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ON MULTIVARIATE WIDE-SENSE MARKOV
PROCESSES*

V. MANDREKAR

1. Introduction: The idea of multivariate wide-sense Markov processes
has been recently used by F.J. Beutler [1]. In his paper, he shows that
the solution of a linear vector stochastic differential equation in a wide-
sense Markov process. We obtain here a characterization of such processes
and as its consequence obtain the conditions under which it satisfies Beutler’s
equation. Furthermore, in stationary Gaussian case we show that these are
precisely stationary Gaussian Markov processes studied by J. Doob [5].

In their remarkable papers, T. Hida [6] and H. Cramér [2], [3] have
studied the representation of a purely non-deterministic (not necessarily
stationary) second order processes. We obtain such a representation for wide-
sense Markov processes directly, by using their theory. The interesting part
of our representation is that we are able to show that the multiplicity of
g-dimensional wide-sense Markov processes does not exceed ¢, as, in general,
even one-dimensional (not necessarily stationary) processes could have infi-
nite multiplicity (see H. Cramér [2] and T. Hida [6]). We also show that
the kernel splits (see Theorem 6. 1). As a consequence of this, we obtain
the classical representation of Doob [5].

The paper is divided into 7 sections. The next section is devoted to the
introduction of terminology and notation used in the rest of the paper.
2. Direct-product Hilbert-spaces: In this section we want to intro-
duce the idea of direct-product Hilbert-spaces as in [10]. If H is a Hilbert-
space we shall mean by H@ the space of all vectors & = (hy, hyy + -« +, hy)

where for each i, i, € H. In H@ is introduced a norm | k|| ZW/‘{“ IR A
1

and an inner product given by the Gramian matrix [k, #*] = {< hyy h; > & }.
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8 V. MANDREKAR

A linear manifold in H® is a non-void subset _# of H® such that if &,
b e _# then Ah+ Bh' € _# for all q X ¢ matrices A4, B. A subspace of
H@ is a linear manifold closed under the topology || . We recall here
a lemma due to N. Wiener and P. Masani [10] which proves the existence
of the projection of an element 2 and gives its structure.

LemmMa WM (Lemma 5. 8 [101). () If _# is a subspace of H® then there
exists a subspace M of H such that _g#'= M@, where M'? denotes the Cartisian product
M X+« X M with g-factors. M is a set of all components of all elements in _4.

(b) If _# is a subspace of H® and h € H®, then there is a unique h' € _#
such that ||k —R' <k —gll for all g _#. For this k', W, =Pyh, M
being as in (a). An element B’ satisfies preceding condition iff [h — h', gl =0 for
adl ge _#.

The part (c), (d), and (e) of the original lemma are omitted since
they won’t be referred to here.

DermiTioN 2. 1. The unique element i’ of Lemma WM (b) is called
the orthogonal projection of 2 onto _# and is denoted by (k| _#).

Let (2, F, P) be a probability space. By a g-variate second-order stochastic
process on (2, F,P), we mean a family of random vectors {x(¢), —oco<<#<<+ o}
where for each ¢, x(f) € L{(2), L,(2) denoting the Hilbert-space of complex-
valued square-integrable random variables L,(2). The past of the process
up to s, Ly(x;s) is defined to be the subspace of L,(2) generated by
[gW(c) c<s i=1,2,+-+,q} with z(¢) = {x®(2), - - -, 29(#)}*. The following
definition extends to g-variate case, the idea of wide-sense Markov process
and that of wide-sense martingale [see Doob [4] pp. 90, 164].

DEerFINITION 2. 2. (a) A g-variate process {z(#)} (—oo <t < +4w) is a
wide-sense martingale if for each ¢, (z(¢)|L¥(z; s)) = . for s<t.

(b) A process {z(¢)} is called wide-sense Markov if for each s<¢,
(2()ILP(x; 5)) = AlZ, s)a(s).
3. Characterization of a wide-sense Markov process: The assump-
tion (D) given below will be made through this paper.

(D. 1) x(#)-process is continuous in q.m., i.e.,
Hm ) 2(¢) — &(s) || = 0.

(D. 2) For all ¢, s real the covariance matrix I"(¢,s) is non-singular.
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The assumption (D. 2) and the definition of wide-sense Markov process
imply (z(¢)|LP(x; s)) = A(¢, s)z, where the matrix A(t,s) is given by A(Z,s)
=I(t,s)['"Y(s,s) for s=<<¢. The function A(¢,s) is called a transition matrix
function and is defined only for s<¢. Observe that if z(¢) is wide-sense
Markov, then for s<<t<u Alu,s) = Alu, t)A(t,s).

The following is the main theorem of this section.

TueOREM 3. 1. A g-variate second order continuous parameter process satisfy-
g (D) is wide-sense Markov if and only if x(t) = §(t)u, with probability one,

where for each t, $(t) is a non-singular q X q matrix and wu, is a g-dimensional
wide-sense martingale such that Ly(u;t) = Ly(z; t).

Proof.  Sufficiency. Let x(t) = S(t)u, where §(#) and u, are as described
above. Then for s=17 (2(t)|L%(x:s)) = ($(£)u.| LS (ws)) = (§(t)u.|L(u; 5)) =

S Since u, = ¢7'(s)a; with probability one, we obtain that the transi-
tion matrix function A(¢,s) = ()P s).

Necessity,  Let g(¢)-process be wide-sense Markov. Then denoting by A(¢,s)
the transition matrix function we have for s<¢,

(3. 1) (x()LP(x; s)) = Alt, s)x, with probability one.
(3. 2) A(z;,s) = Au, t)A(t, s) for s<t=<u.
Let us now define, following Hida [6], for every real ¢, the function
¢(t) = Alt, sy) if s,<<t
= A (s, 2) if t<<s,
where s, is a fixed real number. We now show that for all s, #(s=<¢) real

(3. 3) Alt,s) = g(6)g(s).

First of all, if s<s,=<¢#, (3.3) is a restatement of (3.2): i.e., A(¢s) =
Alt,s)A(sg, s). If sy<=s <t from (3. 2) we have A(¢,s)A(s, s,) = A(t,s,), l.e.,
Alt,s) = Alt, sp)A Vs, s,) giving (3. 3) again. Finally if s << s, we again get
from (3. 3), A(sy,s) = A(s,, 1)A(t,s) and hence A(¢,s) = ()P~ (s).  P(2) is non-
singular since A(f,s) is. Therefore from (3. 1) and (3. 3) we have for s <,

(3. 4) (2(OILE (25 8)) = P(E)P™"(s)xs with probability one.

Hence u, = ¢~'(¢)x(¢) is a martingale and Ly(u; ¢) = Ly(z; ¢t). The proof

of the Theorem is now complete.
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The characterization of Theorem 3.1 will be used later to study purely
non-deterministic wide-sense Markov processes and their multiplicity.
However, as a first application we show that if z,=0 and ¢(#) is
differentiable, then it satisfies the following differential equation with proba-
bility one.
(3. 5) 2(t) = AWx(t) + Mtyn(t) =0
where %(-) is a multivariate “white noise” random process and
A(t)=§“(t)§"1(t), M(t) =_g_b'(t). The equation (3.5) is to be interpreted as
x(8) = SA(t)gc(t)dt + SM(t)dy(t), 7, being the “fictitious derivative” of u,.

THEOREM 3. 2. Let {z(2), 0t <o} be a wide-sense Markov process
satisfying (D). If further x, =0 and ¢(t) of Theorem 3. 1 s continuously differenti-
able then x(t) satisfies equation (3. 5) for t =0 where 3, is a q-variate white noise
process and the matrix function A(t) = f_ﬁ(t)_gb'“(t), M(t) = §(t).

The proof of the Theorem follows by substituting in (3. 5) z, = &(f)u..

We now take up the study of covariance function of a stationary wide-
sense Markov process.

DerintTioN 3. 2. We say that a g-variate second order process
{z(t), —oo < t < 400} is stationary if I'(¢,s) = [2(¢), x(s)]= R(t —s) for s< .

By Theorem 3.1 and the definition of wide-sense martingale we get
for =0,

(3. 6) R(k)=[z(¢+h), x(t)]=@(t+h)J(£,£)§*(t), where J(t,s)=[u(t), u(s)lgpoy
Let &2 =0, we get

(3. 7) R(0) = §(2)](t, t)g*(2).

With # =0 in (3. 6), one has

(3. 8) R(h) = §(h)](0,0)4*(0).

Relations (3. 6) and (3. 8) imply 2=0, { =0

3. 9) R(h) = R(t + )R (£)R(0).

With R,(¢) = R(t)R™'(0), (3. 9) reduces to

(3. 10) Rt + k) = R\(t)R,(h).
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We prove now the following theorem.

TaeEOREM 3.3. Let {2(f)} (— o<<i<< ) be a g-dimensional stationary
process satisfying assumption (D). Then it is wide-sense Markov if and only if the
transition matrix function B(t) = e'® for t=0 where B(t)= A(£,0) and Q is
uniquely determined constant q X q matrix none of whose eigenvalues has positive real
part.

Proof. Necessitp. We have already shown that for R,(¢#) = R(#)R™1(0) the
equation (3. 10) holds. Further, from (D. 1) it follows that R,(¢) is a con-
tinuous function and therefore R,(¢) = e'9(¢t =0) is the solution of (3. 10)
where @ is a ¢ X g constant matrix (see E. Hille and R.S. Phillips [11]).
The assumption (D. 2) implies that R,(¢) is non-singular and hence @ is
uniquely determined by R,(#). Since B(¢) = R(#)R™'(0) for ¢t =0 we have
B(t) = ¢  Due to the fact that i(¢) = “}23‘ 2;(¢) (where xj(tzl is j* eigen-
value of B(¢#)) satisfies for all ¢, [i(#)] < tr[R™1(0) (R71(0))*] (iglElxi(O)l:’)2 it

B(t) —
¢

follows that the eigenvalues of @ =lim I has non-negative real parts.

The above result was first ;;:cgved by J.L. Doob [5] for Stationary
Gaussian Markov processes. It was reproved by Beutler [1] for wide-sense
Markov processes. We have proved it because our proof is based directly
on the characterization of Theorem 3.1. Furthermore it brings out the
form of §(¢) in stationary case which will be utilized in Theorem 5. 1. It
is also interesting to note that the fact that R(f —s) = ¢(£)J(s, s)¢*(s) could
enable one to obtain a general form for the covariance function of station-
ary wide-sense Markov processes (see Kalmykov [8]).

4. Multiplicity of purely non-deterministic wide-sense Markov pro-
cesses: A second order g-variate process is called purely non-deterministic
if rt]Lz(g:; t) = {0} where L,(x; ¢) is as defined in Section 2. Let us denote
by E,(t) the projection operators from L,(x) (the subspace generated by
LtJLz(.zc; 1)) onto Ly(z; ¢). Then under assumption (D. 1) of Section 3 and

pure non-determinism, we obtain (see H. Cramér [3])
(1) Ly(x) is separable

(4. 1)
(i) E.()E.(s) = EL(s)E,(t) = E,(mins, ?))

. R 1\_ ‘L 1 1
(iv) Eult+0) =lmE, (¢t + 1 )=E(t)=E.t 0)=lim £,(t—-L).

Nn—00
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In other words {E,(¢), —oo <t <+o0} is a resolution of the identity in L,(z).
A subset A Ly(x) is called a generating subset of L,(z) with respect to E
if L,(x) is generated by {E(4)f, f€ A and 4 a Borel subset of the real
line}. The idea of generating set is certainly not unique. However, it is
known (see Yosida [12] p. 321), that such sets A can be ordered through
their cardinality and there exists one with minimal cardinality. This mini-
mal cardinal number, which because of 4. 1 (i) is at most countable, is called
the multiplicity of E. Following H. Cramér [3] and T. Hida [6] we call this
multiplicity the multiplicity of #(f). Owur first result here is to show that
under assumption (D) every g-variate wide-sense Markov process has multi-
plicity not exceeding ¢. For this purpose we need the following Lemma.

LemMa 4, 1.  Let H be a separable Hilbert-space with H,, H, be iwo sub-
spaces of H such that H, 1 H, and H=H, @ H,. Suppose {E(t)} is a resolution
of the tdentity in H, and {E,(t)} be a resolution of the identity in H, such that
E(t) = E,(t) + Ey(t) is a resolution of the identity in H. If N, is the multiplicity
of Ei(i =1, 2) then multiplicity of E does not exceed N, + N,.

Proof. We are given H, = &{E,4)f, f= A, 4 a Borel subset of the
real line}, where & denotes the ‘“‘subspace generated by.” Since card
A =N, card A, =N, and E)f=E,4)f for fe A, we get that
H=G&{E4)f, f€ A U A, 4 a Borel subset of real line}. Thus multiplicity
of E<card (A, U 4,)< N, + N, completing the proof.

Lemma 4. 2. Every purely non-deterministic univariate process {v(t); —oo << t
< + oo} with orthogonal increments has umit multiplicity.

Proof. Let p(4) = &|ov(t) —v(s)|?, 4=1[s,t]. Itis well-known (see Doob
[4] Ch. IX) that L,(v) ={S_: F&w(dt), f € Lp)| where L‘: F(tw(dt) is a sto-
chastic integral in the sense of Doob ([4] Ch. IX). Let fe& L,(p), where f
is positive almost everywhere with respect to measure p. Then Stf (tw(dt)= f,

generates L,(v) completing the proof.

TueorREM 4. 1.  The multiplicity of a g-variate wide-sense Markov process
satisfying assumption (D) does not exceed q.

Proof. By Theorem 3.1, Ly(u;t)=L,(z;¢) for all ¢+ and hence in
particular L,(z) = Ly(u). Therefore E_(¢), the projection from L,(xz) onto
Ly(z; t) is the same operator as E,(f) from L,(u) onto L,(u;¢). Therefore
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by definition of multiplicity, multiplicity of the process x(¢) is the same as
that of u(¢). For the sake of simplicity, we shall establish that the multi-
plicity of a 2-variate wide-sense martingale does not exceed two. The
general case being similar, this will conclude the proof. Define v,(f)=u,(2),
0o(t) = (I — Pryupy)ts(t).  Since Ly(u,) = Ly(uy, t) ® {u,(c) — u,(t) c =1} by mar-
tingale property. But since wy(¢)1{u,(z) —u,(¢), c=1¢} we obtain that
0o(t) = (I = Pryu, ; n)to(t). Hence Ly(u;t) = Ly(v,; 8)® Ly(v,; £). It can be
easily seen that vy(t) = P, p#5(t). This implies that both {v,(f) — o <1t
< + oo} and {vy(#) — o< t< + co} are mutually orthogonal processes with
orthogonal increments. Hence each has multiplicity one by Lemma 4. 2.
But E,(¢) = E,(t)+ E,(t) and Ly(u) = Ly(v;) ® Ly(v;) and hence by Lemma
4.1 we get multiplicity of E,<2. Q.E.D.

Before we conclude this section we want to recall here some ideas of
Hida-Cramér theory. They are directly taken from G. Kallianpur and V.
Mandrekar [7]. The following theorem of Hellinger-Hahn is well-known
(see T. Hida [6]).

Tueorem H-H.  Let Ly(x) be the separable Hilberi-space and E(t) be any
resolution of the identity in Ly(x) (i.e., satisfies 4. 1 (ii), (iii), (iv)) then

M
(1) Ly(x) =‘14]®,//f(i) where _#;(i) = S{E) fV, 4 a Borel subset of the
real line}.
(1) If p,(i) is the measure denoted by p (i) (4) = ||E(4)f®|® for each Borel
set A, then p(1)>p,(2)> -+ -.
(i) (i) = [Sjmf(%)zi(du);fe Ly(o,(0) where Z(t) = E(t)f (—o <t
<4 o0, i=1,2, «++, M) are mutually orthogonal processes with orthogonal
increments.
(iv) {fW, -, fOY 45 the minimal generating sequence.
The processes with orthogonal increments are defined in Doob [4]
Chapter IX.

The above theorem is essentially the main theorem of Hida [6] and
Cramér [3]. It is quoted here in the form as to bring out the connection
of multiplicity as defined by us and the multiplicity of a representation as

defined by Hida and Cramér.
Applying the above theorem we get
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. M e+t M pie X
4.2 29() =§1 S_an(t,u)Zj(du) where 21 S_m‘Fij(t9u)lzp_f(])(du)< ©o.

Equation (4. 2) gives the Hida-Cramér representation of a stochastic
process where M is its multiplicity. It has the property (s<?)

. M ps
(4. 3) E.(s)a0(0) = 3| Fult, u)Zdu).

A representation satisfying (4. 3) is called a canonical representation. A
canonical representation is called proper canonical if

(@ 4 Liz; ) = O L(Z3 1),

Note that Ly(Z;; t) = _#,(i) (t) = G{E)fP, 4 a Borel subset of (—oo, )}
It is proved by Kallianpur and Mandrekar ([7] Theorem 3. 1) that every
canonical representation can be assumed to be proper canonical.

Now by Theorem 4. 1 we get that for wide-sense Markov process M<gq.
Hence one can write representation (4. 3) in the form of a vector stochastic
integral. In the next section we define this concept following M. Rosenberg
{9] and obtain an analytic characterization so that a canonical representa-
tion be proper canonical.

5. Vector stochastic integrals and analytic characterization of
proper canonical representations: Let P, Q@ be ¢ x M (M= q) matrix-
valued functions of real numbers. We say that (P,Q) is integrable with
respect to an M X M hermitian-matrix-valued function p if the matrix Pp’Q*
is integrable elementwise with respect to trp where p’ denotes the matrix
of densities of elements of p, with respect to trp. We then define
SPdpQ* = SPp’Q*trp(du). P is said to be square-integrable [p] if tr(SPdpP*)
is finite. If we denote by Z(p) the class of all measurable P square
integrable with respect to [p] where functions P, Q such that {P(x)—Q(u)}p’(u)=0
a.e. [trp] are identified. Then (p) is a complete Hilbert space with
gramian [[P,Q]] = trSPd pQ* and tr[[P,P]l=norm P. We shall call § an
orthogonally scattered random vector-valued measure on the real line of
dimension M if for each Borel set B, &B) e L™ (Q) and for Borel sets A and
B [&(B), &(A)l1= p(A N B) where p is a Hermitian-matrix-valued measure on
the real line. With this setup, Rosenberg [9] defined the vector stochastic
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integral SimP(u)g(du) for Pe %4(p) in the same way as Doob does for the
case M=gq (4], p. 59). Further, if we denote by ¢4(&) the subspace of
L,™(2) generated by {&B), Be &'} with ¢ X M matrices as coefficients,
then he has the following theorem, with % denoting the Borel subsets on
the real line.

TreoreEM R.  The correspondence P%SimP(u)g(du) is an isomorphism from

Filp) to A8,
In our context Z(B) = (Z,(B), + -+, Zy(B))* and F(t,u) will be denoted
by the matrix {F;;(#,u)}. We then have from (4. 2) and Theorem 4, 1 that

, P{(l) 0
(5. 1) x(t) = S%F(t,u)g(du); F € a,(p) where p(u) = { © } .
0 0 4(M)

If we denote by $4(Z;t), the subspace of 4(Z) generated by {Z(B), B a
Borel subset of (—o, #)}, then we trivially have

(5. 2) LP(Z; 1) = AZ; 1),

We now give an analytical characterization of a proper canonical represen-
tation. This is a direct generalization of Theorem 1. 7 of [6].

TreoreM 5. 1. A canonical representation (5. 1) is proper canonical if and
only if

(5. 3) S Plu)do(w)F*t,u) =0 for t=<t, implies Plu)=0 a.e. [p] on (—oo,t)

where P F(p).

Proof.  Sufficiency. Let (5. 3) hold and suppose that there is a f, with

L(Z;t)+ Ly(x; £,). Since by canonical property L{(x; t,) S Ly(Z; t,) we

have a Ve $4(Z; t) (see 5. 2) such that [V, z(¢)] =0 for {<¢,. By Theorem

R we have V = Sfo Pw)Z(du) and =0 and Si P (#) Z (du) F*(¢t, u) =0 for
t<t, But (5. 3) this implies P(x) =0 a.e. [p] contradicting V +0.

Necessity. Suppose that L,(Z;t)= Ly(x;t) for each ¢ and let ¢, be a
real number such that

(5. 4) S;P(u)_Z(du)F*(t,u) =0 for <1,
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Observe that from the proper canonical property L{(x;t,) = H? (x;¢t,) =
FA(Z; t). Hence the vector V = St P(u)Z(du) belongs to LP(x; t,). But
(5. 4) implies that [V, z(#)] =0 for all mt <t,. Hence V=0 giving P(u)=0
a.e. [pl. This proves the theorem.

In the next section we use this theorem to obtain the representation of
purely non-deterministic processes.

6. Representation of a purely non-deterministic wide-sense Mar-
kov process and the result of Doob: In this section we obtain the
representation of a purely-nondeterministic Markov process and as a con-
sequence obtain the representation [(4. 3. 2 of [5]). The main theorem is
as follows.

TueEOREM 6. 1.  Let x(t) be a continuous parameler purely non-deterministic
process satisfying (D).  Then it is wide sense Markov if and only if

6. 1 2(t) = g6 z(dw)

where

(1) ¢(t) is as in Theorem 3. 1,

(ii) Z is an orthogonally scattered vector random function with

p(A N B) 0

[Z(B), Z(A)]= . = p(A N B)
0 oulANB)
Jor A, B Borel subsets of the real line,
(iii) G e Hlp)
(iv)  Lo(Z; 1) = Lylw; 2.

Proof.  Sufficiency. Define u(t) = Sj G(u)Z(du). Then it suffices to prove
that u(f) is a wide-sense Martingale. As then by Theorem 3.1 the result
will follow. Consider s<<¢ and LP(x;s). Then

(6. 2) (w(t) | LP(u; 5)) = (u(t) | L(x; 5)) = (w()|L5(Z; 9)),

where the first equality follows from non-singularity of ¢(¢) and the second

(iv) of the hypothesis. Hence
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6.3 @l LPwss) = (" cwzawiiez; ) = cwazw.

—oo —oo

t

The last equality in (6. 3) is a consequence of the fact that SG(u)d_Z (u) L

8

LP(Z;s). Hence u(f) is a wide-sense Martingale completing the sufficiency
part.

Necessity. By wide-sense Markov hypothesis we obtain that s< ¢
(6. 4) (t) — A(t, 8)2, LLY(2; 0) for o<s.

Equivalently (6. 4) gives
6. 5) [ trt, ) — Att, 5)F (5, ulptdw) F¥(o,u) = 0 for o=<s.

By Theorem (5. 1) we have
(6. 6) F(t,u) = Alt,s) F(s,u) a.e. [p] on (—oo,s).

However, as in 'Theorem 3.1 A(¢,s) = ¢(¢)g'(s) and hence F(t,u)=

G()GUs)F (s,u) a.e. [p] on (—oo,5) i.e.,

6. 7) _gZ‘l(t)F(t,u) = _gl?‘l(s)F(s,u) a.e. [p] on (—oo,s).

From equation (6. 7) and the fact that || F(¢,u) — F(s,u) || $%(p) >0 as s —¢.
From (D. 1) we obtain that G(u) = P F (L, u) is independent of ¢. Hence
F(t,u) = $(t)G(u) on (—oo,¢) a.e. [pl. This completes the proof since (ii),
(iii) and (iv) are consequences of the properties of proper canonical re-
presentation.

Now to obtain the result of Doob we appeal to the following theorem

TuroreM KM (G. Kallianpur and V. Mandreker [71 Theorem (5. 1)). If
x(¢) is a q-variate purely non-deterministic stationary process satisfying (D. 1), then

6. 7 2(t) = | K(t —weldu) where Lix; 1) = L(&; 0);

(i)  &(4) = (&,(4), &(4), - - -, Ex(d)) with

. -1
e = [,[ 240 ] zgaw

Jor each Borel set 4 on the real line,

(il) K(t— )< alp),
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(iil) M s the multiplicity of x(t).

We would like to remark that as a consequence of (i) [£(d), &4")]=
u(d N 4)1 where p is the Lebesgue measure on the real line and 4, 4’ are
Borel subsets. I denotes M x M identity matrix. From (6. 1) and (6. 7) we
obtain that

(6. 8) K(t —u) = $(¢)H(u) a.e. p
where the equality is taken elementwise and H(u) = G(u) Xi(#) where

1

dpj(i) Tz
oy
S (u) = " . Without loss of generality we can
. 1
de,(i) \ 2
0 mxm 77

assume that (6. 8) holds at # = 0, otherwise the change is multiplication by
a constant non-singular matrix. Putting # =0 in (6. 8) we get

(6. 9) F(t)=¢#)H0) t=0
ie., F(t)=e'*S where S=¢(0)H(0) from Theorem 3.3. We have thus,

THEOREM 6. 2.  Let x(t) be a purely non-deterministic process satisfying
(D. 1). It is widesense stationary Markov if and only if

(6. 10) 2(t) = | ev-vesg(du)

where Q is as in Theorem (3. 3), [§(4), &4, (Dey = pldN AV, T is an
M x M identity matrix where M is the rank of the process.

The fact that M is the rank of the process from the representation
(6. 10).

In comparing (6. 10) to Doob ([5]) we observe that Doob does not use
Gaussian hypothesis. If we denote by &(z) =Stweu°S§(du) then &(¢) is the
¢-process of equation (4. 3. 14) of Doob. M will then correspond to the
number of ones occuring in his diagonal matrix U (see (4. 3. 18) In [5]).

7. Concluding Remark and Acknowledgements:
Remark.  Theorem 3.1 opens up the question of what processes can

N
be represented at X} &,(¢)u,(¢) where ¢,(f) are some matrix functions and
s g
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u,(t) are widesense martingales. It has been established by the author
[AMS (1965) Abstract] that these lead under suitable conditions to con-
tinuous parameter N-ple Markov processes. Extension to such processes of
the analytic questions studied here are being investigated and will be pub-
lished later.
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