BULL. AUSTRAL. MATH. Soc. 41425, 26445
VoL. 44 (1991) [177-188]

RATE OF APPROXIMATION OF FUNCTIONS OF BOUNDED
VARIATION BY MODIFIED LUPAS OPERATORS

WANG YUANKWEI AND GUO SHUNSHENG

This paper discusses the rate of approximation of functions of bounded variation
using the Modified Lupas operator. We obtain an approximation theorem and our
estimate is essentially the best possible.

1. INTRODUCTION

Let f be afunction defined on (0, co0) with bounded variation in each finite interval
and f(z) = O(z") ¢ — oco. We denote {f} by BVioc,r(0, o). The Modified Lupas
operator M,, applied to f is

1) Molf,2) = (0= 1)) Pua) [ Pralt)(0)
k=0 o
n+k—-1 t*
where Pop(t) = ( k )m

It is also written as

(1.2) / " Hae, )f(t)dt
where Hu(z,t)=(n-1) i P, (z) Pnx(t).

This kernel is positive and

(1.3) /ow Ha(z, t)dt = 1,

therefore Mp(f, z) is linear positive [1].
In this paper, the main result is the following:
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THEOREM. Let f be a function belonging to BVig,,(0, ). Then for every
z € (0, o0) and n sufficiently large, we have

. o+
Mof,2) - 30 ) - £ « LSS Vo)
(1.4) k=re-p

+%(1:”) e+ - s+ S50 (),

f(t)—f(z+) z<t<oo,
9:(t) =4 0 t=gz,
f@)-f(z-) 0<t<z.
The proof of the theorem will use the Bojanic method [2] and some results of

where

probability theory.

2. LEMMAS

LEmMMa 1. If {éx} (k > 1) are independent random variables with the same dis-
tribution functions and 0 < D¢, < oo, fs = E(£, — &)* < oo, then
c PBs

( Z(& ax)\y) o= | < <Ew

where a; = E(£) (expectation of ¢, ), b = D¢ = E(é&, — E&;) and 1/v2r € ¢ <
0.82 (see [3]).

LEMMA 2. [3] If {&:} are independent random variables with the same geometric
distribution functions P(¢; = k) = zF(1-z), 1 = 1,2, ..., then E¢; = z/(1 - z),

D¢ =z/(1— :1:)2, Tn = i{, with

(2.1) m;:.x

(2.2) P(nn = k) = (" +l’: - 1) (1 = )™,

LEMMA 3. Forevery z € (0, +00), k € N, we have

33 (1+2z\%?
) k(z) € —= )
23) Prale) < (1)
PRrRoOOF: Since
n+k—-1 ok
P = (" ) e
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[3] Rate of approximation

we take t = z/(1 + z); then t € (0, 1) and

(2.4) Poi(z) = (n + ’I: a 1) tf(1-1)".

Using Lemma 2 we have

k

179

(" tE- 1)t"(1 —t)* = P(k—1 < 7a < k) = P(w(k = 1,n) < w(na,n) < w(k,n))

where w(k,n) = (z(1 —t) — nt)/v/nt. Using Lemma 1 we have a; = t/(1—1), by =

Vt/(1 —t). Hence

n+k-—1 Efq n_L e_g’/z ﬂs
(25) ’( : )t (1=t = o= [l v
where I= [w(k—l,n), w(k,n)]a
¢ 3 oo t 3
N S o
<Zo[k"+3k2 +3k(1it) +(1—t_—t)]t"(1—t)-
Since itk(l -t)=1, iktk(l —-t) = 1%
k=0 k=0
<N Hl+t) = s _ P4+t
YEH -t = T, ’;kt(l—t)— a

therefore g5 < 16/(1 —t)*.

But the second term on the left side of (2.5) is not greater than (1 —1t)/

Hence we have

(n+: ) -1 < \/3t33/2’

therefore Phi(z) < % (1 : i

3/2
) , and (2.3) is proved.

LEMMA 4. Forevery k > 0 we have

ZP,, Li(2) = (n—l)/ Poi(t)dt.

j=0
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PRrooF: This can easily be proved by differentiating both the left-hand and right-
hand sides. 0

LEMMA 5. If n is sufficiently large, for every k > 0 we have
4 z\%?
(=)

k
PROOF: From (2.2) we have Y P,j(z) = P(n. < k). Again using Lemma 1 we
j=0

ZPH i(z) - ZPn,(z)

j=0

have

w(k,n)

 Pil) - \/_/ e 12y,

<614z 2
vn z ’

hence

k
~1,3(2) = Y Pa(a)

142 3/2
z .

L 32 (1+z ”’(
\/1_1 z =

1 /w(k,n—l) /2 33
< |- du —
V2 Ju(k,n) vn
0
LEMMA 6. If n is sufficiently large and z € (0, ), then
z(1 4+ z) 2 3z(14+z)
(2.8) — SMn((t—z) ,2) < —
. 1
(2.9) M, ((t —a2)'2) = o(;ﬁ).
PROOF: Let

(2.10) Tam=(n—7r+1) Z Pojr :c)/ n—r, kt(t)(t — )" dt.
Then

Tnz2=(n—7r+1) E Pryr k() /°° Poyri(z) /°° P ()t — z)’dt
—o 0 0

_ 2(n—1)z(1 +z) (r+ 1)(r + 2)(1 +22z)°
T (n=r=2)(n-r-3) (n—-r-2)(n—r-3)"
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Putting » = 0 we have

oo o - 1
Tam =(n+1) z P“k(z)_/o Po(t)(t —z)"dt = O(W) s
k=0

(2.11)
_2(n—1)z(1+2) 2(1 + 2z)?
™ T )m-3) (- Dn-3)
From this, (2.8) and (2.9) can be proved (see [4]). 0

LEMMA 7. In n is sufficiently large and z € (0, o), then
for 0 € y < z, we have

o 205 2)
(2.12) / Hy(z, t)d o
for z < z < o0, we have

hat 3z(1+=2)
(2.13) / Ha(z, t)dt < oo

PROOF: Since 0 <y < z, for t € {0, y] we have (z —t)/(z —y) >

From
M.(f, z) = /oo H, (=, t)f(t)dt
we have M / H.(z, t)(t — z)%dt < 3z(ln+ z).
z—1\?
therefore /0 H,(z, t)dt ./0 (z — y) H,(z, t)dt
1 e 2 3z(1 +z)
< oz, )dt < —————,
(2, 1) n(z —3)’
proving (2.12). The proof of (2.13) is similar. 0
3. PROOF OF THE THEOREM
Now )
hence
Ma(f, 2) = 3(f(z+) + f(z-))
(31)

|Mn(gza z)' +5 |f(2+) f(z_)l |Mn(518n(t - 3)’ :B)l
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Thus to estimate |My(f, z) — (f(z+) — f(z—))/2| we need an estimate for M,(g., =)
and M, (sign(t - z), z).

To estimate Mn(sign(t — ), =), we first decompose it into two parts as follows:
My (sign(t — 2), z) = / sign(t — z)Hn(z, t)dt = / H,(z, t)dt
0 z
- / Ho(z, t)dt & An(z) ~ Bo(z).
0

Using Lemma 4, we have

An(z) = / - Hn(z, t)dt = / ” (n—1) Y Par(z) Pax(t)dt

i

(n—1) Z Ppi(z) /:o Pri(t)dt

= ZP,,;,(Z)ZP,, 1,5(=)-

J=0

By Lemma 5, it follows that

An(z) - 2 Par(®)3 P

i=0
oo k
(3-2) =Y Pur(2) Y Paj(z) - ZP,,;,(:: ZP,,..I,,(::)
k=0 j=0 j=0
<§:P (z) 1+2)Y <33l(1+z)/
~xx Pear nk \/— = \/ﬁ z .
Let
0o k
S=) | Par(z) Y Paj(2)
k=0 j=0
= nOPnO +Pn1(Pn0+Pn1)+"'+Pnn(Pn0+"'+Pnn)+"'
Since

1=(Pn0+Pn1+"'+an+"')(Pn0+Pn1+"'+an+"')
= nO(Pn0+Pn1+"‘+an+"')+Pnl(Pn0+"‘)+an(Pn0+"')+"' 3
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we have
1=8="Pnoo(Pa1+Pnz+ )+ Pa1(Paz + Pas+ )
+ Pom(Pr,m+1+ Paymy2 + -7 )+ -+
= Pp1Pno + Pra(Pro + Pra) + -+
+ Pa(Pao+ Pai+ -+ Paym—1) + -+,
and 25-1=Ph+ P+ -+ P+

Using Lemma 3, we obtain

1 1 —

0
oo 3/2 3/2
Slzpnk _3_3-<1+::) < 33 (1+z) ‘
2k=0 Va\ =z 2yn\ =

By (3.2), (3.3) and Ba(z) =1 — An(z), we have

3/2
[4n(2) = Bua)| = [24n(e) 11 < T2 (122)

Hence

z

2\ 3/2
(3.4) |M,.(sign(t — z), z)| < 1\22(” ) .

The estimate of My(g, z) is similar to [4]. We first decompose [0, +00) into three
parts, as follows:

I1=[0,2"' ?

H nebgeri) v i)

Then

Mp(ge, ) = /00a gz(t) Ha(z, t)dt = (/11 + /1, + /Ia)g,(t)H,,(::, t)dt

E Aralf, 2) + Aoyl 2) + Da,alf, @)

First, we estimate Az o(f, z). For t € I, we have

z+z/Vn

|gz(t)| = |gz(t) _gz(z)l < V (g:)
z—z/Vn
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and so
z+z/v/n z+z//n z+z//n
(35)  anfidl< V (@) [ Haeat< V()
z—z/vR =2/ Vn 2—z/v/m

Secondly, we estimate Aj n(f, z). Let Aq(z, t) = fo H,(z, u)du. We have

~z/Vn
Ay, n(f, 2)] = /0 92()Ha(z, 1)t

_ ’ /o ’ 02(t)Ha(z, t)dtl

- /o ? ge(8)didnz, t)‘

= loatr (e 9= [ 2uta, t)dtgz(t)}

< V (gz)An(za y) + /y A'n(zv t)dt (_ v (g=)> )
v+ 0 1

where

By Lemma 7, we have

¥ 3z(14+z) 3z(1+z) [V 1 i
Ay n(f,2)l < z 2 2dt - z
Ba,nt o)l <V ) 2+ 2 = ( Ve ))

where n is sufficiently large.

Since

v 1 Vy+(g”) Vo(gz
= (V(z)) o /v<gz)

we ha.ve

(s, 2)f < LD [V(gz /(z o+ [ - jt)zdt (—V(gz))}
3z(l+= 2 z—z/vn = dt
S—(—:—)[\o/(gz)/z +2/0 Y(g’)m]'

Furthermore, since

1 1 ¥
/ V(gz _ / \{\/_(gz ::3/T3/2 2 T3/2 =347 < S o2 Z V (92)1

k=3 z_z/VE
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it follows that

(3.6) |A1,n(f, 2)| € 3(1+z) [V( ,)+Z V (g,].

k=1a—2/VEk

Last, we estimate Asn(f, ). Since

|Asa(f, z)| =

/m 9=(t)Hu(z, t)dt
/v

[ / ] () Ha(z, t)dt
z+=/\/_ 23

using similar methods as above, we have

dele n+R2 ny

n z+z/Vk

4(1+z)
(3.7) 1By ol < 2L >V G
Since g(t) = 0(t") (t — o0), there exists M > 0 such that
(3.8) |Ren| < M t"Hp(z, t)dt < M t"H,(z, t)dt
2z |t-z|2=z

< %4 i (n-1) /°° Ppri(2)Por(t)t7(t — :c)4dt.
z k=0 0

From

(n — 1) Pni(t) Pni(z)t™

(n =7 =1)Prir,k(2) Por k4-(2)
_ (k+1)-(k+r)(n-1n---(n+7r-1)
=(1+2) (k+n)-(k+n+r-1)n-r-1)---(n—-1)

it follows that, for every k and n > r 4+ 1, we have

(1) (ktr) (=1 (rro1)

ktn) - (htntr—1) Pt a1

Hence if n is sufficiently large, then

(n = 1)Pap(2) Par(t)t" £ 1 + 2)"(n — 7 — 1) Puyr k(2) Pr—r, k4 (t)-
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Replacing above in (3.6), we have
M o~ o T 4
Ranl < 32 30 [ (1420014 1 Pasre)Pa (0t = )1
0

Ha+eym-r+1) }jmr,k(z) | Prnantte - o)t

M
= (1 jz) Tha.
b

Using (2.11), we obtain

@9 < 2220 2).

From (3.5), (3.6), (3.7) and (3.9), it follows that

z+ z/V/n
Ma(ger )l <\ (g0) + 2012 [V(,HZ V (gz}
z—z/v/R =12 z/VE

3.10)
( n z+ z/VEk

4(1+z)2 \! z)+(1+z) 0<n2)

where n is sufficiently large.
Our theorem now follows from (3.1), {3.4), (3.10); that is

) - 315(=4) + f(a-))

2\ 3/
s%(”) \f(2+) - f(z—)]
n z+z/VE z+z//n
(L:Tz)— (;) 4(1+:)Z V @+ V (9)
k=1z-2)vk z~z/\/n
50 /142 3/2
<2 (22) 1en - =)
n ztz/VE
e SV AN PR R (,,)
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4. REMARK

We shall prove that our estimate is essentially the best possible. Consider the
function f(t) = |t — 2| (0 < z < o0) on [0, 00). It obviously belongs to BVj,, ~(0, o).
Since

M, (f, z) = / = H,(z, t)f(t)dt = / = (n—1) [}: p,.,,(z)P,,,,(t)] f(t)de,
0 0 k=0

by Lemma 6, for any small § > 0 and n sufficiently large, we have

o z+6
M. ([t—2z|,z)=(n- Poi(z
(=l )= (- Y ”[/H +f

1 2 1
< — p— < .
\6+5M,.((t z) ,z)\6+n63z(1+:),

] [t — z| Pai(t)dt

(4.1) —=l>¢

and

E+6 1 2:+6 2
M,(t—z|,z) > / |t — z| Hp(z, t)dt 2 3 / (t — )" Hp(z, t)dt
z—6 z

z(1+z) 1 2
22— - = t —z) H,(z, t)dt.
- 3 |t—=|>6( ) Hn(z, t)

Furtherfore, using Lemma 6, we have

1

2 1 4
/'HM (t = 2)* Hala, 0)dt < Mo (8- 2)", 2) < oy

Hence

z(l+z)
né n2§?’

Choose § = 24/c1/nz(1 + z). We obtain from (4.1) and (4.2) that

(4.2) Mu(lt—z|,2) >

3[z(1 + z)]3/?
T 8/an

For f(t) = [t — z|, putting t = z, we have

2fes + (21 +2))°]

(4.3) e

< Mi(ft —z|,2) <

Ma(f, ) = 3(e4) + 1))

n z+z/VE

= Ma(lt - of, 2)) < LED S~V (4 L2 (i)
k=14_z/VE
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Since R
V (H=a+8,
z—-8
it follows that
4 n 2+z/\/_
(4.4) Mo(ft - o), ) < LEED 5~ )
k=1z_z/VE

8(1+z)2 8(1+:c)-
N

By comparing (4.3) and (4.4), we see that (1.2) cannot be asymptotically improved
for BWoc, (0, 00); that is, our estimate is essentially the best possible.
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