes (—1)%™ ™*1 to the formation
of xL (g, M). Since

(= 1yim 7 = (=11 (= Dy e,
we have
x(0) = (=1)"*"'xL(o, M) + (=1
But M is an Eulerian #-manifold, so xL (e, M) =1 — (—1)"* and
X(e) = (=== (=1~ 4 (=1 = 1

This establishes Condition (ii). Condition (iii) follows at once from the relevant
definitions in conjunction with the fact that M is a stmplicial complex. Thus
(M, ¢, 6) is a d-system with d = n + 1. It is then a routine matter to derive
the assertions of 3.2 from 2.1 and 2.4.

Of course the results 2.2 and 2.3 can also be dualized so as to apply to
Eulerian manifolds, but this is immediate and will be left to the reader. We
shall describe explicitly the application to convex polytopes, for this will be
required in (5).

An n-dimensional convex polytope P will be called simplicial provided all
of its (n — 1)-faces are simplices, and it will be called simple provided each
of its vertices is on exactly n edges (or, equivalently, on exactly n (n — 1)-
faces). From the standard polarity theory (6) it follows that if P is an n-dimen-
sional convex polytope in " and 0 € int P, then P is simplicial if and only
if the polar body PY is simple, where

n

P’ = ’{xe RN": supyep 2_:1 Xy < 1}.

3.3. ProrosITION. Suppose P is a convex polytope of dimension n + 1 and
M 1s the cell-complex consisting of all faces of P which are of dimension <n.
If P is stmple, M is a simple n-manifold and is subject to 3.1. If P is simplicial,
M s an Eulerian n-manifold and s subject to 3.2.

Proof. First verify that M is a cell-complex; then clearly M is simplicial if
and only if P is simplicial. It follows by polarity that M is a simple n-manifold
when P is simple and then by a second use of polarity that A7 is actually an
Eulerian #z-manifold when P is simplicial.

Now let f(E*) = {f(M): M € E*} C R**!, where
FM) = (fo(M), ..., fu(M)) C R
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Theorem 3.2 implies that both when # = 24 — 1 and when # = 2u — 2, the
set f(E") lies in a u-dimensional linear subspace of :#"+1. Our final result shows
that, in fact, the linear span of f(E*) 7s u-dimensional, even when attention
is restricted to those Eulerian n-manifolds which arise from (# + 1)-dimen-
sional convex polytopes.

3.4. PROPOSITION. For 0 < 7 < n + 1, let C", denote the Eulerian n-manifold
which is the join of the boundary B, of an r-simplex and the boundary B,ii_, of
an (n + 1 — r)-simplex.

When n = 2u — 1 the matrix

[ recn
it
Lf(C)
is of rank u, and when n = 2u — 2 the matrix
[y
Jite
| f(Ciza)
1s of rank u.

Proof. Each s-simplex of C", is the join of a (A — 1)-simplex (determined
by X vertices) of B, and a (u — 1)-simplex (determined by u vertices) of
B,i1-,, where N € [0, 7], » € [0, 4+ 7 — 1], and N + u = s 4+ 1; conversely,
each such join is an s-face of C",. Hence with f*,; = f,(C*,) we have

» r+1\(n+2—7r
CENR TN G0 (A E
Ne[0,7], pel0,n+1—7], Mu=s+1 M

Considering the expansion of the polynomial (1 4 x)™1(1 4 x)"+=7" = (1 4 x)"*3,

we see that
5 <r+1>(n+2—r>=<n+3>
A0, 650 Abu=st1 N A © s+1/°

It follows that
_(n+ 3)
frs = (s + 1

whenever min(r, # + 1 — r) > s (and, in particular, when n 4+ 1 > 2r > 2s),

while
v _ (n+3) _
fss_(s—l—l) 1

when n + 1 > 2s.
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Now suppose that # = 24 — 1 and consider the # X u matrix
(fr)  (A<r<u,0<s<u—1).

Each element of its 0-column is equal to # 4 3; its l-column starts with

n+3 n+3 L . _ (7 +3
< 9 )——landhas< 9 >thereafter,...,1tss-columnhasfss—-<S+1>

— 1 but (?j__zD thereafter. Subtracting the last row from each of the
others, we obtain a matrix (g% in which the O-column ends with #» 4 3
but has all its other entries equal to 0, while the matrix

(g%s) A<r<u—1L1<s<u~—1)

is triangular, with all 0’s below its main diagonal and all —1’s along the main
diagonal. Hence the determinant of (g%s) is equal to » + 3 and we have the
desired conclusion for the case n = 2u — 1.

Suppose, finally, that #» = 24 — 2 and note that since, for each 7,

3 (~1'C) = x(CH =2,

the rank of the matrix with which we are concerned is not changed by adding
a column of 1's. The augmented matrix has the # X u submatrix

1 foo fou .o fowen
1 flo M oo flaey
|1 fa-no fa-nr - - o fa-nw-a_

whose determinant is equal to 1 (as is verified by the method emploved above).
This completes the proof of 3.4.
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