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SUMMARY

The first index law, or addition theorem, is well known. The second is much less well
known; but both have been found to be of importance in recent studies of hypergeometric
integral equations. The first law has usually been considered only in the simple case of orders of
integration which have positive real part, orin the context of generalized functions. Arising out of
the need to manipulate expressions involving several fractional integrals and derivatives, our aim
here is to establish both laws for all combinations of complex orders of integration and differentia-
tion, and for nearly all functions for which the fractional derivatives involved exist as locally
integrable functions.

1. Introduction

The bare formal statements of the laws in terms of the fractional integral
operator I¢ (for definitions see §3, in particular (5) to (8)) are:

) Prf = 1+,
where @ and b are any complex numbers, and
) IExPI%f (x) = x~°I~®x~° f(x),

where also a +b +¢c = 0.

Both have been known for a long time, (2) less well than (1), in the cases where
the orders of integration (indices of I) are positive or have positive real parts.
But cases involving fractional derivatives (orders of integration having real
part negative or zero) have been needed, as in [11], and continue to be needed
in further work on hypergeometric integral equations. This paper has arisen
out of that need, and it is hoped that it will serve as a comprehensive reference,
giving conditions under which (1) and (2) hold for locally integrable functions
and for all possible sign combinations of «, 8, y (the real parts of a, b, ¢).

An instance of (2) in which a and ¢ are not both positive can be seen in
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Widder [1, p. 17, Lem. 3.11]. If k is a positive integer, D is the familiar differen-
tiation operator and D?*~! f exists, then

(3) Dkxzk—le—lf(x) = x"‘lDz"‘lx"f(x).

Widder proves this by applications of Leibniz’s rule for differentiation of products.
Its connection with (2) is immediately apparent if we replace D by I~'. Some
less special instances of (2) will be mentioned in §2.

In order to avoid what appear to be artificial exceptions when one or more
of the indices a, b, ¢ is purely imaginary, fractional derivatives (or integrals)
of purely imaginary orders are needed. For this purpose reference is made to
[12], and the definitions and other features of that paper needed here are summa-
rized in §3, together with some other preliminaries of a fairly novel character.

There is perhaps some interest in re-writing (1) and (2) in the following
way, using formal inversions:

I'PIf = f where a+b+c =0,
xI°x°I°x°I°f = f where a+ b+ c = 0.

However (1) and (2) are the forms which have arisen so far.

2. Related Investigations

After the earliest mentionings, [2], [3], [4] and others, of the first law (1)
for complex a and b with positive real parts, Kober [5] defined If for rec =0
using Mellin transforms. He proved (1) when rea = 0 = reb, for functions f
in a certain subspace of IP(0,a) when p = 2. Riesz [6] gave a definition of
I°f for rec < 0, but his proof of (1) assumes (p. 12) that f has p continuous
derivatives, where p > max(—rea, —re(a + b)). Gelfond and Shilov [8] define
I°f as a generalized function, and derive (1) without restriction on a and b; but
this treatment lacks conditions under which the fractional derivatives occurring
are identifiable with ordinary functions. Erdélyi [10] mentions a definition of
I°f when rec > — p using finite part integrals, but treats it by the methods of {8]
rather than independently.

In § 4 of this paper the first law (1) is proved for all complex a and b, assum-
ing only that the fractional derivatives occurring in it exist as locally integrable
functions. This is not at all a difficult matter, but it is a necessary preliminary
to the main task of this paper, which is to prove similar results for the second
law (2).

The second law (2) was proved, for rea >0 and rec > 0, by Kober [4,
p. 201], actually in a disguised form. Translating into our notation two of his
four equations (3.7), namely

(4) IﬂTl(I:+l.u.f) = Ir-::i.+uf = Iq++}.,u(1r:/1f)'
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we obtain, using his definition (1.1) and our definition (5), and putting
g(x) = x"*f(x),
I'x ™ 78 4g(x) = x "I* "x Tig(x) = x T Px " g(x)

forre 1 > 0, re u > 0 and rather restricted g . These are essentially our (2) and (1),
with orders of integration having positive real parts.

The second law (2) underlies a paper by Higgins [9] which shows in a for-
mal way its connection with many important formulae. His equation (17) on
p. 8 is equivalent to our (2) by applying the operator I;*"#77, The same law
(2) appears in [11, p. 175, Thm. 2] where, replacing A, a, b and! f(¢) by
¢, c+a, a and t~ (1) respectively, we obtain

cx—c—alaf(x) 0 x—a1a+cx—cf(x)

for suitable f when rea > 0 and rec > 0.

In §§5, 6, 7 of this paper the second law (2) is proved for all complex a, b, ¢
stch that a + b + ¢ = 0. This involves extended treatment of thirteen different
sign combinations, under conditions which require at most a little more than
bare existence of the fractional derivatives involved .

3. Definitions and Preliminaries

The main sources of these are [11] and [12].

All functions considered are complex-valued measurable functions defined
almost everywhere on the real half-line (0, c0). Two functions are regarded as
equal if they are equivalent, that is, have equal values almost everywhere. Local
integrability always means local integrability in [0, c0); consequently it means
ntegrable on [0,!] for each I > 0.

Fractional integrals. If rec > 0 and f is a function, I°f is defined as the
function (if any) whose values are
P

®) 1) —J e

t)c 1
I'(c)

THEOREM A. If rec > 0 and f is a locally integrable function, then If is
a locally integrable function.

XYty

THEOREM B. If rea >0, reb >0 and f is a locally integrable function,
then

P(If) = I°*'f.

Fractional derivatives. If re(—c) <0 and f is a function, I~°f is defined
as a locally integrable function ¢ (if any) such that

(6) I‘'¢ = f,
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where I°¢ is defined as in (5). It is well known that I~°f, if it exists at all, is a single
class of equivalent functions.

Derivatives of imaginary order.1f re ¢=0 and f is a function, I°f is defined by
) If = 171 +ef
if the right side exists in accordance with (5) and (6).

LemMma C. If rec = 0 and f is locally integrable, then I'+f(x) is defined
for all x = 0, is continuous in x = 0 and vanishes at x = 0.
This is Lem. 1 of [12].

THEOREM D. If rec = 0 and f is locally integrable, then I°f exists if and
only if I'*°f is locally absolutely continuous. In that event I°f is equivalent
to its almost everywhere derivative.

This is Thm. 1 of [12].

THEOREM E. If f is locally integrable and c is any complex number such
that If exists, then I°f is locally integrable. Also I~ °I°f exists and is equivalent to f.

This is a combined statement of Thm. 1 Cor. and Thm. 2 Cor. of {12].

Some elementary integrals. It is convenient to prove Lemmas F, G, H
at this stage.

LEmMMA F. If >0 and 0 <t < x, then

x Ox*™) if A+u>0,
f(s—t)‘_ls“ds =
! o**™ if A+u<0,

the bounds implied in both O-symbols being independent of x and t.

If ¢ > 0, the integral is less than

e A-1a _ =0t x
J;(s N xtds = 7l x* < 7l

Atp

If 0 = u> —4, the integral is at most

. A+ u A4

If 2+ u <0, the integral is less than

f (s—0* Ls*ds = t““f (w—-1)*"Yw*dv
t 1

putting s = tv; and the last integral is convergent.

LemMA G. If a+b+c¢=0,1rea>0,reb<0, rec>0and 0<t<x, then
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O T
J; o ° T “=Y" Trew U

The integral is absolutely convergent, and the substitution s = 1/u trans-
forms it into

xc—l ta—i 1/t l)c-l(l u)a—ldu B xc—lta—l (1 1\.c+a—1
T e Ju\""x \ ST+l x

\

LeMMA H. Ifa+b+c=0,rea>0,reb<0,rec>—-1and 0<t<x,

then x ( )c ( t)a—l X (S t)~b—1
X—S$ 8 _ —a - —-c
T+ D T(a) “‘LS TER

The substitution s = t + (x—t)u converts the left side into

1 c a—1 \b
_ etagb (1—u) u x —t
(x—1)°*% T+ D T@ (1 + ; u) du

x—=0°*" x)
= —_— — 1 — -
I“(c+a+1)tF( ba,c+a+1,1 r

using Euler’s integral for the hypergeometric function F [7, 2.1(10)].

The right side of the proposed equation can be written as an integral of the
same form as the left, and thence expressed in terms of the hypergeometric func-
tion using the last equation. The right side is, in fact,

B € R (L) S €t ) RPN x
t J't ) s (=5 ds = 1ﬁ(l_b)t F(a,-b,l—b,l - t_)'

The equality of the two sides when ¢ + a = — b now follows from the symmetry
of the hypergeometric function in its first two parameters.*

Composite operations. I°x’I°f(x) means the function got from f(x) by
forming successively 1°f(x), x"I°f(x) and I°{x"I°f(x)}; this notation is consistent
with the customary understanding of the left side of (3). In particular, if re a > 0
and rec > 0, the value of this function at x is

e bra T N B Gt
8) I°x°I°f(x) = fo —I,(T—s dsfo —er(t)dt.

An integrability class. Q, is defined as the class of functions f such that
xf(x) is locally integrable in [0, ) (the case d = oo of 11, p. 180, (5.4)). In
particular, Q, consists of all locally integrable functions.

Clearly Q, expands as the real parameter q increases. As we consider mainly
locally integrable functions the subscript g will usually be negative.

* An alternative proof can be given by integrating the equation of Lemma G with respect
to x and inverting the order of integration on the left. However it is then necessary, first to
restrict ¢ to re ¢ > 0, and then to justify analytical continuation of both sides intore ¢ > —1.
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The next theorem, or rather the case g < rea of it, is related to a theorem
of Kober [4, p. 199, Thm. 2 (3.4)(i)]; it is also discussed in {11, p. 174, Remark 4].
In both places it is a corollary of a much more elaborate theorem, and it seems

appropriate to give here an independent simple proof that covers the other cases
as well.

TueoreM K. If a is any complex number, rec >0 and feQ,, then
is in Q, if g<rea,
x“7IXxf(x) < is in Qg4 . for each €>0 if g =rea,
may not exist if g > rea.

For the third case f(x) = x~*' is in Q, but I°x~' does not exist.

For the first two cases xf(x) = x“~Ixf(x) is locally integrable, so I°x*f(x)
exists and is locally integrable by Theorem A. So the function in question is
measurable. Write ¢ = rea, y = rec > 0, and suppose that r = g. Then, for
each [ >0,

1 !
|F(c)| fo lx" ‘Ixf(x)ldx = fox

jx (x—0°°f(t)dt ‘ dx
4]

IIA

4 x ol 1
f X" T Vdx f (x—1) " | f(0)| dt =J z“[f(t)|dzf(x—t)V“‘x'—”dx
0 Y Y t

1 . -1 Sy—l
©) =J;t|f(t)|dtj; st.

putting x =t(1 + s).
If ¢ <a we take r = ¢q; then (9) is less than

ds < w0,

1 0 sy—l
q —_—
. [Levola g
as required.

If g = o we take r = g + ¢, where 0 < ¢ < y; then (9) is less than

i ate 1/t sy—l
J:) t ,f(t)ldtj; mds

< J: t"”,f(t),dt(flsy'lds + J;l/'sa_lds)
< f qﬂlf(t)ldt( (l/t))
=<

(%+%) l‘fo t”]f(t)jdt<oo,

as required.
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Counter example. The need for the extra ¢ in Theorem K when ¢ = rea
is made evident by the example g =c=a =1,

f(x) = {xlog(2/x)}=? if 0<x <1, f(x) =0 otherwise.
For feQ, since xf(x) is locally integrable; but x~2I'xf(x)¢(Q, because, if
0<x<l,

- 1 ) 1 = 1
x-x T If () = f ilog2/n” ' = xlog2/)

and this function is not integrable on (0, 1).

Remark. The two remaining preliminary theorems are of a similar nature
to Theorem K, but they deal with fractional derivatives rather than integrals,
and are consequently more awkward. They are not needed in this paper until
Theorem 15 is reached. A proof of Theorem M is given immediately below,
even though it uses Theorem 11; it seems appropriate to locate it here, with the
allied Theorems K and L.

THEOREM L. If g <0 <reb and q <rtea, then x~“I"®x°g(x) exists in Q,
if and only I-*g(x) also exists in Q,.

This is 11, p. 193, Theorem 5 Cor. The main part of the proof is on p. 181-2,
and the rest on p. 193.

THEOREM M. If g<rea<reb =0, x°%(x) is locally integrable and
xI7"x%g(x) exists in Q,, then I17°g(x) also exists in Q,.

To prove this, let f(x) = x~°I~"x?g(x). By Theorem E with ¢ and f(x)
replaced by — b and x°g(x), I°x*f(x) exists and is equivalent to x°g(x). So, by (7),

I~ (x) =° x°g(x).

By (6), I'+xf(x) =0 I'x%g(x);
and again by (6),
(10) *(x) =° 1710 x7g(x);

the latter because xf(x) = x“~Ixf(x) is locally integrable, since feQ, and
x%~% is locally bounded. [Notice that local integrability is an essential part of
our definition (6) of a fractional derivative.]

Defining h(x) = x~°I'x%g(x), (10) can be written in the form

f(x) = xI~1-%x%h(x).

Now this right side exists in Q,; so Theorem L with b and g replaced by 1 + b
and h shows that I~'~%h(x) also exists in Q,. Defining ¢ = I"'~°h, we now
have that h = I'*%¢ by (6), that ¢ € Q, and that
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an x°g(x) =° I~ 'x%h(x) = I~ x°I* **¢(x).

The equations of the preceding paragraph also give

(12) I1+b(x) =0 x—¢ f xt"g(t)dt.
(4]

Since ¢ is locally integrable by its definition, I'*°¢(x) is continuous in x = 0
by Lemma C. So is the right side of (12) since re(—a) > 0. So (12) holds for all
x, not only for almost all.

The right side of (12) is locally absolutely continuous, being the product
of two such functions; thus I'+%¢ is locally absolutely continuous. Theorem D
now gives that I’¢ exists and is the almost everywhere derivative of I'+%¢ . So,
performing the differentiation in (11),

(13 xg() =° x* (21+2() + 1'9().

Since ¢ € Q,, Theorem 11 (see § 6) with a, b, ¢, n and f replaced by [ + b,
—1, —b, —q and ¢, gives that the function
Y(x) = I70x 1+ g(x)

exists in Q,. By Theorem E, with ¢ and f(x) replaced by —b and x~'I'*’¢(x),
I%(x) exists and is equivalent to x~ 'I**+%¢(x), provided that the latter is locally
integrable, a fact which we now verify.

By (13),
(14) ax =M P(x) =° g(x) — I°¢(x).
Now x°g(x) is locally integrable, and this property is preserved in multiplying
by the locally bounded function x~%. So g is locally integrable. So also is I°¢,
by Theorem E. Hence so is (14).
We thus have that I¥(x) =° x~'I' +°¢(x), where i € Q, . Substituting in (13)
g(x) =° I(ay(x) + ¢(x)),

and ay + ¢€Q,. In particular, ayy + ¢ is locally integrable; so Theorem 4
Cor. (see §4) gives that I~Pg exists and is equivalent to ay + ¢. Thus I~ %
exists in Q,, as required.

4. The First Index Law

The form most suitable for our purpose is stated comprehensively as follows.

If a and b are any complex numbers, f is locally integrable, and I°f and
1°%2f exist (as locally integrable functions), then I°I°f exists and

(15) IPI°f = I+,
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Remembering §3, (15) means that the two sides are equivalent.

However, for many combinations of values of a and b the existence of I‘f
or I°*®f need not be assumed, for it is a consequence of Theorem A and the
other hypotheses. Theorems 1 to 4 are the resulting simplified theorems. They
do in fact cover all complex values of a and b.

THEOREM 1. If rea > 0, re(a + b) >0 and f is locally integrable, then
(15) I°If = I°+Pf,

If reb > 0 this reduces to Theorem B.

If reb = 0, two applications of Theorem B give
(16) Il+bIaf — Il+b+nf _ Illb+af.

The left side is continuous by Lemma C, since I°f is locally integrable by Theorem
A. The right side is locally absolutely continuous, since I°*+9f is locally integrable
by Theorem A. Thus the two extreme members of (16) are identical, not merely
equivalent. So the left member is locally absolutely continuous; whence, by
Theorem D, I°I°f exists and is equivalent to I°*+9f,

If re b <0, Theorem B gives
(17) [-bIa+bf = Jof.
Now I°+%f s locally integrable by Theorem A; this permits, by definition (6),
inversion of (17) giving (15).

THEOREM 2. If rea £0, reb >0, fis locally integrable and I°f exists then
(15) IPrf = 1o+,

Suppose rea = 0. By Theorem E, I°fis locally integrable; and by Theorem A,
both sides of (15) exist and are locally integrable, since re b > 0 and re(a + b) > 0.
By four applications of Theorem B,

(18) IUPISf = [URPf = [P[UOf = PPLtef = [oritap — [ipbraf

the middle step following from definitions (6) and (7). The extreme members
of (18) are not only equivalent but identical, since they are continuous. From
this the equivalence (15) follows by differentiation.

Suppose rea < 0. By (6) there is locally integrable ¢ such that
(19) I=% = f and ¢ = If.

By Theorem A, I°¢ exists; that is, I°I°f exists. And by Theorem 1, with f, a and b
replaced by ¢, —a and a + b,
IbIaf= Ib¢ — Ia+bI—a¢ — Iﬂ+bf.
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COROLLARY. Ifre a<reb, fislocally integrable and I°f exists, then I°f exists.

No proof is needed if rea = 0, for then I°f exists by Theorem A. If re a < 0,
Theorem 2 with b replaced by b—a ensures the existence of I’f, even if re b < 0,
since the right side of (15) becomes I°f.

THEOREM 3. If te(a + b) £ 0, reb <0, f is locally integrable and I°*®f
exists, then
(15) IPI°f = [2+5f,

By Theorem 2 with a and b replaced by a + b and —b, (17) holds. But
I°*?f is locally integrable by Theorem E; this permits, by definition (6), inversion
of (17) giving (15).

THEOREM 4. Ifrea < 0, reb = 0, f is locally integrable and I°f and I°*%f
exist, then
(15) IPI°f = [°+%f,

By Theorem 2 with b replaced by 1 + b,
(20) I'HPpef = lebref,

Since I°f is locally integrable by Theorem E, the left side of (20) is continuous
by Lemma C.
By Theorem 2 with a and b replaced by a + b and 1,

21 IO = [ rashf,

Again by Theorem E I°+%f is locally integrable, and so the left side of (21) is
locally absolutely continuous. Putting (20) and (21) together,

(22) R Il +b1af — IIIa+bf;

and this equivalence is an identity because both sides are continuous. Further,
both sides are locally absolutely continuous. Theorem D now gives that I°I°f
exists. Using (7) and (20),

(23) IbIaf - 1—111+b1af= 1—111+b+af= 1b+af,

the last of these steps following from Theorem 3 with a and b replaced by
1+ b+ aand —1. This completes the proof of Theorem 4.

COROLLARY. If rea=0, f is locally integrable and I°f exists, then I=°I°f
exists and is equivalent to f. (This proves again a part of Theorem E.)
For, using (6) and (7), f=I"'I'f=I°%=1°"%=1"°I°f.

5. The Second Index Law with No Derivatives of Imaginary Orders

Most of our theorems from here on involve a slightly heavier restriction
near the origin than local integrability. They are expressed in terms of the
classes Q, defined in §3.
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(24) In all proofs we write, with or without warning, rea = «, reb=f, rec = 7.

THEOREM 5. If a+b+c =0, rea>0, reb<0, rec>0 and feQ_,
where y = rec, then

25 IxPIf (x) =° x I~ °x~f(x),

and both sides are in Q_,,, for each ¢ > 0.
If also feQ_,_, for some n >0, then both sides are in Q_,_,.

Subject to certain justifications,

i 5b )
[T |, Sraroa

(x _ )(' 1 ( _ t)a—l
ff(t)dtf, T0) 0] ds

x b1
= x~° f (x_r_(t)b—)t_cf(t)dt XL (),
0 —

I°xPIf (x)

(26)

the last line resulting from applying Lemma G. This proves (25) for all positive
x for which (26) is absolutely convergent. For the absolute convergence will
both justify the inversion of order of integration at (26) and ensure the convergence
of the integrals with which the chain of equations begins and ends.

To establish the absolute convergence of (26) for almost all positive x, we
apply Lemma G in a way similar to that above, but with f(¢) replaced by its
modulus and a, b, ¢ by their respective real parts «, 8, y; thus

: Gy G0 c=n
@”.Lvqul o T® f gt ol

This is finite for almost all x by Theorem A, because the integral on the right
is the — fth integral of ¢~ [ f (t)l , which is locally integrable by data; so it is also
locally integrable. This provides, for almost all x, the justifications needed above.

By Theorem K with ¢, ¢ and a replaced by —y, —b and —¢, we see that
x~*I*x=f(x) is in Q_,,, for each £¢>0.

If feQ_,_, for some n >0, feQ_, so (25) still holds; and Theorem K
with ¢, ¢ and a replaced by —y—»n, —b and —c shows that x~9I~bx~¢f(x) is
inQ_,_,.

THEOREM 6. If a+b+c=0,1ea>0, reb<0, rec<0 and feQ, then
(25) IExPI°f(x) =0 x~I~°x~°f(x),

and both sides are in Q, (that is, are locally integrable).

If also fe Q_, for some n >0 then both sides are in Q_,.
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Writing a’, b’, ¢’ and ¢(x) in place of —b, —a, —c and x~°f(x), and o', ', ¥’
for rea’, reb’, rec’,

a'+b' +¢" =0,a'>0, <0,y >0and ¢cQ_,..

So by Theorem 5

(28) IFxXPI¢(x) =° x T ¥x"¢(x).
By definition (6) this gives
(29) XIP(x) =0 I 'x™ I %" P(x)

provided the left side of (29) is locally integrable. Now the left side is
x~“I~’x~°f(x); and Theorem K with g, c and a replaced by 0, — b and —c shows
that this function is in Qg, that is, is locally integrable. So (29) is proved, and
hence also (25) since it is the same equation. Further, one side of (29) has just
been shown to be in Q,, hence so are both.

If fe Q_, for some > 0 then f€ Q,, so that (25) still holds; and Theorem K
with g, ¢ and a replaced by —5, —b and —c shows that x ™I~ bx~¢f(x) is in

Q.
THEOREM 7. If a+ b+c¢ =0, rea<0, reb<0, rec >0, and If exists
in Qg where B =reb, then

(25 IxXPIf (x) =% x~°I%x~<f(x),

and both sides are in Q_, . for each ¢ > 0.
If also I°fe Qg4_, for some y >0, then both sides are in Q_,_,.

Writing a’, b’, ¢’ and ¢(x) in place of —a, —c¢, —b and I°f(x), and o, ',
for rea’, reb’, rec’ again,

a’+b'+c¢" =0,a'>0, <0, y>0and ¢cQ_,..
So by Theorem 5
30) IFXP I ¢(x) = x™ 17" x ™" p(x).
By (6) this is
I7%%=¢f(x) =° x°I°x°I°f(x),

which gives (25).
By Theorem K with ¢, ¢, a and f replaced by B, c, b and ¢, x°*I°x"¢(x) is
in Qy,, for each & > 0; so I°x’¢(x) is in Q,4p.., that is, I°x’I°f(x) is in Q_, ...
If I°fe Q,y_, for some n >0, Theorem K with g, ¢, a and f replaced by
B—n, c, b and ¢ shows that xI°x*¢(x) is in Q,_,. Thus I°x°I’f(x) is in
Qa+ﬁ—rr = Q—Y"'I'
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THEOREM 8. If a+b+c =0, rea<0, reb>0, rec <0, and either side
exists in Q, where a =rea, then
(25) IExPIf (x) =° x~*I-bx~f(x),
and fis in Q,,, for each ¢ > 0.

If also either side is in Q,., for some 5> 0, then f is in Q,_,.

(i) Suppose the left side exists in Q,; denote it by ¢(x). Its existence implies
that of I°f. Since y and « are negative, (6) gives

x*I°f(x) =° I™“¢(x)
whence

If(x) =° x~"I7°¢(x),

and

f(x) =° I7x~*I~°¢(x).

Writing a’, b’ and ¢’ in place of —¢, —b and —a, and o', B', y' for rea’,
reb’, rec’ continually,

a+b+¢"=0,0">0, /<0,y >0and ¢eQ_,.
So, by Theorem 5, (30) holds; this gives
31 f(x) = x°I’x*¢(x), and so x~°f(x) = I’x°¢(x).

Since x°¢(x) is locally integrable by definition of Q,, (6) gives
I7%x~f(x) =% x°¢(x).

Thus the right side of (25) exists and is equivalent to ¢; this establishes (25).

By Theorem K with ¢, ¢, a and f replaced by «, b, a and ¢, (31) gives that f
is in Q,,, for each ¢ > 0.

If ¢ exists in Q,_, for some n > 0, then ¢ exists in @, and (25) holds as
proved above. The application of Theorem K may now be made with g replaced
by a — 7 instead of by «, and we obtain instead that feQ,_,.

(ii) Suppose the right side of (25) (and not necessarily the left) exists in Q,.
Writing a’, b’, ¢’ and ¥(x) in place of b, ¢, a and I"°x~°f(x),

a’+b'+¢ =0,a0">0, /<0,y <0and yeQ,.
So by Theorem 6
(32) IEX" T Y(x) =° x 7T~ ~°Y(x);

this gives
%P~ x=f(x) =° x~PI-°x~I~’x~f(x),
and so
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xPIf(x) =° I=°x~*I~®x~f(x).

Since —y > 0 this gives (25) by means of (6), noting that x I ~*x~°f(x) is locally
integrable because we are assuming it to be in Q,, a subclass of @, .

Thus (25) holds, and the left side is in Q, since the right side is. Thus f is in
Q,.. for each ¢ > 0, as proved under (i) using Theorem K.

If the right side of (25) exists in @,_, for some # > 0, it exists in Q, and
the above proof under (ii) establishes (25). So the left side exists in Q,_, and f
is consequently in Q,_, as in (i).

THEOREM 9. Ifa+b+c=0,rea<0,reb >0, rec> 0 and I°f exists, then
25 IxPIf (x) = x~I°x~°f(x),

both sides are in Q, where « = rea, and f is in Q,,, for each ¢ > 0.
If also I°f is in Q_, for some n > 0, then both sides are in Q,_, and so isf.

Writing a’, b’, ¢’ and ¢(x) in place of —b, —a, —c and x~f(x),
a' +b'+¢" =0,a" <0, >0,y <0

and 1" x~¢ ¢(x) exists. This existence implies, by definition (6), that this func-
tion is locally integrable, and consequently x ~*T~% x~¢$(x) exists in Q,.. So,
by Theorem 8, (30) holds, that is

(33) I7ex=I="xf(x) =° x*I%f(x).

Since y > 0 this gives (25). Theorem 8 also gives that ¢ is in Q,., , for each ¢ >0;
thus x7#*°x~°f(x) is locally integrable, and so fis in Q,,,.

By Theorem K with g, ¢, a and f replaced by 0, ¢, b and I°f, x“I°x"I°f(x)
is in Q,, since 0 < re b; consequently the left side of (25) is in Q,. This completes
the proof of the first paragraph of the statement.

For the second paragraph we suppose that I°f exists in Q_,. The conclusions
of the first paragraph still hold, but also I™* x™° ¢(x) exists in Q_,, so
x"T " ¥x"¢(x) exists in Q, _,. Then Theorem 8 gives that ¢ is in Q_,_,,
whence x #7"x”°f(x) is locally integrable and so f is in Qap-

The above application of Theorem K may now be made with g replaced
by —# instead of 0; it gives that x“I°x"I°f(x) is in Q_,, and so the left side of
(25) is in Q,_, . Since the two sides of (25) are equivalent as already mentioned,
this completes the proof of Theorem 9.

Remark 1. The conclusions about f are also deducible directly, without
Theorem 8, from the data that I%f is in Q, or in Q_,, by applying Theorem K
with g, ¢, a and f replaced by 0 or —», —a, 0 and I°f.

Remark 2. The conditions on I% in Theorem 9 permit the application
of Theorem 8 using the hypothesis about the right side. Instead we could impose
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conditions enabling Theorem 8 to be applied using the hypothesis about the
left side. These conditions turn out to be more complicated ; instead of If exist-
ing in Q, or in Q_, it is required that I~°x~°I~"x~°f should exist in Q_, or in
Q_4—,. For simplicity the statement of Theorem 9 is not encumbered by these
cases; and a similar policy of omitting such cases is followed in the rest of this paper.

THEOREM 10. If a+b+c¢ =0, rea>0, reb>0, rec<0, f is locally
integrable and either side exists, then

(25) ISxPIf(x) =0 x*I~"x~f(x).
If also either side is in Q_, for some >0 then fis in Q_,.

First I°f exists by Theorem A. Writing a’, b’, ¢’ and ¢ in place of —a, —c,
—b and I,

a +b'+c¢ =0,a' <0, >0, y <O0.

Also I % = f by (6), since f is locally integrable.

(i) Suppose the left side of (25) exists. Then I™°% x " ¢'¢(x) is locally inte-
grable, and so x ~“T ~"x ~“¢(x) exists in Q,.. Thus Theorem 8 gives that (30)
holds, that is,

34 I7x~f(x) =° x*I°x"I°f(x),
which shows that (25) holds.

If the left side of (25) is in Q_, the previous paragraph still establishes (25);
so the right side is in Q_, and I=°x"°f(x) is in Q_,_,. By Theorem K with g,
¢, a and f(x) replaced by —a—g, b, 0 and I-°x~°f(x),

x7P7Ef(x) =0 xS ) () € Qs

thus x~"f(x) is locally integrable and feQ_,.

(ii) Suppose the right side of (25) exists. Then x*'I¢'x* I* ¢(x) is locally in-
tegrable, and so I°x"T17¢(x) exists in Q,.. Again Theorem 8 gives that (30)
holds, that is, (34) holds and hence so does (25).

If the right side of (25) is in Q_, the previous paragraph still establishes
(25), and the paragraph before it shows that feQ_,.

Remark 1. The applications of Theorem 8 in the above proof also give
the information that I°fisin Q_,, , for each ¢ > 0, or that I%fisin Q_,_,. These
conclusions are omitted for simplicity, and also because they are directly de-
ducible from the datum that f is in Qo and the conclusion that f is in Q_, by
applications of Theorem K with g, ¢ and a replaced by 0 or —#, a and 0.

Remark 2. It may seem that the hypotheses of Theorems 5 to 10 are de-
pendent on the methods of proof, or on the order in which the theorems are
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proved, rather than that they are intrinsically connected with the theorems them-
selves. An indication to the contrary is available however. Theorem 7 can be
deduced from Theorem 10, and the hypotheses which fit this method of proof
are the same as before although our proof of Theorem 10 makes no use of
Theorem 7.

To prove Theorem 7 in this way, assume its hypotheses and write a’, b’,
¢’ and ¢(x) in place of —b, —a, —c and x~°f(x). Then

a+b +c¢ =0,a>0, >0,y <0;

and ¢ € Q,, because Theorem K with ¢, ¢, a and f replaced by f, —a, 0 and
I’f gives that x*I~%(1°f)(x)e 04, and so

$(x) = x~(x) = x"xI=(I%f) (x)

is locally integrable. The hypotheses of Theorem 7 further give that I ™% x~¢ ¢(x)
exists in Q_,., or in Q_,._,; consequently x ~*T ~"x~“¢(x) exists in Q,, or
in Q_,. Theorem 10 now gives that (30) holds; and from it (25) follows as shown
at (33), the substitutions for a’, b’, ¢’ and ¢ being the same there as here.

We have proved that ¢ € Qy; and in the additional case Theorem 10 gives
that e Q_,. Thus fisinQ_,,orin Q_,_,. Theorem K with g, ¢ and a replaced
by —y or —y —n, —b and —c then shows that x**°I~*x~°f(x) is in Q_,,, for
each ¢ >0, or in Q_,_,; and this completes this second proof of Theorem 7.

It is striking how all details of hypothesis and conclusion of Theorem 7
come naturally out of Theorem 10 in this proof, just as they come naturally out
of Theorem 5 in the first proof. This suggests that these details have some ob-
jectivity.

6. The Second Index Law with One Derivative of Imaginary Order

In Theorems 5 and 6 we supposed o« =rea>0 and f =reb <0, and
y = rec took all values except 0. Theorem 11 below will fill this gap by dealing
with y = 0. We might expect some sort of continuity in hypothesis and con-
clusion as y passes through 0, and this is in fact observed. Theorems 11 to 16
all have this character of providing a transition between some two of Theorems
5 to 10.

THEOREM 11. If a+b+c¢c =0, rea>0, reb<0, rec =0 and f is in
Q_, for some n >0, then

(25) X2 (x) =° x~°I~bx~f(x)
and both sides are in Q_, . [Transition between Theorems 5 and 6.]

First, the result is almost immediate if ¢ = 0. For then a + b = 0 and
both sides of (25) reduce to x~*I°f(x) . This exists for almost all x > 0 by Theorem
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A, and it defines a function in Q_,, by Theorem K with g, c and a replaced by
—n,a and 0.

For the general case suppose that ¢ is any purely imaginary number except
0. We show that the left and right sides of (25) have a common primitive.

The left side of (25) has, by (7), the primitive

x — <\ s _ pa-1
e of(x) = i é’(‘l _ﬁ)c)s"ds L %—f(:)dz

=9 50!

J;f(t)dt ,F(c-{-l)s ) ds

certainly if the double integral (35) is absolutely convergent, which we show as
follows. Since y = 0 and >0,

J, ol f st ds 5 [Clrofa -0t (3) o

(35)

(36 = f: ] £ dzfx (s—n*"'sP*ds < Mx"f: t7 f(0)] dt

where M depends only on #, @ and 8, by LemmaF with A and u replaced by «

and f+1n, so that A+ pu=a+ f+n =n>0. The finiteness of (36) for all

x > 0 follows since fe Q_, ; and so the inversion at (35) is justified. Further, the

existence of I' *“x®I*f(x) for all x > 0 is thus established by absolute convergence.
Applying Lemma H to (35),

x B x _ (s_t)—b—l
(4 d a d
J, rooan [ SR

_ x a S(S_t)_b—l .
(38) = Ls dsfo—r(_—b)t £ (1) dt

(37 I'*exbIef(x)

(39)

I

f s s=¢f(s)ds = I'x~°I~’x~°f(x),
0

subject to the validity of (38), where the order of integration has been changed.
This we justify by absolute convergence of (37), which is a consequence of the
above inequalities leading to (36). For, since y=0, « + =0 and t"" = 1; so, as
at (36),

fxt"y|f(t)f dtfxs_“(s—t)—ﬂ_l ds
0 t

x xﬂ et

L|f(t)|dt£s(s 1)* " ds

Mx"fJc t ()] dt < .
0

This establishes (39) for all x > 0, and it remains to show that we can differen-
tiate both sides almost everywhere, so obtaining (25).

A
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The function Y(x) = x~°I~®x~°f(x) is in Q_,, by Theorem K with ¢q, ¢
and a replaced by —x, —b and —c. In particular it is locally integrable, since
Q_, < Qo. So, by (6), y = I"'I'Yy. Then (39) and (7) give

Y(x) =° I71"(x) = I I +xbI°f(x) = I°x°I°f(x).

This proves the existence of the derivative of imaginary order involved, and
completes the proof of Theorem 11.

THEOREM 12. If a+ b+ c =0, rea<0, reb =0, rec >0 and I°f exists
in Q_, for some n >0, then

(25) ISxPIf(x) =° x ™ ~%%~°f(x),

and f and both sides are in Q_,_,, wherey = rec. [Transition between Theorems
7 and 9.]

Writing a’, b’, ¢’ and ¢ in place of —a, —¢, —b and I%f,
a'+b'+¢ =0,a'>0, <0,y =0and ¢geQ_,.
So by Theorem 11,
(30) IFxPI7(x) =0 x7 7T "x ™ ¢(x)
and both sides are in Q_,,. The two sides are
I7%%~f(x) =° x°I°x’I°f(x),
which gives both (25) and that its two sides arein Q,_, = Q_,_,.

Since x%f(x) = x“I™“¢(x) and ¢ Q_,, Theorem K with ¢, ¢, a and f re-
placed by —#n, —a, 0 and ¢ shows that x°f(x)e Q_,; and so fe Q,_, as required.

THEOREM 13. If a+b+c¢ =0, rea =0, reb>0, rec<0, feQ, and
either side exists in Q_, for some n >0, then

(25) IXPIf(x) =° x~°I’x~<f(x),
and fe Q_,. [Transition between Theorems 8 and 10.]

(i) Suppose the left side exists in Q_,. Writing a’, b’, ¢’ and ¢(x) in place
of ¢, a, b and x"I°*f(x),

a+b+c¢ =0, /<0, =0,9>0

and I°¢ exists in Q_,. So, by Theorem 12, (30) holds and both sides are in
Q -y =Q_p_,. In fact the two sides are

(40) PxxIf(x) =° x™I°Pf(x) =° x~(x).
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The last step follows from Theorem 4 Cor., and is the place where we need the
hypothesis that f is locally integrable.
Since x° is bounded, x“I°x"I°f(x)€ Q_, = Qq; so, using (6), (40) gives

xIxPIf(x) =° I=Px~°f(x),

from which follows (25). Also I=°x~°f(x)e Q_,; applying Theorem K with
q, ¢, a and f(x) replaced by —#, b, 0 and I~°x~°f(x), we obtain the conclusion
that x~*~°f(x)eQ_,, and so feQ_,.

(ii) Suppose the right side exists in Q_,. Writing a’, b’, ¢’ and ¥ (x) in place
of —b, —a, —c and x~°f(x),

a'+b'+¢ =0, a'<0, =0,9>0

and I*y exists in Q_,. So, by Theorem 12, (32) holds and both sides are in
Q_, -y = Q,-,. In fact the two sides are

4D I=°x~I~’x~f(x) =° x°I*f(x).
Since the right side of (25) is in Q_, it is locally integrable; so, using (6), (41)
gives (295).

We prove that fe Q_, exactly as in the last sentence of (i).

THEOREM 14. If a+b+c¢ =0, rea=0, reb<0, rec>0, f is in Q_,
and I’f exists in Q_,, where y = rec, then
(25) IXPI*f(x) =° x~ U x~f(x),

and both sides are in Q_,,, for each ¢ > 0.

If also either f or I°f is in Q_,_, for some n >0, then both sides are in
Q_,_,. [Transition between Theorems 5 and 7. Observe that Qp = Q_, and
that Qp_, = Q_,_,.]

Since Q_, = Q,, f is locally integrable. By Theorem 3 with a and b replaced
by 1l and a—1,

Y

I°- lllf — Iaf.

Since also I°fe Q_, = Q,, I~ 'I'f exists in Q4. Using Theorem 7 with a, ¢ and f
replaced by a — 1, ¢+ 1 and I'f,

@2) I+ f (x) = [T f () = xE el =0x e (x).

Since feQ_,, x~°f(x) is locally integrable. Theorem K, with ¢, ¢, a and
f(x) replaced by 0, 1, ¢ and x~“f(x), thus gives that x~°~1I1f(x) is also locally
integrable. Then Theorem 1, with a, b and f(x) replaced by ¢, a and x~°~'I'f(x),
gives that

(43) PIx== 1 (x) =° I+~ (x) = [7%x~°~1Yf(x).
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Since fe Q_,, Theorem 5 with a and b replaced by 1 and —c—1 gives that
(44) Ix= 1 f(x) =° x~ 1 x~f (x).

Equations (42), (43), (44) now give
(45) IEHIXPIf(x) =© x' [~ e+ x = of (x).

Theorem K with ¢, ¢ and a replaced by —y, —b and —c¢ shows that
x~ I ’x~°f(x)is in Q_,,, for each ¢ > 0, which is one of the stated conclusions.
Since ix“’ = 1 it follows that I-®x~°f(x) is also in Q_,., for each ¢>0; in
particular it is locally integrable.

We have already seen that x~°f(x) is locally integrable. Theorem 1, with
a, b and f(x) replaced by ¢+ 1, a — 1 and x~°f(x), gives that

(46) U () =° 1) = 1 ().

This with the preceding paragraph shows that, taking ¢ = 1y = 5 > 0, the left
side of (46)isin Q_, ; so Theorem 12 can be applied with a, b, ¢ and f(x) replaced
by a—1, —a, 1 and I°*'x~°f(x). This gives

47 DPx=ep* =+ x=f(x) =0 x1=9I% 1 x—¢f(x).
Equations (45), (46), (47) now give
I f(x) =° I'x I ~%x~%f(x).
Also x~*I~’x~°f(x) was shown above to be locally integrable; so (6) gives
(48) I7H+H X (x) =0 x~ T~ °x~f(x).

Now x’I°f(x) is locally integrable because I°f is in Q,. Therefore Theorem 1,
with a, b and f(x) replaced by ¢ + 1, —1 and x’I°f(x), gives that the left side
of (48) is equivalent to that of (25). So (25) is established, and this completes
the proof of the main paragraph of Theorem 14.

If fisin Q_,_, for some 5 > 0, in addition to the main hypotheses, Theo-
rem K with ¢, ¢ and a replaced by —y—n, —b and — ¢ shows that the right side
of (25) is in Q_,_,; hence so are both sides.

If instead I°f is in Q_,_, in addition to the main hypotheses, Theorem K
with ¢, a and f replaced by —y — #7, b and I°f shows that x*I°x*I°f(x)isin Q_,_,.
Since | x®| = 1, the left side of (25) is also in Q_,_,; and hence so are both sides.
This completes the proof of Theorem 14.

THEOREM 15. If a4+ b+c =0, rea>0, reb =0, rec <0, f is locally
integrable, and either:

(i) the right side exists and is locally integrable; or

(i) I7°f exists in Q_,, for some n>0; or

(iii) the left side exists in Q_,, for some n >0, and I~°f exists; then
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(25) I°xPIf (x) =° x~°I"%x~°f(x).
[Transition between Theorems 6 and 10.] [See also Theorem 17.]

Case (i). Since —y >0, x~¢ is locally bounded; so x~°f(x) is locally in-
tegrable. Also ¢(x) = I~°x~°f(x) exists by data. So, by Theorem E, I°¢ exists and

(49) Pe(x) =° x~f(x).
Writing a’, b’, ¢’ and ¢(x) in place of b, ¢, a and I~°x~°f(x),
a+b' +c¢=0,a=0, <0, 9 >0.
Now x~“¢(x) is locally integrable, being the right side of (25),s0 ¢cQ_, = Q0 _,..
Also x™f(x) € Q, since f is locally integrable; so (49) shows that 1“peQ, =Q_,
= Q_,-. Theorem 14 now establishes (30), so that
I’xIP(x) =° x~PI7x~*P(x),

and so

xPI%f(x) =0 I-°x~"¢(x).

Since x~%¢(x) is locally integrable, this by (6) gives

Ix*1%f(x) =° x°¢(x),
which is (25).

Case (ii). Now x~“I~%f(x) exists in Q,_,» and f is locally integrable. Theo-
rem M with g, a and g(x) replaced by y—#, ¢ and x~°f(x) gives that I ~°x~°f(x)
exists in Q,_, . So the right side of (25) exists in Q hence in Q,, and Case (i)
applies.

Case (iii). Since x~? is bounded, x~?I°x"I°f(x) exists in Q_,. Theorem L
with g, a, b and g replaced by —#, b, —c and I°f shows that I°I°f exists in Q_, .
By data I°*“f exists, and re(c + a) = —reb = 0, so Theorem 3 with b replaced
by c gives that I°*%f = I°Ife Q_,. Thus I[~%fe Q_, and Case (ii) applies.

-

THEOREM 16. If a+b+c¢c =0, rea<0, reb>0, rec =0 and either:

() the left side exists in Q_p, where B = reb; or

(i) the right side exists, and I°f exists in Q_, for some n > 0; or

(iii) the right side exists in Q_z_, for some n >0, and I°f exists; then
25) IExPIf(x) =° x~°I~°x~f(x).
In case (i) fis in Q_g, . for each > 0, while in cases (ii) and (iii) fis in Q_;_,,.
[Transition between Theorems 8 and 9.]

Case (i). Since the left side exists, I%f exists; thus I°f is locally integrable
by (6), and x’I°f(x) € Q_,. Writing a’, b’, ¢’ and ¢(x) for ¢, a, b and x"I’f(x),

a+b+c¢=0,a =0, f'<0, 9y >0,
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¢eQ_, and I”¢p = I°x°I°f(x) exists in Q_,.. Theorem 14 now establishes (30),
so that, using (6) to simplify the right side,

IPxeIexPIf(x) =% x~°f(x).

By hypothesis x?I°x®I°f(x) is locally integrable, since ]x”[ =x%=x"%. So
using (6) we obtain
xI°xPI°f(x) =° [~Px~°f(x),

and from this (25) follows.

As remarked above, I°f€ Q,. By Theorem K with ¢, ¢, a and f replaced by
0, —a, 0and I, x*I~°I*f(x) is in Q, for each ¢ > 0. But I~°If = f by (6), and
SOfiS in Qa+e = Q—-ﬁ+s'

Case (ii). Since I~?x~°f(x) exists it is, by (6), a locally integrable function
x such that x~°f(x)=1I"y(x). And I’ is locally integrable by Theorem A, so that
x~¢f(x) is locally integrable. Thus both x~°f(x) and I-®x~°f(x) are locally
integrable.

Theorem L with g, a, b and g replaced by —n, —c, —a and f shows that

xI°x~°f(x) existsin Q_,, because I°f exists in Q_, by hypothesis. Also | x|=1
and a = —c—b, so I"°"’x~°f(x) exists in Q_,.

Theorem 4 with a, b and f(x) replaced by —b, —c¢ and x~°f(x) now gives
that
(50) I=I%x=f(x) =° I-°~bx~°f(x);

so the left side also of this equation exists in Q_,.
Writing a’, b’, ¢’ and Y(x) in place of b, ¢, a and I~*x~°f(x),

a +b'+c' =0, a/'>0,p =0,y <0,

¥ is locally integrable, and I~y exists in Q_, by (50). So Theorem 15 (ii) shows
that (32) holds; this is, using (6) to simplify the left side,

5D I*f(x) =% x~tI~x~%Y(x).

Since Y is locally integrable x =%y (x) € Q, = Q. Also I~ °x~“Y(x) exists by
(51). Theorem 4 Cor. then gives that I°I~x~“%J(x) exists and is equivalent to
x~“(x). That is, using (51),

x5 (x) = xmY(x) =° IR,
which proves (25).
By Theorem K with g, ¢, a and f replaced by —»5, —a, 0 and If, x*I~°I°f
isin Q_,. But I=°I%f = fby (6), so fisin Q,_, = Q_45_,.
Case (iii). Since x~°I~’x~°f(x) exists in Q,-,, x°I~°x~°f(x) exists in
Q_,-, = Q_,. By Theorem L with g, a and g replaced by —5, —c and f, I™*f
exists in Q _,; that is,” I°*“f exists in Q_,.
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The first paragraph of (ii) is still effective in showing that x~°f(x) is locally
integrable. Since Ix”°| = 1, f itself is locally integrable. Since I°f and I°*%f
exist, Theorem 4 shows that

I°If = I°+9f.

It follows that I°I°f exists in Q_,; and hence that x"I°]°f exists in Q_;_,. Also
If is locally integrable by (6). Further I ~°f exists in Q_,,.

Theorem M with g, a, b and g(x) replaced by —f—n, —b, —c and x*I°f(x)
is now applicable, and gives that I°x"I°f(x) exists in Q_,_,. In particular the
left side of (25) exists in Q_;, and so (i) shows that (25) holds.

Theorem K with g, ¢, a and f replaced by —n, b, 0 and I-% shows that
x~*IPI-*f(x) is in Q_,. Using (6) we obtain that fis in Q_,_,. This completes
the proof of Theorem 16.

THEOREM 17. If a+b+c =0, rea>0, reb =0, rec<0, fis in Q_,
for some n > 0 and the left side exists, then

(25) IExbIf(x) =° x~I~Px=f(x).

[An extra case of Theorem 15, proved using Theorem 16.]

Noting that I* exists, by data or by Theorem A, consider the function
W(x) = xPI°f(x). Since f is locally integrable, (6) gives

(52) fG) =° I""%(x).

Since fis in Q_,, x~ I x~(x) is in Q,_, =Q_,,.

Writing a’, b’, ¢’ in place of ¢, a, b,
a+b +c¢=0,a<0,5>0,9=0.

Then x “T7"x“Y(x)isin Q_, _,, and I*Y(x) = I°x*I°f(x) exists. So Theorem
16 (iii) shows that (32) holds; that is,

(33) PxIo(x) =° x~f(x),

using (52) to simplify the right side.

Now I9 exists, being the left side of (25). By (6) it is locally integrable.
And since x* is locally bounded, x®I°}(x) is also locally integrable. Since the left
side of (53) exists, Theorem E now establishes the equation

XIY(x) =° I7°x7f (%),

which by a minor transformation becomes (25).
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7. The Second Index Law with More than One Derivative
of Imaginary Order

Theorems 5 to 16 establish the second index law, under suitable conditions,
for twelve different combinations of sign of the real parts of the orders of inte-
gration a, b, ¢. Theorem 17 repeats the sign combination of Theorem 15, but
with different conditions. The only remaining sign combination consistent with
a-+ b+ c = 0is that in which a, b, ¢ are all imaginary, and this combination
is considered in the remaining theorem.

THEOREM 18. If a+b+c =0, rea =0, 1reb=0,16c =0, n>0, fis
in Q_,, I’fexists in Q_,, and either side exists in Q_,, then
25) IxPI°f(x) =° x~°I®x~f(x).

(i) Suppose that the right side of (25) exists in Q_,. Since Q_,=Q,, f is
locally integrable. By Theorem 3 with a and b replaced by 1 and a—1, respec-

tively I°~'I'f = I°f. Thus I~*I'f exists in Q_, ; and so by Theorem 12 with a, ¢
and f replaced by a —~ 1, ¢+ 1 and I'f,

(54) Ic+1beaf(X) =0 Ic+1bea—111f(x) =0 x"“]‘bx‘”‘lllf(x).
By Theorem 11 with a and b replaced by 1 and — ¢ — 1,
(55) x7Uf(x) =° x T x~°f(x).

Further, Theorem K with ¢, ¢ and a replaced by —#, 1 and O shows that
x~'I'f(x) is in Q_,; from which it follows, since ]x‘cl =1and Q_, < Q,,
that x~°~'I'f(x) is locally integrable. This, with the existence of I°x™ 1" f(x)
and I**°x~°~'I'f(x) established in (55) and (54), shows that

(56) I~ (x) =° IFex =~ (x) = [0~ f(x),

by Theorem 4 with a, b and f(x) replaced by ¢, a and x~°~'I'f(x). Equations
(54), (55) and (56) now give

(57 I I (x) =9 x! =%~ e+ I~ of ().
Now I-%x~°f(x) exists, by the assumed existence of the right side of (25),

so that I?*°x~f(x) exists. By Theorem 3 with a, b and f(x) replaced by ¢ + 1,
a—1 and x~°f(x),

(58) I7Px~f(x) = I°*°x~°f(x) =° I*~ [+ 1x~cf(x).
In particular this, or Theorem A, establishes the existence of I°*!1x~¢f(x).
Again I7x~°f(x) is in Q_,, since the right side of (25) is. So the right side

of (58) is also in Q_,. By Theorem 12 with a, b, ¢ and f(x) replaced by a—1,
—a, 1 and I°*'x~f(x),
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(59) x=eo =1+ = of (x) =0 1%~ e+ Ix = of(x).
Equations (57), (58) and (59) now give
IFHx I (x) =° 'x=°I1°F°x~f(x).
Also x~%I**“x~f(x) is locally integrable, being the right side of (25); so (6) gives
I eI (x) =° x T "%~ f(x),

establishing the existence of I°x"I%f(x) in accordance with (7), and proving (25).

This proof runs closely parallel to that of Theorem 14; in fact, equations
(54) to (59) are the same as equations (42) to (47), with a minor difference in order.
But the reasons leading to the equations are mostly different, or rest on different
theorems.

(i) Suppose now, instead, that the left side of (25) exists in Q_,. Writing
a', b’, ¢’ and ¢(x) in place of ¢, a, b and x'I°f(x),

a’'+b'+¢" =0, o/ =0, =0,y =0, >0,
¢ is in Q_, and I“¢ exists in Q_,. Theorem 4 Cor. gives that
XTIV P(x) = xS I (x) =° x7f(x);

so that the right side of (30) also exists in Q_,. Thus (i) above applies to show
that (30) holds; that is

(60) IPxIexPTf (x) = x~f(x).

Since I°x’I°f(x) exists in Q_, it is locally integrable; and since
x°I°x®I°f (x) is locally integrable. So (60) gives, by Theorem 4 Cor.,

x",:]

XIxPIf(x) =° I7°x~°f(x),
and this establishes (25), as required.

Acknowledgment. T am indebted to Prof. Erdélyi for the simple proof given
of Lemma G. This led me to simplifications in the proofs 1 previously had of
Theorems 5, 6 and 11.

Erdélyi has also proved both index laws for fractional integrals of certain
classes of generalized function. His approach has the advantage that the separate
treatment of numerous cases is unnecessary. On the other hand, his conclusions
fall short in that, under my hypotheses, his treatment does not show that the
generalized functions on each side of each index law are ordinary functions in
the specified Q-classes, equal almost everywhere.
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