A NOTE ON p-CYCLIC MATRICES AND DIGRAPHS
B.R. Heap¥ and M.S Lynmk*

(received January 16, 1967

We use the terminology of [1]. Let D be a strongly
connected digraph on n points and containing m lines,
and let A = A(D) be the corresponding adjacency matrix,
so that A is an n x n 0-1 matrix containing m unit
elements. We recall that A and D are said to be p-cyclic
if p is the greatest common divisor of the lengths of all
directed cycles of D. Clearly, the larger the value of p,
the smaller the value of m must be; in this note we make
the latter and related statements precise.

Let Ui’ ..., U denote the cyclic components of D
p
containing, respectively, Ny np points. These can be
defined as the equivalence classes induced by the equivalence
relation wherein two points are equivalent if any (and hence
every) directed path joining them has length which is some
multiple of p. They are ordered such that points of U can
r

only be adjacent to points in Ur the subscript being

+1’
taken modulo p. We then have:
(1) m< g(ni, BN np) = nn, + n,n, +... 4 np-inp + npn1
where
(2) n +n.+4+... +n = n

1 2 P

% Mathematics Division, National Physical Laboratory,
Teddington, Middlesex, England
%% IBM Scientific Centre, 6900 Fannin, Houston, Texas 77025

Canad. Math. Bull. vol. 10, no.4, 1967

497

https://doi.org/10.4153/CMB-1967-047-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1967-047-1

LEMMA 1. If D is a p-cyclic, strongly connected digraph
on n points and containing m lines, and in which

g = minn,
i

where the i-th cyclic component contains n, points, then

(3) me [ER9) (R

N ~ ~

+ 2nq - qu

and this inequality is sharp.

Proof. [ x | denotes the largest integer < x. Clearly

NN

q< [—=]. Now from (1),
~ ~N

n
P
(4) m< (n1-q) (nz-q) + (nz-q) (n3-q) +. ..+(np-q) (ni-q) +2nq - pqz-

Case 1: p even. From (4),

m < {(ni—q) + (n3-q) + ... +(np_1—q)} {(nz—q) + (n4-q)

2
+ ... +(np-q)} + 2nq - pq

I

2
X {n-pq - X} +2nq - pq

n-pgq n-pq+1 2
<[5 [F5*F] + 2nq - pq”,
~ ~Nnon ~

here X = (n.- Q) +...+(n -q).
where (n.2 q)+(n4 Q) (np q)

Case 2: p odd. Without loss of generality, we may
assume that np = q. Then, from (4),

m < {(n1-q) + (n3-q) + .. +(np-q)} {nz-q) + (n4-q)
+ .. +(np_1-q)} + 2nq - pqz,
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the term (np-q) (ni-q) being zero. The proof now follows that

of Case 1.
The inequality (3) is sharp if we let ng=mn,=... = np_3
= np_z = q,
n- n-pqti
T e R N
p-1 ~ ~ p ~ ~

and maximise the number of lines used in deriving (1).

LEMMA 2. Let, in Lemma 1,

() o) = [BP9] B 4 2ng - pa’

Then, if p >4 and 1< q <gq,< [2] ,
- ~ 1 27 apa

(6) fa,) > f(a,) -

2 2
Proof. f(q1) - f(qz)_>_ 1/4 {(n-pq1) - 1} +2nq, - pq,

2 2
- 1/4 {{n-pq,)"} - 2nq, +pq,

1/4 { (qz-011)(13-4)(2n-p(q1 tq,)) -1}

> - 1/4.

But f(qi) - f(qz) is an integer, and the lemma follows.

LEMMA 3. If p >4, then Lemma 1 still holds if

q < min n,

Proof. Follows immediately from Lemmas 1 and 2.
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THEOREM. If D is a p-cyclic, strongly connected
digraph on n points and containing m lines, then

, n(n-1) , p=1 (2)
2£§l L%ﬂ!. , p=2 (b)
24 (2n-3 [n—H-] } [mn 11 S (c)
£n lmﬁgil + (2n-p), p>4 (d)

\

Furthermore, these bounds are best possible

Proof.

{(a) Obvious

n S ,
(b) m< 2n1 n, < 2’\'2'1 L > l, this being sharp
n _ n+1
for n, —Lzl ,om, L——Z l

: -3
mf_max{[n 3q] [n qi1]+2nq-3q2}
N A

and the result follows from a tedious, but straightforward
argument. The result is sharp for

s +1 S
= = + | — = —_— —
n n [zl om [zfl Lzl)
where n=3r +s, 0<s<2.

(d) Follows immediately from Lemma 3 with q =
This bound is, of course, sharp for

1 2 np_3 p—z
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2 = 3]
p ~ ~

COROLLARY. If D is a strongly connected digraph on
n points (n> 2) containing m lines and

then D is primitive.

Proof. Immediate.
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