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ON CONVERGENCE OF THE CONJUGATE FOURIER SERIES
OF A FUNCTION OF WIENER’S CLASS

RAFAT N. SI1DDIQI

The main object of this paper is to extend the theorem of W.H. Young on convergence of
the conjugate Fourier series to Wiener’s class. We prove that the conjugate Fourier series
of a function of Wiener’s class converges to f(z) for every 2 for which f(z) exists.

1. INTRODUCTION

Let f be a 2m-periodic function defined on [0, 27]. We set
b n
Vo(f) = sup{)_|f(t:) = f(t-)FY/P (1< p <o)
i=1

where the supremum has been taken with respect to all partitions P : a =ty < t; <

b
t2 <...<tn = b of any segment [a, b] contained in {0, 27]. We call V,(f) the p-th

total variation of f on [a, b]. If we denote the p-th total variation of f on [0, 27] by
Vp(f), then we define Wiener’s class simply by

Vo ={f | Va(f) < oo}

It is clear that V; is the ordinary class of functions of bounded variation, introduced
by Jordan. The class V, was first introduced by Wiener in [4]. We note [3] that

VPICV;,2 (1<p1<pz<oo)

is a strict inclusion. Hence for an arbitrary (1 < p < oo}, Wiener’s class V,, is strictly
larger than the class V;.
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2. SOME KNOWN RESULTS

Let f € V(1 < p < o0) and let

(1) f(z) ~ az_o + Z (an cosnz + b, sinnz)

n=1

be its Fourier series, then the series conjugate to (1) is given by

oo

(2) Z(an sinnz — b, cos nx).

n=1

We denote by S,(z) and S,(z) the n-th partial sums of the series (1) and (2) respec-
tively. We write

balt) = 3 {f(z +1) ~ (- )},

- o oy
flz) = hm f(:c 5)_CEI31+{T e t:[;n(:}z

dt},

and
cost/2 — cos (n + 2)t

Da(t) = Z sinkt = e t)2
k=1

Wiener [4] proved that the Fourier series of a function of V,(1 < p < c0) converges
almost everywhere on [0, 27]. Recently, we [2] strengthened the above result of Wiener
by proving the following theorem. '

THEOREM A. If f € V(1 £ p < o) then the Fourier series of f converges to
3{f(z +0) + f(z — 0)} at every z € [0, 27].

There is also the following well-known theorem due to Young [5] (see Zygmund (8,

p-59]) on convergence of the conjugate Fourier series of a function of bounded variation.

THEOREM B. If f € V;, then the conjugate series (2) converges to f(z) at every
z € [0, 27], provided that f(z) exists.

There is a classical result of Privalov (see Zygmund [6, Chapter IV, Theorem 3.1])
which states that f(z) exists a.e. for any f € L.

3. THE MAIN RESULT

The main object of this paper is to extend Theorem B into the strictly larger class
V, for every p. To be precise, we give a simple proof of the following theorem.
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THEOREM. If f € V(1 < p < 00), then the conjugate series (2) converges to f(z)
at every z € [0, 27}, for which f(z) exists.

PROOF: We can write

Saw) =2 [ " 4o (O)Da (Dt

—_—
w
—

hence
2 [ (1)
Sa(z) - f(z, 7/n) = =/ Ssint/Z (cos t/2 — cos (n + 2)t)
+ 3/ _Y=(t)_ dt
T Jujn 2tant/2
2 ®/n ’l,b:(t) )
= _;"-/o 25int/2(COSt/2—cos (n+ 5)t)dt
2 [T (1) 1
+ - /;/n Zsint/2 cos (n+ 2)tdt
=I+1;, say.

Using Holder’s inequality (see Rudin [1]), we get

(4) |Il| =

n/n
% /0 b () D) dt

n/n 1/p x/n 1/q
%{( / |¢,(t)—¢z(0)|") (/ |D-,.(t)|“> }
/1 x/n 1/p x/n 1/q
%( / [g/pw,)]?dt) ( / nth)

n/n
< 2V, (9.,

N

N

¢/n
But 10/,,(1/),) tends to zero as n — oo. Hence [, — 0 as n — co.
Now consider the integral

o / P(t) cos (n + 1)t dt=_§ / / $o()dg(t)

2sint/2

where

Tcos(n4 2
(6) 9(t) = /: 02 £i11:/22)xdx
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Using integration by parts, we get

s (D)o@ +2 [ tsaveto

But by using the second mean value theorem, we get

2
(7) L] < =
mw

1 €
= —— 1
9(t) Zsint/z‘/t cos(n+2)z dz, (t<f<m),
hence
2 1 .
g i—"T <I,
© lg(® n2sint/2 ~ nt
From (7) and (8) we obtain
2"/’1 2 ™ ,d’¢z(t)l
< - il
(9) Ll < ZVo($:) + n/,r/,, =0,

we get

w/n

But ‘o/” (#z) tends to zero as n — oo, and by using Holder’s inequality (see Rudin [1]),
T |de(t

o |[ w0

1/p 1/q
) <(/ﬂ/ﬂ|¢z(t) ¢,(0)|) (//t>

where 1/p+ 1/q = 1. Since |,(t) — 9.(0)" is majorised by [V,(1,)]? and the inte-
gral f:/n (dt)/(t?) is convergent for ¢ > 1, hence we can find a positive constant M

independent of n such that
M
TAREAAYS

which tends to zero as n — oco. This completes the proof of our theorem. [ |
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