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Abstract

In this paper, we show that the character of any monotonically Lindelof generalized ordered (GO) space
is not greater than w;, which gives a negative answer to a question posed by Levy and Matveev [‘Some
questions on monotone Lindelofness’, Questions Answers Gen. Topology 26 (2008), 13-27, Question 51].
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1. Introduction

A topological space X is monotonically Lindeldf if there is an operator r which assigns
to every open cover U of X a countable open cover rU of X that refines U such that
if U refines V then rU refines rV. In [1, Example 2.2, Corollary 2.4], Bennett et al.
proved that a monotonically Lindelof linearly ordered topological space (LOTS) need
not be first countable and any monotonically Lindelof compact LOTS is first countable.
So, Levy and Matveev posed the following question.

QuesTioN [4, Question 51]. Can the character of a monotonically Lindel6f generalized
ordered space be greater than w;?

In this paper, we give a negative answer to this question.
For undefined terms and notation we refer to [2, 5, 7].

2. Main results
DeriniTion 2.1 [6]. Let L be a compact LOTS. For x € L, put
0-cf(x) = min{|C| : C is a cofinal subset of («, x)}

and
1-cf(x) = min{|C| : C is a coinitial subset of (x, —)};

0-cf(x) denotes the left cofinality of x, and 1-cf(x) denotes the right one of x.
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Note that 0-cf(x) and 1-cf(x) are dual notions, so we only discuss the left cofinality
0-cf(x) in the following. For a compact LOTS L, observe that 0-cf(x) =0 if x is the
left endpoint of L, 0-cf(x) = 1 if x has an immediate predecessor in L, and 0-cf(x) is
a regular cardinal otherwise. It is well known that a GO-space X can be embedded
as a dense subspace into the compact LOTS /(X) that is called the minimal linearly
ordered compactification of X (see [3]). For a GO-space X and x € X, the left cofinality
0-cf(x) means the cofinality defined in its minimal linearly ordered compactification
[(X). By [3, Lemma 3.5], if 0-cf(x) > w, then there exists a cofinal increasing sequence
{xo(@) € X | @ < 0-cf(x)}. In addition, x has an immediate predecessor or [x, —) is open
in X if O-cf(x) = 1.

The next definition was introduced by Matveev.

DeriniTioN 2.2. Let x be a point of a space X. Then X is said to be monotonically
Lindelof at x if there exists an operator r, that assigns to every nonempty family 7 of
neighborhoods of x a nonempty countable family r,# of neighborhoods of x so that
rF refines F and rF refines r G provided that ¥ refines G. In this case, r, is called
a monotone Lindelsf operator at the point x of X.

In [1, Example 2.3], Bennett et al. proved that [0, w;] considered as a LOTS is not
monotonically Lindelof. With a slight modification of the proof of [1, Example 2.3],
we have the following lemma.

Lemma 2.3. Suppose that k > w; is a regular ordinal and S is a stationary subset of
[0, k). Then S U {«} considered as a LOTS is not monotonically Lindelof.

THEOREM 2.4. Suppose that X is a GO-space. If X is monotonically Lindeldf, then both
the left and right cofinalities at each point x of X are not greater than w;.

Proor. We only prove the ‘left’ case; the other case can be proved similarly.

Suppose instead that the left cofinality O-cf(x) of X at x is greater than w;.
Take a cofinal increasing sequence So(x) = {xp(@) € X | @ < 0-cf(x)}. Without loss
of generality, we may assume that So(x) is closed in (<, x). Then So(x) must be
homeomorphic to a subspace H of [0, 0-cf(x)). If H is a stationary subset, then
H U {0-cf(x)} is not monotonically Lindelof by Lemma 2.3. Hence, So(x) U {x} is
not monotonically Lindelof. However, this contradicts that So(x) U {x} is a closed
subspace of the monotonically Lindelof space X. Therefore H is not stationary in
[0, O-cf(x)). It follows that there exists a closed cofinal subset C of [0, 0-cf(x)) such
that C N H = (. Thus we conclude that H can be presented as a union of 0-cf(x) many
pairwise disjoint open convex subsets of H and so can Sy(x) in (<, x). Hence we may
write

So(0) = JTa la < 0-cfx))
where T, is convex and open, and if x" € T,,, x” € T, for a <y, then x’ < x”. Since
0-cf(x) > wy, the set U ={Ty|a<w}U{yeSo(x)U{x}|y>aforeveryaecT,} is

an open cover of S((x) U {x} that has no countable subcover. Thus Sy(x) U {x} is not
Lindelof. We obtain a contradiction. O
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TueoreM 2.5. The character of any monotonically Lindelof GO-space (X, T) is not
greater than w.

Proor. Suppose that (X, 7) is a monotonically Lindelof GO-space. Then, for every
x € X, neither the left nor the right cofinalities of x is greater than w; by Theorem 2.4.
We only consider the case that both the left and the right cofinalities of x are w;. The
other cases are easy. Let {a, | ¥ < w;} be a cofinal increasing sequence of («, x) and
{b, | ¥ < w1} a coinitial decreasing sequence of (x, —). Put

B(x) = {((ly, by) | Y <w ;.

Then B(x) is a base for (X, 7) at the point x and |B(x)| < w;. Hence y(x, (X, 7)) < w;. In
view of the arbitrariness of x, the character of GO-space (X, 7) is not greater than w;. O
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