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EXIT TIMES FOR ELLIPTIC DIFFUSIONS AND BMO
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In 1948 P. Lévy formulated the following theorem: If U is an open subset of the
complex plane and f:U—-C is a nonconstant analytic function, then f maps a 2-
dimensional Brownian motion B, (up to the exit time from U) into a time changed
2-dimensional Brownian motion. A rigorous proof of this result first appeared in McKean
[22]. This theorem has been used by many authors to solve problems about analytic
functions by reducing them to problems about Brownian motion where the arguments
are often more transparent. The survey paper [8] is a good reference for some of these
applications. Lévy’s theorem has been generalized, first by Bernard, Campbell, and
Davie [5], and subsequently by Csink and @ksendal [7]. In Section 1 of this note we
use these generalizations of Lévy’s theorem to extend some results about BMO
functions in the unit disc to harmonic morphisms in R”, to holomorphic functions in C",
and to analytic functions on Riemann surfaces. In Section 2, we characterize the domains
in R" which have the property that the expected exit time of elliptic diffusions is
uniformly bounded as a function of the starting point. This extends a result of Hayman
and Pommerenke [15], and Stegenga [24] about BMO domains in the complex plane.

1. Exit times, area, and BMO .
First we recall the generalizations of Lévy’s theorem that we will need.

1.1 (Bernard—Campbell-Davie [5]). Let UcR" be an open set and. ¢ =(¢,,...,Pn):
U—R™ be a C? function. Let (B, P,) and (B,,Q, P.) be Brownian motions in R" and R™
respectively. Then (i) and (ii) below are equivalent:

() @(B,) is, up to the exit time t=1y from U, again Brownian motion in R", except for
a change in time scale. More precisely, if we define

t
o ={|Vé|*ds, t=q,
V]

then o, is strictly increasing for a.a. w, ¢*(w)=lim,.. ¢(B,) exists a.e. on {5,< o0}, and
the process M (w,®), (0, d) € Q x Q, defined by

¢(Ba,' l) s t< g,

M‘(w,w)={¢*(w)+ﬁl—a'; tgat

with probability law P, x P, coincides in law with Brownian motion in R™ starting at ¢(x).
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(ii) The coordinate functions ¢; are all harmonic and their gradients V¢, are orthogonal
to each other and have the same length.

It is not hard to show that the class of function satisfying (ii) agrees with the class of
functions satisfying:

(iii) h harmonic on W (open) < R™=ho ¢ harmonic on ¢~ (W).

The functions satisfying (iii) are called harmonic morphisms and they have been
studied by many authors in more general settings. See [11] and references there.

Now suppose f:UcC"—>C is a holomorphic function. Then the Cauchy-Riemann
equations show that f satisfies (ii) and therefore f maps Brownian motion in C” to
Brownian motion in C. When n=1, (ii) characterizes the analytic and conjugate analytic
functions.

A further generalization of Lévy’s theorem was given in [7] by Csink and Qksendal.
We will briefly recall a special case of this result and refer the reader to their paper for
details and generalizations. Let A be a second order partial differential operator in R™
of the form

& 0
A =iZj a;{x) T +zi: b{x) Fr (1.2)

where we assume (1) a;;, b;eC®, (2) a;;=a;;, and (3) for all nonzero vectors yeR",
Y i yia:(x)y;>0. By an Itd diffusion X, starting at x with generator A we shall mean a
solution of the stochastic differential equation

dX,=o(X,) dB,+b(X,)dt, Xo=x. (1.3)

Here b=(b;) and o is the matrix satisfying § co” =a=(a;;), where ¢” is the transpose of
o. For the construction of the process see [16]. We have:

1.4 (Csink—OQksendal [7]). Let X, and X, be two Itd diffusions on open subsets
UcR", V<R™ respectively. Let A and A be the corresponding generators. Suppose
¢:U—V is C? and not X,-finely locally constant. Then the following are equivalent:

(i) ¢ maps X, into a time change of X,.
(ii) There exists a continuous function A(x)=0 on U, with A(x)>0 except possibly on
an X - finely nowhere dense set, such that for all xe U and e C*(V)

ALS © ¢1(x) =AUX)ALSUP(x)). , (L5)

The function 4 gives the rate of time change to be used. In other words, if
t
o, ={MX)ds, for t<t=1y
0

then the process defined by
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A ¢(Xu,‘ 1); t<at
M‘(“”“’)={X,_,, ; tzo,
with a natural probability law agrees in law with X,. In fact, in this setting (ii)<(i)
without the condition that 41>0 except possibly on an X,-finely nowhere dense set. See
Theorem 3 in [23].

Next recall that a function f:T={z:]z)]=1}->C is in BMO (bounded mean oscilla-
tion) if there is a constant ¢ such that 1/|I| {,|f(8)— f,|* d0 <c* where f,=1/|I|{,f(6)d6.
The BMO norm of f, || f||gmos is the smallest constant ¢ for which this holds. By BMOA
we shall mean the analytic functions in the unit disc D with boundary values in
BMO. Using basic properties about the Poisson kernel it can be shown that f e BMOA

if and only if
Sllllj>llf((9)—f(2)|2 dp(f)<oo (1.6)

where u, is the harmonic measure at z. (For the proof of (1.6) see [13]). If we translate
(1.6) to probability language we see that f e BMOA if and only if

sugEz|f(B,)—f(z)|2<oo. (1.7 |

This probabilistic characterization of BMOA can be extended to define more
generally a BMO norm on harmonic morphisms ¢:U—R™, for an arbitrary open set
UcR™

Definition 1.1. Let ¢:UcR">R™ be a C? harmonic morphism. Then we say that
¢ BMO(U) if 6,= [, |V¢,|*ds< o ae. P, for all xeU and

{130y =sup E|#*(@) — $(9)]? < co. (1.8)

Here ¢*(w)=lim,_, ¢(B,) is the stochastic boundary function of ¢ whose existence is
given by the Bernard, Campbell, and Davie extension of Lévy’s theorem. Note that (1.8)
agrees with (1.7) in the case of analytic functions in the unit disc.

Theorem 1.2. Let ¢:U cR"—>R™ be a harmonic morphism. Then

”¢”!2!M0(U) Smsup E (140
yed(l)

where 1,4, is the first exit time from ¢(U).

Proof. Using the It6 formula we have

”¢l|l23MO(U) = 51515 Ex[l¢‘(w) - ¢>(x)|2]

= i (supE,[
i=1 \xeU

)

[Vey(B,)-dB,
0
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= i (sup E,(jt' |Vo«(B,)|* ds))
i=1 \xelU 0
=msup E,(i IVo,(B,)|? ds)
xeU 0

=msup E,[6.]<m sup E,[t4w)]
yed(U)

xelU

since 6, <1,y by the Bernard-Campbell-Davie theorem.

If f is an analytic function in the unit disc D such that the area of f(D) (counting
multiplicities) is finite, then it is easy to show that feBMOA. If one ignores
multiplicities the situation is more difficult. It was proved by Alexander, Taylor, and
Ullman [2] that if area (f(D))< oo, then feH?2 This was improved by Hansen [14]
who showed that area (f(D))< oo implies f e HP for all p<oo. Finally, Stegenga [24]
showed that if area (f(D)) <o, then f eBMOA. In [4] Axler and Shapiro gave a new
proof of Stegenga’s result using Alexander’s spectral area estimates and extended their
result to the ball in C". Our stochastic approach gives the following generalization of
these results:

Theorem 1.3. Let UcR" be open and let ¢:U—R™ be a harmonic morphism. Then

V01(¢(U))>”"'

Cm

“¢||BMO(U)§< (1.9)

where

2g™?
m = L (m/2)

is the volume of the unit ball in R™

Proof. Let D(r)={xeR™]|x|<r} be the ball in R™ such that vol(D(r)) =vol(¢{U)). Let
B, be a Brownian motion in R™ starting at 0 and let tp,,=inf{¢t>0:B,¢D(r)}. It follows
from Aizenman and Simon [1] that for any ye ¢(U),

Ey(T¢(U)) = Eo(fb(r))-

Thus ||¢||Zmow) SMEo(tp,). Using the Itd formula on the function f(y)=|y|%, yeR™, we
can show that

2
Eo(TD(r)) = :n‘

SO
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1 2/m
ll8llamow =r?= (Ew)

m
and we have the theorem.

Remark 1.4. Note that the inequality (1.9) is sharp. This can be seen by choosing U
to be the cylinder U=D(0,1)x R*™™, where D(0,1) is the unit ball in R™, and
H(X1s-e s X)=(X15- -5 X )

Let U be an open set in R™ which has a Green function gy(x,y). As is well known

(see [10] or [16])

Ex(TU)=ng(X,,V)d,Va VxeU. (110)

If we assume U has finite volume then the estimates above show that

1 (vol 2jm
Ex(‘ru)_S_;(vo (U)> (1.11)

Cm

and we have:

Corollary 1.5. Suppose U is an open set in R™ with finite volume and with Green
Sfunction gy(x,y). Then

1 2/m
lj;gu(x,y)dy§;<w) R VxeU. (1.12)

Note: By the Green function gy(x,y) we mean the fundamental solution of 1A with zero
boundary conditions.

With little effort we can extend Corollary 1.5 to Green functions for uniformly elliptic
operators in divergence form. More precisely, suppose our operator A in (1.2) has the
form

m 9 ( @
A_U;a—xi(a,,a—%) (1.13)

with the coefficients satisfying (1) and (2) of (1.2) and, in addition, there exists a constant
A>1 such that for all (x,y)e R™ x R™

A7 s Y @)y Ayl (1.14)
y= .

Theorem 1.6. Suppose U is an open set in R™ with finite volume. Let gf(x,y) be the
Green function for A in U. Then there exists a constant K, , depending only on the
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ellipticity constant A and the dimension m such that

[ &8(x, y) dy < K3 nlvol(U))*/" (1.15)

for all xeU.

Proof. Let X, be the It6 diffusion corresponding to A. Let t=inf{t>0:X,¢ U}. Then

E(71)= :5; go(x,y)dy. (1.16)

Let P,(x,y) be the transition probabilities for X,. As is well known ([16]), P,(x,y) is the
fundamental solution of the heat equation d/dt—A. By Aronson ([3]) there exist
constants K, ,, and R; ,, such that

1 . |x—y?
Pr(x,)/)éKz,mtT/z'e R"”%

for all (t, x, y) €(0, o0) x R™ x R™. So

1 —yP 1
Px(t>t)§Px(X,eU)=lj]P,(x,y)dy§K _/zj, . ty| Ay <K s = vOl(U)
(1.17)

Therefore, if m>2,

E(1)= [ P(x>t)dt< { min{l,K; ,-vol(U)-t~™?} dt
0 0

=[Kym vl + | K, avol(U)t ™2 dt=K, ,(vol(U))*™.

(K, ,~vol(U)m

If m=2 we refine the estimate (1.17) as follows (put K, ,=K,R; ,=R):

Px(r>t)§§jexp<—R-M)zdy§K {y,| -y|< [M}jexp(_R.lx_yl)zd
U t n t

Sl (Uyjx’ 2
ZZK ] exp( R %)r dr
)

nK vol(U)
=T-[1 —exp(—R — )}

Then by the strong Markov property we have
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2 2K2 R- WU 2
Px(r>2t)§(supP,(r>z)) <55 (1_exp(——v°( ’))
xelU R it

n2K? 2R\ \?
. < _ [
P (t>s-vol(U)) < R (1 exp( - ))

so that

Hence

T Px>1)di= Py(x>s-vol(U)) vol(U)-ds
0 0

2K2-vol(U) = 2R\\2 . 27K2-vol(U)
- 7. — = ds=" " "7 e )2y 2
e (j; (1 exp( — )) s= R I (1—e™™)2u"2du

=K}.,2 . VOI(U)a

which completes the proof.

Next, we consider the standard complex n-dimensional Euclidean space C" and
operators of the form

2

A= 4Za,,(z)a 7 (1.18)

where the coefficients a;; satisfy (1), (2), and (3) of (1.2). The diffusion associated to A
will be denoted by Bf. In the case when a;;=4;;, (§;;=1 if i=j and 0 otherwise), we get
the ordinary Euclidean Brownian motion in R2" wh1ch we simply denote by B,

Lemma 1.7. Let U be an open set in C" and let ¢:U—C be a holomorphic function.
Then for all f € C*(C) we have

o 8¢
A[fo¢]=(izjaij5;5;j>-%A(f)o¢, (1.19)

where A=40%/0z 07 is the usual Euclidean Laplacian in C. Therefore ¢ maps B into a
time change of Brownian motion B, in C, with time change rate

A2) =,Z,~a""( Z¢ gf (1.20)

Proof. The formula (1.19) can be easily verified by using-the chain rue. 1ne
conclusion of the lemma then follows from the Csink—QJksendal extension ((1.4) above)
of Lévy’s theorem.
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Assume U is open in C" and let t{f be the first exit time of B from U. If ¢:U—C is
holomorphic we will say that ¢ e BMO(U, B4) if

o
o= fl(B,) ds<ooas. P, for all ze U and ||¢||3mow. s4y=5up E.|¢*(@) — $(2)|* < o,
1] zelU

(1.21)

where ¢*(w)=lim,_,., #(B{'), which exists on {o,,<c0}, by Lemma 1.7. With these
U U
BMO-norms and the same argument used to prove Theorem 1.3 we have:

Theorem 1.8. Let ¢:U—C be a holomorphic function and assume Area ($(U)) is finite.
Then ¢ e BMO(U, B4), for any A and

[#llemow. 86 = n (1.22)

< (Area(d)( U)))”2

If U is a bounded strictly pseudoconvex domain in C" with smooth boundary (see
[25] for definitions) and we take as our operator A the Euclidean Laplacian, then the
BMO-space we obtain from (1.21) is the usual BMO-space associated with Euclidean
balls. If we take the Laplacian of the Bergman metric as our operator 4, we obtain the
nonisotropic BMO-spaces associated with the skewed balls (see [18]). Thus Theorem 1.8
includes the extensions of Stegenga’s result given by Axler and Shapiro [4] to the unit
ball in C".

Next we mention a result for Riemann surfaces which also follows from these
methods. Let R be a Riemann surface which possesses a Green function g(x,a). Define
by BMOA(R) the space of analytic functions on R for which

||f”|23M0A(R)=SU£)I_‘;|f’(2)|2g(a,z)dz<00. (1.23)

Since Lévy’s theorem is also true for Riemann surfaces (see (17] and [22]) we have by
the same arguments above:

1/2
Theorem 1.9. ||f||BMOA(R)§(Ar%ﬂR)) .
Note: This Theorem is the main result in [19].

Our final application of the above generalizations of Lévy’s theorem is to asymptotic
values of holomorphic function in weakly pseudoconvex domains. Let U be a weakly
pseudoconvex domain in C" defined by U={zeC"q(z)<0} where qeC3*(U) is
plurisubharmonic in U and Vg+0 on dU. Define p(z)=Y 7, |z;|* —r? where r is chosen
so large that D(0,r)> U. Debiard and Gaveau [9] then consider the diffusion B where
the coefficients of A are given by

2

g 0
T g 0z;

(log(pq))- (1.24)
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They show that B/ has an infinite lifetime and that B4 =lim,. . B#€dU exists as.
Moreover, the harmonic measure p, with respect to the process B2 defined by u.(F)=
‘PZO(B;,‘,,GF), F 4 Borel set in dU, has no mass on the set W of weakly pseudoconvex
boundary points of U. (see [9], Théoréme 1). With these definitions we have

Theorem 1.10. Let ¢:U—C be a holomorphic function. Suppose Cap(C\¢(U))>0 and
that ¢ is proper, ie. K compact in ¢(U)=>¢ '(K) compact in U. Then almost all
boundary points of ¢(U) with respect to Euclidean harmonic measure for ¢(U) are
asymptotic values of ¢ at points in SU\W.

Note: We say that y is an asymptotic value of ¢ at xedU if there exists a curve
y:[0,1)>U terminating at x such that y=Ilim,., ¢(y). By Cap(F) we mean the
logarithmic capacity of the set F.

Proof. Let (B,Q, P,) be a Brownian motion in C. The Euclidean harmonic measure
v, for ¢(U) at y is supported by any set H such that

P,(B,,,cH]=1. (1.25)

Let Qu={w:B4(w)=lim,., Bf(w)edU\W & $p*(w)=lim,_ , #(B!) exists}. By the
Debiard—Gaveau result and (1.4) we know that P (Q,)=1 and that the process defined
by

with probability law P, x P, coincides with Brownian motion starting from y=¢(x).
Since ¢(B) e d(U) for all t<oo and ¢*€d(H(U)) (since ¢ is proper) we conclude that
M., ., =®* as. and therefore, if we put

) H={¢*(w):0eQ,}
we have P,xPo{M,  eH}=1. Since all points of H are of the form ¢*(w)=
lim,_, , ¢(B{) where B4 =lim,.,, B € 9U\W, the theorem is proved.

We end this section with some remarks. Let us assume that U is a bounded strictly
pseudoconvex domain in C" with smooth houndary and let ¢:U—C be a holomorphic
function. Let us write ||@||suo for the BMO-norm in (1.21) with respect to either the
Euclidean Laplacian or the Laplacian of the Bergman metric in U. It would be
interesting to find necessary and sufficient conditions on ¢ in order to have equality in
(1.22), i.e. so that

||¢||BMO=(M2)UZ. (1.26)

n

Clearly if U is the unit disc D in the plane and ¢ is a Mobius transformation, we have
equality. But we can have (1.26) with more complicated ¢'s. Let ¢:U—C be an inner

https://doi.org/10.1017/50013091500028339 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500028339

282 R. BANUELOS AND B. OKSENDAL

function. (The existence of inner functions in smoothly bounded pseudoconvex domains
is shown in [21]). Since ¢ maps into the unit disc we have Area ¢(U) Zn. It is also clear
that ||¢||Zmo =sup.cv(1—|¢(2)|?). Thus to prove equality for inner functions we need to
show sup, .y (1—|¢(z)|*) =1. This follows from the following lemma which in the case of
the unit disc in the complex plane is a special case of a theorem of Frostman, (see [13],
p.- 79).

Lemma 1.11. Let U be a bounded strictly pseudoconvex domain in C" with smooth
boundary and let ¢:U—C be an inner function. Then ¢ assumes every point in the unit
disc except at most a set of capacity zero.

Proof. First we recall that from probabilistic potential theory (see [12]), if K is a set
of positive capacity in the unit disc D, then Brownian motion started at any point in D
will hit K with positive probability before it exits D. If B, is a Brownian motion in U
run until it exists U, then we know that ¢(B,) is a time change of Brownian motion in
the unit disc D. Since ¢ is an inner function, this Brownian motion is run for the same
amount of time as the killed Brownian motion in D. So ¢(U) cannot omit a set of
positive capacity and the lemma is proved.

By carefully examining the proof of Theorem 1.3, Lemma 1.11, and the conditions for
equality in the Aizenman-Simon result we used to prove Theorem 1.3, the interested
reader can verify that if U is an open set in R", D(1) is the unit ball in R™ and
¢:U—-D(1) is a harmonic morphism, then equality holds in (1.9) if and only if ¢ is a
stochastic inner function in the sense of Bernard—Campbell-Davie [5]. An example in
[5] of a stochastic inner function which is not an inner function in the sense of complex
analysis is the function ¢ mapping the unit ball in R* to the unit ball in R® given by
D(x1, %3, X3, X)) =(xF+x3—x3—x2, 2(x;x3—X%4), 2(x;X4+X,%3)). The reader can
ecasily verify that ¢ is a harmonic morphism and |¢>(x)|= |x|2.

2. Exit times, capacity, and BMO

Hayman and Pommerenke [15] and independently Stegenga [24] discovered a
capacity criterion for the domain V= C with the property that an analytic function ¢
defined on the unit disc D with values in V will belong to BMOA. More precisely, they
showed that every such ¢ is in BMOA if and only if there exist constants R and >0
such that Cap {D(xo, R)\V} >4 for all x,eV where D(xo,R)={xeC:|x—x,|<R} and
Cap. denotes the logarithmic capacity. In this section we show that this capacity
condition can be used to characterize the -domains in R" with the property that the
expected exit time of uniformly elliptic diffusions is uniformly bounded as a function of
the starting point. This, combined with Theorem 1.2 of Section 1, gives an extension of
(one part of) the Hayman—-Pommerenke-Stegenga result to harmonic morphisms in R".

For the rest of the paper A will be an operator satisfying the conditions in.(1.13) and
(1.14) and with associated diffusion B{. If V is an open set in R" we denote by g,(x, y)
the Green function of the operator A4 for the set V. If F is a subset of V we define

Cap,(F)=sup{u(F):p1 is a Borel measure supported in F and | g,(x, y)du(y) S 1Vx}.
F

The equilibrium measure of F is denoted by up .
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Theorem 2.1. Let V be an open set in R" and let t be the first exit time of B from V.
Then sup,.yE(t)<oco if and only if there exists an R and a 6>0 such that
Cap p. 2r)(D(x, R\\V) 26 for all xeV.

Proof. Put D=D(x,,2R) and F=D(xg, R)\V. Define the stopping times
7, =inf{t>0:B/'¢ D(B§,2R) n V} 2.1
o, =inf{t>0:B ¢ D(B§,2R)}. (2.2)

From probabilistic potential theory (see [6], Chapter 6, Section 4, or [12])

P (11 <0y)= ;gD(XOa y)dpr, p(y) (2.3)

Next, let us denote by g,(x,y) the Green function of D with respect to the Laplacian
1A. By [20] there exist constants K, and K’; depending on the ellipticity constant A such
that

K, gp(x,y) <gp(x, ) £ K, gp(x,y) on F. (2.4)

Thus

P (t1<0y)2 K;.igb(xod’) dur p(y) 2 K;, ritr, p(F),

/

since gp(x,, y) =constant depending on R for all ye F. Thus we conclude that if the
capacity condition holds then

P (t1<0,)2K; rs>0 (2.5)

where K 5 is a constant depending on the parameters indicated.
We now define by induction the stopping times

=inf{t>1,_:Bf¢ D(BL_,2R)nV} (2.6)

k-1

and

o,=inf{t>0,_,:BA¢ D(BA_,2R)}. Q.7)

k-1’

If 6, denotes the shifting operator, then

oy T1=Te—y +inf{r>0:B/, . ¢D(B:_,2R)nV}

Ty

Ty-1+0

=inf{r+t,_,;r>0:B}, . ¢D(B:_,2R) NV}

Tg—1?

=inf{t>0;t>7,_,:BA¢ D(BA_,2R)n V}

Th-y?
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so that

=T +0,_ 74 (2.8)
Similarly

0,‘=a'k-1+0 0'1. (2.9)

%x-1
" Thus the strong Markov property gives
Exo(rk) = Exo(Tk - 1) + Exo[Exo(etk_ lrl | 0{,‘_ 1)]
= Eo(tu-1) + EoEgg_(11))
éExo(Tk—l)‘*'sug Ex(Tl)Pxo(Tk—1=0k—1)- (2.10)

It follows from (2.4) and the Itd formula that E (6,) K, R*/n=K/, g ,. Therefore we
have

Exo(Tk) = Exo(Tk- 1)+ Kl}.,R,ano(Tk— 1=0k—1): (2.11)
Once again, the strong Markov property gives

Pxo('fj= O'j) = Exo[X(rj-l =aj-1)E34‘_I[X(rl =a|)]]

S(1-K; g, Pxo(Tj—l =0;_y)

=Cl,R,6Pxo(Tj—l =0j—1) (2.12)
with ¢; g <1, by (2.5). Combining (2.10) and (2.11) we get

E, (1) SE, (te-1) + K} ronlCar, 51"

or
k :
E. (1) =K} g0 'Zl [ea,r.6] (2.13)
j=
Since 1, Tt as k— o0 a.s. we conclude that

Exo(f) SKirn .Zl [CA.R,J]j
j=

and the sum converges because ¢, g s<1. This proves half of the theorem since x, eVis
arbitrary. '
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Now suppose there exists a K<oo such that E(t)<K for all xe V. Fix xoe V. We
claim there exist constant R, and g, >0 depending on K, 4 and n such that

R "R
P,{B;‘ exits V before|BA —x,|> —ig} >goVxe D(xo,—2—°->. (2.14)

To show (2.14) put D=D(x,, R) and as before g, and g, are the Green functions for
D with respect to A and 1A, respectively. Then if 7, is the exit time of B# from D, and if

x€eD(x,, R/2)

E (tp)= ‘I) go(x,y)dy=K, ’I) gp(x,y)dy

R —|x—x,|? R3—-1R} R2
=K =K =K,—. 2.15
A n =42 n A zn ( )
So if we choose Ry= Ry(K) large enough,
R,
E (tp)=2K for all xeD X0, | (2.16)

Now consider =1, ,p, the exit time of V n D. We have
2K é Ex(rD) = Ex(T + 6tTD)

=E (1) + E.[E0,7p| # )]

=E (1) + E,[Egy(tp)]
2_|pA_+ |2
§K+0Ex|:m.:|,
n
so that
R2_|BA—x.|?
E[__I_xl_]; KJe.
n.
Hence
R3—|Bf—x,|? Kn
— 1 >K/2c|2
P"I: n 2K/2e =2cR3
or
Kn Kn
P BA_ 2 2_ " >
s <ri- e e
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from which it follows that
Px[le—x0|<R0'C]gG if IX—X0|§R0/2. (2.17)

where c¢<1 and £>0 are depending only on K, the ellipticity constant, and the
dimension. (2.14) now follows from (2.17) and if we set F=D(x,, Ro/2)\V we find that

e< P, {B{ exists V before:|Bf— X o|>Ro/2} = [ gp(x, y) dur p(y).
F

Integrating both sides of the previous inequality over D(x,, R,/2) with respect to x and
using Fubini’s theorem we find that up ,(F)>¢ or

Cappe,, Ry {D(x0, Ro/2\V} =6 for all x,.

where R, depends on K, the ellipticity constant 4, and the dimension n. This completes
the proof of the Theorem.
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Note added in proof. After this paper was finished we became aware of the article by
Carl Muller entitled “A characterization of BMO and BMO,”, published in Studia
Math. 72 (1982), 47-57. Muller gives a stochastic proof (for the case of Brownian
motion in C) of the necessity and sufficiency of the Hayman-Pommerenke/Stegenga
condition discussed in Section 2 above.
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