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A Unified Approach to Local Cohomology
Modules using Serre Classes

Mohsen Asgharzadeh and Massoud Tousi

Abstract. This paper discusses the connection between the local cohomology modules and the Serre
classes of R-modules. This connection has provided a common language for expressing some results
regarding the local cohomology R-modules that have appeared in different papers.

1 Introduction

Throughout this paper, R is a Noetherian commutative ring, a is an ideal of R and M
is an R-module.

The proofs of some results concerning local cohomology modules indicate that
these proofs apply to certain subcategories of R-modules that are closed under taking
extensions, submodules, and quotients. It should be noted that these subcategories of
R-modules are called “Serre classes”. In this paper, “S” stands for a “Serre class” The
aim of the present paper is to show that some results of local cohomology modules
remain true for all Serre classes. As a general reference for local cohomology, we refer
the reader to the textbook [BS].

Our paper is divided into three sections. In Section 2, we prove the following
theorem:

Theorem 1.1 Lets € Ny and M be an R-module such that Extz(R/a, M) € 8. If
Exti(R/a, H.(M)) € 8 foralli < sand all j > 0, then Homg(R/a, H(M)) € 8.

One can see that the subcategories of finitely generated R-modules, minimax
R-modules, minimax and a-cofinite R-modules, weakly Laskerian R-modules, and
Matlis reflexive R-modules are examples of Serre classes. So, we can deduce from
Theorem [l the main results of [KS,BL], [DM, Corollary 2.7], [LSY, Corollary 2.3],
[BN, Lemma 2.2], and [AKS, Theorem 1.2], see Corollaries2.4-2.8land 2.10

In Section 3, we investigate the notation cdg(a, M) as the supremum of the inte-
gers i such that H: (M) ¢ 8. We prove the following.

Theorem 1.2 Let M and N be finitely generated R-modules. Then the following hold:

(i) Lett > 0 be an integer. If N has finite Krull dimension and HI(N) € 8 for all
j >t then H/(N)/aH!(N) € 8.
(ii) IfSupp N C Supp M, then cdg(a,N) < cds(a, M).
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If 8 is equal to the zero class or the class Artinian R-modules, then we can obtain
the results of [DNT, Theorem 2.2], [DY, Theorem 2.3], and [ADT, Theorem 3.3].
As an application, we show the following.
Theorem 1.3 Let M be a finitely generated R-module. Then the following hold:
d—1
(i) Ifl<d:=dimM < oo, then % has finite length for any n € N.

(i) If (R, m) is a local ring of Krull dimension less than 3, then Homg(R/m, Hi(M))
is a finitely generated R-module for all i.

2 Serre Classes and Common Results on Local Cohomology Modules
We need the following observation in the sequel.

Lemma 2.1 Let M € 8 and let N be a finitely generated R-module. Then
Exty(N, M) € 8 and Tor} (N, M) € 8 forall j > 0.

Proof We only prove the assertion for the Ext modules. The proof for the Tor mod-
ules is similar. Let Fg: -+ — F; — Fy — 0 be a finite free resolution of N. If
F; = R" for some integer #;, then Ext}'z(N,M) = H'(Homg(F,, M)) is a subquotient
of M". Since § is a Serre class, it follows that Ext}}(N ,M) € Sforalli > 0. [ |

The following is one of the main results of this section.

Theorem 2.2 Lets € Ny and M be an R-module such that Extz(R/a,M) € 8. If
Exth(R/a, H.(M)) € 8 foralli < sand all j > 0, then Homg(R/a, H(M)) € 8.

Proof We use induction on s. From the isomorphism
R R
Homg(—, M) = Homg(_, [a(M)),

the case s = 0 follows. Now suppose inductively that s > 0 and that the assertion
holds for s — 1. Let L = M/T'o(M). Then there exists the exact sequence

0—IT (M) —M-—L—0.
This sequence induces the exact sequences
Ext}(R/a, M) — Exth(R/a,L) — Ext}" (R/a,To(M))

for all j > 0. On the other hand, we have Hi(M) = Hi(L) for all i > 1 and
['4(L) = 0. Also, by our assumption, we have Ext;(R/a,T'y(M)) € § forall j > 0.
Hence we can replace M by M/T'y(M). Therefore, I'y(M) = 0. Let Ex(M) be an
injective envelope of M. Then we have the exact sequence

0— M — Ex(M) — N — 0.

Since I'(Er(M)) = Ex(I's(M)) = 0, we have H.(N) = Hi*'(M) for all i > 0. The
fact Homg(R/a, Egx(M)) = 0 implies that Ext,(R/a, N) = Extf;l(R/a, M) for all
j > 0. So N satisfies our induction hypothesis. Therefore, Homg(R/a, H:"}(N)) €
8. The assertion follows from H(M) = HS~1(N). [ ]
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Corollary 2.3 Assume the hypotheses of Theorem[2.2] Let N C H;(M) be such that
Ext'(R/a,N) € 8. Then Homg(R/a, H{(M)/N) € 8.

Proof The assertion follows from the long Ext exact sequence, induced by
0— N — H;(M) — Hy(M)/N — 0. |

The categories of finitely generated R-modules, minimax R-modules [BN,
Lemma 2.1], weakly Laskerian R-modules [DM, Lemma 2.3], and Matlis reflexive
R-modules are examples of Serre classes. Hartshorne defined a module M to be a-co-
finite if Supp, M C V(a) and Exty(R/a, M) are finitely generated modules for all i,
see [Har2]. By [M, Corollary 4.4] the class of a-cofinite minimax modules is a Serre
class of the category of R-modules. Consequently, we can deduce the following re-
sults from Theorem 2.2] and Corollary 2.3l We denote the set of associated primes
of M by Assg(M). Note that Assg(Homg(R/a, M)) = Assg(M) for all a-torsion R-
modules M.

In [KS], Khashyarmanesh and Salarian proved the following theorem using the
concept of a-filter regular sequences.

Corollary 2.4 Let M be a finitely generated R-module and t an integer. Suppose
that the local cohomology modules H; (M) are finitely generated for all i < t. Then
Assp(HL(M)) is finite.

On the other hand, Brodmann and Lashgari [BL] generalized this by the basic
homological algebraic methods.

Corollary 2.5 Let M be a finitely generated R-module and t an integer. Suppose
that the local cohomology modules Hy(M) are finitely generated for all i < t. Then
Assp(HL(M)/N) is finite, for any finitely generated submodule N of H.(M).

Recall that, from [DM], an R-module M is weakly Laskerian if any quotient of M
has a finitely many associated prime ideals. In [DM, Corollary 2.7], Divaani-Aazar
and Mafi proved the following using the spectral sequences technics.

Corollary 2.6 Let M be a weakly Laskerian R-module and t an integer such that
H! (M) is weakly Laskerian modules for all i < t. Then Assg(HL(M)) is finite.

Recall that an R-module M is minimax if there is a finitely generated submodule
N of M such that M/N is Artinian, see [Z,R].

Corollary 2.7 (see [LSY, Corollary 2.3]) Let M be a minimax R-module. Let
t be a non-negative integer such that H.(M) is a minimax R-module for all i <
t. Let N be a submodule of H\(M) such that Extgy(R/a,N) is minimax. Then
Homg(R/a, H{(M)/N)) is minimax. In particular, H:(M)/N has finitely many as-
sociated prime ideals.

The following is a key lemma of [BN, Lemma 2.2]. In fact, it is true without the
a-cofinite condition, see [BN, Theorem 3.2].
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Corollary 2.8 (see [BN, Lemma 2.2]) Let M be a finitely generated R-module. Let t
be a non-negative integer such that Hi (M) are minimax and a-cofinite R-modules for
alli < t. Then Homg(R/a, H:(M)) is finitely generated and, as a consequence, it has
finitely many associated primes.

Proof Let 8 be the class of a-cofinite and minimax modules. From Theorem 2.2}
Homg(R/a, H;(M)) is a minimax and a-cofinite R-module. Therefore, we get that
Homg(R/a, Homp(R/a, H{(M))) = Homgp(R/a, H(M)) is finitely generated. [ |

Corollary 2.9 Let M be a finitely generated R-module and 8 a Serre class that contains
all finitely generated R-modules. Let t be a non-negative integer such that H:(M) € §
foralli < t. Then Homg(R/a, H.(M)) € 8.

An immediate consequence of Corollary[2.9]is the following.

Corollary 2.10 (see [AKS, Theorem 1.2]) Let M be a finitely generated R-module.
Let t be a non-negative integer such that H:(M) is finitely generated for all i < t.
Then Homg(R/a, H.(M)) is a finitely generated R-module and, as a consequence, it
has finitely many associated primes.

In the proof of Theorem[2.12] we will use the following lemma.

Lemma 2.11 Let (R,m) be a local ring and S a non-zero Serre class. Let FL be the
class of finite length R-modules. Then FL C 8.

Proof Since § is non-zero, there exists a non-zero R-module L € S. Let 0 # m € L.

~

Then Rm € 8. From the natural epimorphism Rm = R/(0: gpm) — R/m, we
obtained that R/m € 8. Let M € FL and set £ := {r(M). By induction on ¢, we
show that M € 8. For the cases £ = 0, 1, we have nothing to prove. Now suppose
inductively that £ > 0 and the result has been proved for each finite length R-module
N, with £g(N) < £ — 1. By definition there is following chain of R-submodules of M:

0O=MyCMC---CM=M
such that M;/M;_, = R/m. Now the exact sequence
0— M-y — M — R/m — 0,
completes the proof. ]

Now we are ready to prove the second main result of this section.

Theorem 2.12 Let (R,m) be a local ring, 8§ a non-zero Serre class and M a finitely
generated R-module. Let t be a non-negative integer such that H:(M) € 8 forall i < t.
Then Homg(R/m, H:(M)) € 8.

Proof We do induction on t. If t = 0, then Homg(R/m, H’(M)) has finite length.
So by Lemma 211l Homg(R/m, HY(M)) € 8. Now suppose inductively, ¢ > 0
and the result has been proved for all integers smaller than t. We have H:(M) =
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Hi(M/To(M)) for all i > 0. Hence we may assume that M is a-torsion free. Take
x € @\ Uyeass, m P- From the exact sequence

0—M-">M— M/xM — 0,

we deduce the long exact sequence of local cohomology modules, which shows that
H{(M/xM) € 8 forall j <t — 1. Thus, Homg(R/m, H:"}(M/xM)) € 8.
Now, consider the long exact sequence

. — H'7Y(M/xM) — HY(M) - H{(M) — - - -

)

which induces the following exact sequence
0 — Hy™ (M) /xH™' (M) — H (M/xM) — (0 g0 x) — 0.

From this we get the following exact sequence

R M R R H'M
Hgil(—) ) — HOIHR<E7 (0 :m ) x)) — Ext}a(— ai()) .

H0mR<—7 , o
m xM m xHg (M)

By Lemma 2] Extl}z(%, xfiﬁ:l((l\/fM))) € 8. Therefore, Homg(R/m, (0 gy x)) € 8.

The following completes the proof:

Homg ( %,H@(M)) >~ Homg (R/m ®r R/xR, H;(M))
= HomR(R/m, (0 :1am) x)) ) [ ]

Example 2.13 In Theorem[2.12] the assumption 8 # {0} is necessary. To see this,
let (R, m) be a local Gorenstein ring of positive dimension d. Then H’, (R) = 0 for
i < d. But Homg(R/m, H%(R)) = Homg(R/m,E) = R/m # 0, where E is an
injective envelope of R/m.

As an immediate result of Theorem[2.12](or Corollary[2.10), we have the following
corollary.

Corollary 2.14  Let (R, m) be a local ring and M a finitely generated R-module. Let t
be a non-negative integer such that H, (M) is a finitely generated R-module for all i < t.
Then Hompg(R/m, H.(M)) is a finitely generated R-module.

Let (R, m) be a local ring. The third of Huneke’s four problems in local cohomol-
ogy [Hu] is to determine when H!(M) is Artinian for a finitely generated R-module
M. The afore-mentioned problem may be separated into two subproblems:

(i)  When is Suppy (Hy (M) C {m}?
(i) When is Homg(R/m, Hi(M)) finitely generated?

Huneke formalized the following conjecture, see [Hu, Conjecture 4.3].
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Conjecture  Let (R, m) be a regular local ring and a be an ideal of R. For all 4,
Homg(R/m, H:(R)) is finitely generated.

It is known that if R is an unramified regular local ring, then Homg(R/m, H:(R))
is finitely generated for all i (see [HS,L1,L2]). The first example of a local cohomol-
ogy module with an infinite dimensional socle was given in [Har2] by Hartshorne.
Hartshorne’s famous example is a three dimensional local ring.

As the first application, the following provides a positive answer of the conjecture
for all local rings of Krull dimension less than 3.

Corollary 2.15 Let (R, m) be a local ring of dimension less than 3, and M a finitely
generated R-module. Then Homg(R/m, H:(M)) is a finitely generated R-module for
alli.

Proof First assume that dimR = 2. The cases i = 0 and i > 2 are trivial, since
H(M) is finitely generated R-module and H:(M) = 0 for all i > 2. Note that
H2(M) is an Artinian R-module. Therefore, Homg(R/m, H2(M)) is a finitely gen-
erated R-module. In the case i = 1, one can get the desired result from Corollary

214

If dim R < 1, we can obtain the desired result in similar way. [ ]

Remark 2.16 Let n be an integer grater than 2. Then [MV, Theorem 1.1] and the
discussion before that, [MV, Question 2.1], provide an n-dimensional regular local
ring (R, m) and a finitely generated R-module M such that Homg(R/m, H,(M)) is
not finitely generated R-module, for some t € N and some ideal a <1 R.

3 Serre Cohomological Dimension

In the proof the following theorem, we use the method of the proof of [ADT, Theo-
rem 3.3].

Theorem 3.1 Let a be an ideal of R and M a weakly Laskerian R-module of finite
Krull dimension. Lett > 0 be an integer. If Hj(M) € 8 for all j > t, then

H'(M)/aH.(M) € 8.

Proof We use induction on d := dim M. The case d = 0 is easy, because H: (M) = 0.
Now suppose inductively that dim M = d > 0 and the result has been proved for all
R-modules of dimension smaller than d. We have Hi (M) =2 H(M/T'y(M)) for all
i > 0. Also M/T';(M) has dimension not exceeding d. So we may assume that M
is a-torsion free. Let x € @\ Uycpq, P~ Then M/xM is weakly Laskerian and
dimM/xM < d — 1. The exact sequence

0—M-"5M-— M/xM—0
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induces the long exact sequence of local cohomology modules, which shows that
HJ(M/xM) € 8 for all j > t. By induction hypothesis, H.(M/xM)/aH.(M /xM) €
S.

Now, consider the exact sequence
HL(M) = HY(M) = Hy(M/xM) < B (M),
which induces the following two exact sequences

H{(M) = H{(M) — Im f — 0,
0 — Im f — HL(M/xM) — Img — 0.

Therefore, we can obtain the following two exact sequences:

H!(M)/aHL{(M) —~ H.(M)/aH,{(M) — Im f/aIm f — 0,
Tor®(R/a,Img) — Im f/aIm f — H'(M/xM)/aH(M/xM) — Img/aImg — 0.

Since x € a, from a preceding exact sequence, we get that
Im f/alm f = H.(M)/aH.(M).

By Lemma 2.1} we have Torf(R/a,Img) € 8. Also, H.(M/xM)/aH(M/xM) € 8.
SoIm f/alm f € 8. Now the claim follows. [ |

The second of our applications is the following corollary.

Corollary 3.2  Let M be a finitely generated R-module of finite Krull dimension d > 1.
Then (H='(M))/(a"HI=1(M)) has finite length for any n € N.

Proof We have HY~'(M) = H% '(M). So it is enough to prove the desired result
for n = 1. By [M, Proposition 5.1], HY(M) is a-cofinite and Artinian. Set § := {N :
N is an a-cofinite and minimax R-module}. In view of Theorem [B.I] we get that the
R-module (H~'(M))/(aH4~'(M)) is a-cofinite. So

H~'(M) ) ~ Hi7')

Hompg|( R/q, =
R</ aH{ ' (M)

aH{ (M)

is a finitely generated R-module. Set § := {N : N is an Artinian R-module}. Again
by Theorem[3.1} we get that the R-module (H?~!(M))/(aH%~'(M)) is an Artinian R-
module. Consequently, the R-module (H~!(M))/(aH%~!(M)) has finite length. ®

Example 3.3 In Corollary B2l if t < dimM — 1, then it can be seen that
H!(N)/aH!(N) does not necessarily have finite length. To see this, let

R:=k[[X1, -, X4]], 31 := (X1, X2), 32 := (X5, Xy) and a := F; N Jy,
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where k is a field. By the Mayer—Vietoris exact sequence, we get that H2(R) =
H3 (R) @ H3 (R). Now consider the following isomorphisms

HZ(R)/aHZ(R) = (H3, (R)/aH3 (R) & (H3,(R)/aH3 (R))
=~ H3 (R/a) & H3 (R/a).

By the Hartshorne-Lichtenbaum vanishing theorem, H%I(R/ a) # 0. There-
fore the cohomological dimension of R/a with respect to J; is two. By [Hel, Re-
mark 2.5], the local cohomology H%1 (R/a) is not finitely generated. Consequently,
H2(R)/aH?2(R) is not finitely generated.

Definition 3.4 Let M be an R-module and a an ideal of R. For a Serre class S,
we define the 8-cohomological dimension of M, with respect to a, by cds(a, M) :=
sup{i € Ng : H{(M) ¢ 8}.

Theorem 3.5 Let M and N be finitely generated R-modules such that Supp, N
Suppg M. Then cds(a,N) < cds(a, M).

N

Proof It is enough to show that if i > cdg(a, M), then H.(N) € 8. We prove this
by descending induction on i with cdg(a, M) < i < dim(M) + 1. Note that any non
empty Serre class contains the zero module. By Grothendieck’s vanishing theorem,
in the case i = dim M + 1, we have nothing to prove. Now suppose cds(a, M) < i <
dim M and we have proved that H."!(K) € § for each finitely generated R-module K
with Suppy K C Suppy M. By [V, Theorem 4.1], there is a chain

0=NyCN;,C---CN/,=N

such that each of the factors N;/N;_; is a homomorphic image of a direct sum of
finitely many copies of M. By using short exact sequences, the situation can be re-
duced to the case ¢ = 1. Therefore, for some positive integer n and some finitely gen-
erated R-module L, there exists an exact sequence 0 — L — M" — N — 0.
Thus we have the following long exact sequence

S HI(L) — Hi(M") — H\(N) — H*Y(L) — - .

By the inductive assumption, H:"' (L) € 8. Since H:(M") € §, we get that H{(N) €
S. This completes the inductive step. ]

Let A be the class of Artinin R-modules. Recall that in the literature the notion
cdyoy(a, M) is denoted by cd(a, M) and c¢d 4 (a, M) by g.(M). Here, we record several
immediate consequences of Theorem[3.5}

Corollary 3.6 (see [DNT, Theorem 2.2]) Let M and N be finitely generated R-mod-
ules such that Suppy N C Suppp M. Then cd(a,N) < cd(a, M).

Corollary 3.7 Let M be a finitely generated R-module. Then

cdg(a, M) = max{cds(a,R/p) : p € Assg M }.
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Proof Let N := @peass, MR/P. Then N is finitely generated and Suppy, N =
Suppy M. In view of Theorem[3.5]

cdg(a, M) = cdg(a, N) = max{cdg(a,R/p) : p € Assg M }. [ |

Corollary 3.8 (see [DY, Theorem 2.3]) Let M and N be finitely generated R-modules
such that Suppy N C Suppp M. Then qo(N) < qo(M).

We denote by g(a) the supremum of all integers j for which there is a finitely gen-
erated R-module M, with Hg(M ) not Artinian. It was proved by Hartshorn [Har1]
that g(a) is the supremum of all integers j for which HC{(R) is not Artinian. The
following is a generalization of this result.

Corollary 3.9 We have that
cdg(a, R) = sup{cds(a, N)|N is a finitely generated R-module}.

In particular, if HY(R) € 8 for all j > {, then HL(M) € $ for all j > { and all finitely
generated R-module M.
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