14

Eguchi—-Kawai model

The large-N reduction was discovered by Eguchi and Kawai [EK82] who
showed that the Wilson lattice gauge theory on a d-dimensional hyper-
cubic lattice is equivalent at N = oo to that on a hypercube with peri-
odic boundary conditions. This construction is based on an extra U(1)?
symmetry which is present in the reduced model to each order of the
strong-coupling expansion.

Soon after that it was recognized that a phase transition occurs in the
reduced model with decreasing coupling constant, so this symmetry is
broken in the weak-coupling regime. To cure the construction at weak
coupling, a quenching prescription was proposed by Bhanot, Heller and
Neuberger [BHN82| and elaborated by many authors. The quenching
prescription results in a reduced model which recovers multicolor QCD
both on the lattice and in the continuum.

We start this chapter with the simplest example of a matrix-valued
scalar theory. The quenched reduced model for this case was advocated
by Parisi [Par82] on the lattice and elaborated by Gross and Kitazawa
[GK82] in the continuum. Then we consider the Eguchi-Kawai reduction
of multicolor QCD both on the lattice and in the continuum.

14.1 Reduction of the scalar field (lattice)

Let us begin with the simplest example of a matrix-valued scalar theory
on a lattice, the partition function of which is defined by the path integral

Z = /HHdgpgge—S[@] (14.1)

T i>j
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326 14 Eguchi-Kawai model

with the action

Z NtI‘|: _Z PrPrtap + V(SOCL‘)] . (14'2)

o

Here ¢(z) is an N x N Hermitian matrix field and V' (p) is a certain
interaction potential, say
M A3 A4
Vip) = =+ ¢+ =0t (14.3)
2 3 4
The prescription of the large-IN reduction is formulated as follows.
We substitute

o(x) "% Dla)pD(a), (14.4)

where
D(z) = e un (14.5)

with
PF = diag <p’1‘,...,p’fv) (14.6)

being a diagonal Hermitian matrix. Explicitly we have

PHi@)
The matrix D(z) in Eq. (14.4) subsumes the coordinate dependence,
so that ¢ does not depend on z.
The averaging of a functional F[p;] which is defined with the same
weight as in Eq. (14.1),

<F[% - /HHdwe S Fle,] (14.8)

elPr=ps) au g ki (14.7)

T i>j
can be calculated at N = oo using
w/a N
(Fleal) 2 o [ H H (P! @)ED@)), . (149)
—nja * p=li=1

Here the RHS is calculated [Par82, GK82, DW82] for the quenched reduced
model, for which the averages are defined by

Zeny / dg e SR Flg) (14.10)
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with the reduced action

SRl = —NYIpyl* D cos [0 — p)a] + NurV(@).  (14.11)
] H

We have put the symbol “red.” on the top of the equality sign in
Eq. (14.9) to emphasize that it holds as a result of the large-N reduction.
The partition function of the reduced model is given by

ZrRM = /d(ﬁ e_SR[‘ﬂ (14.12)

which can be deduced, modulo the volume factor in the action (14.11),
from the partition function (14.1) by the substitution (14.4). The measure
d¢ in Egs. (14.10) and (14.12) (as well as that in Eqgs. (14.1) and (14.8)) is
the one for integrating over N x N Hermitian matrices given by Eq. (13.2).
Similarly to Eq. (14.9), the free energy of the reduced model determines
at large N the free energy per unit volume of the d-dimensional theory:

N2V 11 o7 N2
_r/a p=11i=1

w/a i N u
1 InZ ved gv-y) / HHdPi LanRM. (14.13)

Note that the integration over the momenta p! on the RHS of Eq. (14.9)
is taken after the calculation of averages in the reduced model. Anal-
ogously, the logarithm of Zgy is integrated over p! on the RHS of
Eq. (14.13), rather than Zgry itself. Such variables are usually called
quenched in statistical mechanics which clarifies the terminology.

Since N — o0, it is not necessary to integrate over the quenched mo-
menta in Eq. (14.9) or Eq. (14.13). The integral should be recovered
if p; were uniformly distributed over a d-dimensional hypercube. This is
analogous to the self-averaging phenomenon in condensed-matter physics.

In order to show how Eq. (14.9) works, let us demonstrate how the
planar diagrams of perturbation theory for the matrix-valued scalar the-
ory (14.1) are recovered in the quenched reduced model.

The quenched reduced model (14.12) is of the general type discussed
in Chapter 11. The propagator is given by

L~ 1
<90z'j90kl>GauSS = NG(pi_pj)(sil(skj (14.14)

with
1
G(pi—pj) = T (14.15)
M — QZH cos [(pZ —pj)a]

https://doi.org/10.1017/9781009402095.015 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402095.015

328 14 Eguchi—Kawai model

J

Fig. 14.1. The simplest planar diagram of second order in A3 for the propagator
in the quenched reduced model (14.12). The momentum p; flows along the index
line . The momentum p; — p; is associated with the double line 7.

It is convenient to associate the momenta p; and p; in Eq. (14.15) with
each of the two index lines representing the propagator and carrying,
respectively, indices 7 and j. Remember, that these lines are oriented for
a Hermitian matrix ¢ and their orientation can be associated naturally
with the direction of the flow of the momentum. The total momentum
carried by the double line is p; — p;.

The simplest diagram which represents the second order in A3 correction
to the propagator is depicted Fig. 14.1. The momenta p; and p; flow along
the index lines ¢ and j, while the momentum pj, circulates along the index
line k. The contribution of the diagram in Fig. 14.1 is given by

2

Pig. 141 = 25 G20 —p)) Y Gloi — pi) Gl —py), (14.16)
k

where the summation over the index k is just a standard one over indices

forming a closed loop.

In order to show that the quenched-model result (14.16) reproduces
the second order in A3 correction to the propagator in the d-dimensional
theory on an infinite lattice, we pass to the variables of the total momenta
flowing along the double lines:

pi—pj = D,
pj—Pk = q, (14.17)
pi—pk = pP+q.

This is obviously consistent with the momentum conservation at each of
the two vertices of the diagram in Fig. 14.1.
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Since py are uniformly distributed over the hypercube, the summation
over k can be substituted as N — oo by the integral

w/a

d
DM | aatt- (14.18)

—7/a

The prescription (14.9) then gives the correct expression

5 w/a J
G(2)(p) = ad% G?(p) / éngG(q) G(p+q) (14.19)
—7/a

for the second-order contribution of the perturbation theory for the prop-
agator on the lattice.

It is now clear how a generic planar diagram is recovered by the re-
duced model. We first represent the diagram by the double lines and as-
sociate the momentum p; to an index line carrying the index ¢. Then we
write down an expression for the diagram in the reduced model with the
propagator (14.15). Passing to momenta flowing along the double lines,
similarly to Eq. (14.17), we obtain an expression which coincides with the
integrand of the Feynman diagram for the theory on the d-dimensional
lattice. It is crucial that such a change of variables can always be made
for a planar diagram consistently with momentum conservation at each
vertex. The last step is that a summation over indices of closed index
lines reproduces an integration over momenta associated with each of the
loops according to Eq. (14.18). It is assumed that the number of loops
is much less than N which is always true for a given diagram since N is
infinite.

Thus, we have shown how planar diagrams of the lattice theory de-
fined by the partition function (14.1) are recovered in the reduced
model (14.12). The lattice was needed only as a regularization to make
all integrals well-defined and was not crucial in the consideration. In the
next section we shall see how this construction can be formulated directly
for the continuum theory.

Remark on large but finite N

If N is large but finite, the summation on the LHS of Eq. (14.18) runs
over N different momenta. Similarly, if a theory is defined on a periodic
lattice of size La, the momentum takes on L¢ different values. One might
think, therefore, that the quenched reduced model at very large but finite
N can be associated with a quantum field theory on a periodic lattice
with L = N1/4.
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14.2 Reduction of the scalar field (continuum)

The quenched reduced model can be formulated directly for the contin-
uum theory. The proper formulas can be easily obtained from those of
the previous section by setting a — 0.

Equations (14.4)—(14.7) remain the same, while the derivative d,, in the
kinetic part of the continuum action

Sle] = / dd:thr{%(8u<p)2+V(<p)} (14.20)

is substituted by iP), acting in the adjoint representation.
The continuum reduced action

S = thr{—%[Pu,¢]2+‘~/(¢)} (14.21)

determines the propagator of the matrix ¢;; in the continuum quenched
reduced model, which is given by Eq. (14.14) with

U_l

Glpi—p;j) = o - (14.22)

The dimension of the reduced field ¢ is [mass](@~2)/2
that of the field ¢(z) in the d-dimensional theory.

The normalizing factor of v on the RHS of Eq. (14.21) (and therefore
Eq. (14.22)) plays the role of the volume element for a given regularization
and depends on the region for integration over the momenta p;. If p; are
restricted to a hypercube of size 2A, the proper formulas look like their
lattice counterparts (cf. Eq. (14.18)) with

, i.e. the same as

v = a? ‘lattice regularization (14.23)
and
s
= —. 14.24
0= (14.21)

Lorentz invariance is restored as A — oo at least for renormalizable the-
ories.

A Lorentz-invariant regularization can be achieved by choosing p; inside
a hypersphere. Alternatively, one can include the regularizing factor of
exp (—p?/AQ) in the integral over p; [GK82] by defining

Yy = d’p o P/
/dp - /(Aﬁ)d . (14.25)
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Then,

o\ U2
v o= <F> ‘regularization (14.25)‘ (14.26)

and

(Flp@)]) ™= /Aif:[lddpz-<F[D*<x>¢D<x>1>RM (14.27)

which is similar to Eq. (14.9) on the lattice.

Analogously to the lattice case, we expect the self-averaging phe-
nomenon as N — oo so that, instead of integration over p; according
to Eq. (14.25), we can simply choose them at N = oo to be distributed
spherically symmetrically with Gaussian weight

plp) = (Vh) e /A (14.28)

A comment is needed concerning the normalization factors. A consid-
eration similar to the topological analysis of Sect. 11.4 leads us to the
conclusion that a planar diagram with ny loops possesses a factor of v="2
in the reduced model. It will normalize correctly the integral over mo-
menta circulating along the no loops, which remains to be done after the
N — ng momenta p; (which do not appear in the diagram) are integrated
out. The analogous factor for the free energy is v™"2! owing to the extra
v in the definition (14.21).

Problem 14.1 Substituting (14.22) into Eq. (14.27), obtain a regularized prop-
agator in the d-dimensional theory.
Solution Inserting (14.22) into Eq. (14.27), we find explicitly

G(x) <<Pij ($)<Pj¢(0)> 3 /A ﬁ dpy, ei(p'ifpj)w<<,5¢j¢ji>RM
k=1

d (pi— )T
= (A_2) /2/ dfpi_dp; —(p?+p3) /A —el(pz :J) .
2m (VA" (A7) (pi —p;)" +m?
(14.29)

Introducing p+ = p; £ p; and accounting for a Jacobian, we have
G(r) = / . o1 /207 / Yo o—P>/20° el
(2rA2)"/? (2m)? p2 +m?

dd ipx
- /—pde—f/mz% (14.30)
(2m) pT+m

which gives a regularized propagator with the correct normalization.
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Remark on higher genera

The quenched reduced model reproduces only planar graphs of the orig-
inal theory and fails to reproduce nonplanar graphs. This can be easily
seen for the simplest nonplanar graph depicted in Fig. 11.3 where the
same momentum circulates along the closed index line, so that the total
momentum flowing along each of the two crossing double lines is zero
in the reduced model. Of course, this is not the case for the original
d-dimensional theory.

Similarly, the quenched reduced model reproduces only the factorized
part of the correlators of “colorless” operators, for example tr ¢?(z;)/N,
and cannot reproduce the connected correlators.

14.3 Reduction of the Yang—Mills field

The large-N reduction of the Yang—Mills fields has its specific features
owing to gauge invariance. In order to make the results rigorous, we
begin in this section with the lattice formulation of Yang—Mills theory
introduced in Chapter 6 and then describe the continuum case in the
next section.

The general prescription (14.4) and (14.5) of the large-N reduction is
applicable for gauge fields. For the lattice gauge field U,(x), it gives

Uyz) ¢ D'(2)U,D(z), (14.31)
where d unitary N x N matrices ﬁff (u=1,...,d) are z-independent.
It is easy to deduce what transformation of the reduced gauge field U,
is compatible with the lattice gauge transformation (6.13), where Q(z) is
to be reduced by

Q) ¢ Di@)QD(). (14.32)
Here Q is again an z-independent unitary matrix.
If we first perform the gauge transformation (6.13) and then the reduc-
tion of the gauge-transformed field U, (z), we obtain

Qz + afy) Uy () Q' ()
¢ Di(a + ap) QD(z + aft) D! (2)U, D(2) D' (z) @' D()
= DY(2)D}QD,U.QD(x), (14.33)
where
D, o D(x+ap) Dl (z) = e tfua (14.34)

for D(x) given by Egs. (14.5) and (14.6).
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This determines the proper transformation of the reduced field (7” to
be

U, £ DiaD,U,0". (14.35)

This transformation is referred to as the gauge transformation of the
reduced gauge field.

The substitution of (14.31) into the Wilson action (6.18) results in the
reduced action

Sp = % %: {1 — %tr {ﬁiDlﬁiDuDLﬁuDuﬁu} }
v
A i eel(et) ) () ()]}
(14.36)

where the equality between the first and second lines is because D, and

Di commute.
The structure of the RHS of Eq. (14.36) prompts us to introduce a new

variable
U, = D,U,. (14.37)
Then we obtain for the reduced action
1 1
SelU] = 5 > (1 -5t UJU;UVUH) (14.38)
pFEV

and the gauge transformation (14.35) also simplifies to
U, &% au,at. (14.39)

If the measure dU, . for averaging over U 1 is the Haar measure, it is not

changed under (left) multiplication by a unitary matrix D, U u=dU,.
Finally, we arrive at the reduced model discovered originally by Eguchi
and Kawai [EK82].

Its partition function

[ / [ dv,,e=Vsultl/s® (14.40)
o

is of the same type as Wilson’s lattice gauge theory on a unit hyper-
cube with periodic boundary conditions. There is no dependence on the
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quenched momenta p; in the action of the Eguchi-Kawai model since the
Ds have mutually canceled owing to the local gauge invariance of the
lattice action (6.16).

In addition to the gauge symmetry (14.39), the Eguchi-Kawai model
possesses symmetry under multiplication of U, by an element of U(1),
the center of U(N), which depends on the direction p:*

U, — 2Z,U, (Z,eU(Q)). (14.41)

Such a global symmetry is also present, of course, for the Wilson ac-
tion (6.16) but plays no special role there because of local gauge invari-
ance. It will be crucial in providing the equivalence of the d-dimensional
theory and the Eguchi—-Kawai model at large N.

The equivalence of the d-dimensional lattice gauge theory and the
Eguchi-Kawai model at N = co states

(o)) ' o [ HHdp% FlDe+anUuD@)] ),

p=1i=1

—7/a

(14.42)

which is similar to Eq. (14.9) for scalars. Here the LHS is given by
Eq. (6.39) and the RHS is calculated in the Eguchi-Kawai model:

<F[UM]>EK — 7zl / [[av, e ¥selVs* plu,]. (14.43)
w

The commutativity of D, was used in representing the argument of I’
on the RHS of Eq. (14.42) as D'(z + afi) U,D(z). Note that it looks like
a gauge transformation of a constant field in the d-dimensional theory.

For the latter reason Eq. (14.42) simplifies for the averages of gauge-
invariant quantities when it takes the form

<F[Uu(m)]> red <F[UM]>EK ‘gauge invariant F‘ (14.44)

as N — oo. In this formula there is no dependence on D(x) and corre-
spondingly the quenched momenta p; because F[U,(x)] is gauge invariant.

As has already been explained in Sect. 12.1, gauge-invariant observables
in Yang—Mills theory can be expressed via the Wilson loops. Applying
Eq. (14.44) for the Wilson loop averages (6.42), we obtain

<%w<o)> = <%trPHU >EK (14.45)

* For the gauge group SU(N), it is an element of Z(N) rather than U(1) for the Haar
measure dU, to be invariant.
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as N — oo. In other words, the Wilson loop in the Eguchi-Kawai model
is constructed as an (ordered) product of the constant matrices U, along
the links forming the contour C. It is nontrivial since U, do not commute.

The equality (14.45) is possible since the Wilson loop averages in the
original theory do not depend on the position of the beginning of the
contour C' owing to translational invariance.

The simplest example of the Wilson loop average is that for a rect-
angular contour depicted in Fig. 6.6 on p. 111. It is represented in the
Eguchi-Kawai model by

W(RxT) = <%trU£TU1TRUdTU1R> . (14.46)
EK

There is an important difference between the averages of open Wilson
loops in the d-dimensional theory and the Eguchi-Kawai model. In the
former case, the averages of open Wilson loops always vanish because of
the local gauge invariance which cannot be broken spontaneously owing to
Elitzur’s theorem, which was already mentioned in Sect. 7.3. In the latter
case, open Wilson loops are invariant under the transformation (14.39)

since  is the same at the beginning and the end of the contour:

%trPHUi (1439) %tr(ﬁPHUMQT> — %trPHUi.
' ' "(14.47)

They are not invariant however under the U (1)? transformation (14.41):
1 (14.41) 1
NtrPHUZ. = HZHiNtrPHU (14.48)
3 3 3

Only closed Wilson loops, where each link occurs with an equal number of
positive and negative orientations, are invariant. This symmetry is global
and can be broken spontaneously as N — oo.

It is easy to see that no such breaking occurs within the strong-coupling
expansion of the Eguchi-Kawai model, which is pretty much similar to
that described in Sect. 6.5. For this reason the equivalence (14.44) holds
at least for large enough values of g? N. It was shown [BHNS82] that the
U(1)¢ symmetry is spontaneously broken for small values of g?N and
therefore in the continuum. We shall return to this point in Sect. 14.5.

Two modifications of the Eguchi-Kawai model were proposed: the
quenched Eguchi-Kawai model (described later in Sect. 14.6) and the
twisted Eguchi-Kawai model (described later in Sect. 15.3). These two
models are equivalent, in the large-N limit, to the d-dimensional theory
both on the lattice and in the continuum.
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Problem 14.2 Derive the loop equation for the Eguchi-Kawai model.

Solution The derivation is similar to Problem 12.6 on p. 265. We perform the
shift of U,,:

Up »Uu(1—ie,), Ul — (1+ie,) U} (14.49)

which is same as in Eq. (6.22) for z-independent €. The resulting loop equation
is given as [EK82]

Z [WEK(O ap) — Wgk (O 8p_1)] = QQNZ Tl,(l) WEK(Cyz) WEK(Ory) .
P lec
(14.50)
It is similar to Eq. (12.65) except the Kronecker symbol d,, is missing on the
RHS of Eq. (14.50). It is restored if the averages of the open Wilson loops vanish,
as prescribed by the unbroken U(1)? symmetry, since then we can substitute

Wik (Cay) = 0uyWek(Caa) - (14.51)

The coincidence of the loop equations proves the equivalence of the two theo-
ries at N = oo.

Problem 14.3 Verify Eq. (14.51) by an explicit calculation to zeroth order in
2

g°.
Solution Extrema of the Eguchi-Kawai action (14.38) are given modulo a gauge
transformation by diagonal matrices

Ush = e tue, (14.52)
This determines the Wilson loop average to zeroth order in g2 to be
w/a N ddp. ) N .
WEK(Cya:) - gNd / H Zdﬁ Z elPr(z—Y)
/e =1 (2m)" N
T/a
dip |

— 40 / —pd eiP(@—y) _ Sy » (14.53)

) (2m)

where the integration over P, accounts for equivalent classical extrema. The
Kronecker symbol in Eq. (14.53) appears because of the translational symmetry
in momentum space.

14.4 The continuum Eguchi—-Kawai model

The Eguchi-Kawai reduced model can be formulated directly for the con-
tinuum theory. The proper formulas can be derived from their lattice
counterparts of the previous section by substituting

U, = (14.54)

with ¢ — 0.
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The continuum Eguchi-Kawai model describes a reduction of the d-
dimensional Yang—Mills theory at N = oo to a point. The action of the
continuum Eguchi-Kawai model is given by

o\ % 1 )
Sex[4] = — (F) 12 tr[Ay, A]°, (14.55)
where A,, are d space-independent matrices.

The parameter A has the dimension of mass, same as has A, in d = 4.
As we shall see in a moment, A is to be associated with a momentum-space
ultraviolet cutoff in the spirit of Sect. 14.2. In this chapter we assume the
Lorentz-invariant regularization (14.25) when the normalization factor in
Eq. (14.55) is given by Eq. (14.26). For the lattice regularization, A is
related to the lattice spacing a by Eq. (14.24) and the normalization factor
in Eq. (14.55) is to be changed according to Eq. (14.23).

Therefore, the very formulation of the continuum Eguchi—-Kawai model
implies a regularization.

The action (14.55) is obviously invariant under the gauge transforma-
tion

A, 25 04,00 (14.56)

It is worth noting that, owing to Eqgs. (14.37), (6.10), and (14.34), A,

is associated with the reduction of the covariant derivative id, + A, (x)
rather than the field A, (z) itself:

10, + Au(z) S Di(z)A, D(z). (14.57)

This explains why Eq. (14.56) is consistent with the gauge transformation
of the covariant derivative

i0, + Ay (x) =5 Q) [i0, + A,(z)] Qf (z) (14.58)

rather than A, (z) itself.
Similarly to Eq. (14.44),

<F[i@u + A#(a:)]> red <F[A#]>EK ‘gauge invariant F‘ (14.59)

as N — oo for gauge-invariant functionals F'; where the LHS is calculated
using the action (11.72) and the RHS is calculated using the Eguchi-
Kawai action (14.55). For instance, the averages of closed Wilson loops
coincide in both cases

<i trPeifdg#A“(£)> red <i trPeif’gdguA“> . (14.60)
N N EK

This is a continuum version of Eq. (14.45).
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The continuum analog of the U(1)? symmetry (14.41) is the invariance
of the Eguchi-Kawai action (14.55) under the shift of A, by a unit matrix:

A — A 4,87, (14.61)

where 7, is a parameter of the transformation. It is often called the R4
symimetry.

Under the transformation (14.61), an open Wilson loop is transformed
as

1 il . 1 .
Ntr (Pel,lcyz d£ﬂAu) - el(yu_xu)mﬁtr (Pel'lcyw di"Au>‘

(14.62)

This guarantees, if the symmetry is not broken, the vanishing of the
averages of open Wilson loops

1 i
We(Cy) = (el ) (14.63)

EK

in the Eguchi—-Kawai model.
Such vanishing in the d-dimensional theory is provided by the local
gauge invariance under which

<P einyz dﬁ“Au(ﬁ)) . (Q(y) Peifc’ﬂ dﬁHAu(ﬁ)QT($)) . (14.64)

ij ij
In contrast, the global symmetry (14.56) does not guarantee the vanishing
of the averages of open Wilson loops in the Eguchi—Kawai model.

When and only when the R? symmetry (14.61) is not broken spon-
taneously, is the Eguchi-Kawai model equivalent to the d-dimensional
Yang-Mills theory at large N.

The equivalence of the two theories can then be shown using the loop

equation which is given for the Eguchi-Kawai model by

5 1 . }
axiw C — 1 <— tr P A 5 A 5 AI/ el fcacac d€ AM>
“5@“, (2) EK (C) N [ B [ B H -

A? d/2 1 0 §o derA
== —i - — _— ! TT H
iA (27r> <NtrP(9A,,e “ >EK

A2 42
_ A<§> jédyv WEK (Cya) WEK (Cay) ,
C

(14.65)

where A\ = g?N. The RHS is pretty much similar to that in Eq. (12.59),
while (A%/27)%? is present instead of §(9) (z — y).
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In order to show how the two RHSs are essentially equal to each other
providing the R? symmetry is not broken, we need to remember that the
continuum Eguchi-Kawai model is, in fact, somehow regularized.

While the action (14.55) is formally invariant under the transforma-
tion (14.61) for arbitrary r,, admitable values of 7, should be much
smaller than the cutoff A. This is clear, in particular, from the lattice
formula (14.41) where

Z, = e (14.66)

and to obtain Eq. (14.61) we expand in a which destroys the compactness.

For this reason we expect the average of an open Wilson loop to vanish
in the continuum Eguchi-Kawai model only when the distance |y — z|
between the end points  and y is much larger than the ultraviolet cutoff
1/A. Otherwise, we may regard the loop to be essentially closed since
distances smaller than the cutoff make no sense in the theory.

Introducing a smeared delta-function 5/(\d) (x —y), for example, by

2\ 4/2
8 (@) = <12\—7T> o T2 (14.67)

we therefore expect something like*

Shval@ ~ V)

(d)
5/\/\/5(0)

WEK(Cyz) ~ WEK(Ozz) (14.68)

for the averages of open Wilson loops in the continuum Eguchi-Kawai
model.
Finally, the delta function is recovered on the RHS of Eq. (14.65) as

a2 [ 5@ 2 /2
A2 / 5A/\/§(~T) _ A2 / —x2A2/2 _ 5(d) N 5(d)
€ A (‘T) (‘T)7
2 54 5(0) 27
2

(14.69)
reproducing the delta function on the RHS of Eq. (12.59).

This demonstrates the equivalence of the continuum Eguchi—Kawai
model and the d-dimensional Yang—Mills theory at large N under the
assumption that the R? symmetry is not broken. The consideration sim-
ply repeats the proof of the equivalence given in Problem 14.2 on p. 336
by using the lattice regularization.

* Why it should be 51(5/)\/5 rather than 5/(\‘1) is clear from Eq. (14.69) and Problem 14.4.
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Problem 14.4 Verify Eq. (14.68) by explicit calculation to zeroth order in g2,
regularizing the integral over the zero modes of A, by Eq. (14.25).

Solution The calculation is similar to that in Problem 14.3 for the lattice
case. Extrema of the continuum Eguchi-Kawai action (14.55) are given modulo
a gauge transformation by diagonal matrices Af} = —P,. This determines the

Wilson loop average to zeroth order in g2 to be

AN 1 N
Wek (Cye) = /Hddpiﬁzelm(r_y)
i=1 k=1
5@

g . (z—y)
/ dp N gintey) % (14.70)
(Ay7) O5/vs(0)

where the integration over P, accounts for the zero modes of A,,.

The R? symmetry is, in fact, broken spontaneously in the continuum
Eguchi-Kawai model for d > 2 as is discussed in the next section. For
this reason the equivalence between the d-dimensional theory and the
naive continuum Eguchi-Kawai model described in this section is valid,
strictly speaking, only in d = 2. The reduced model should be slightly
modified to be equivalent to the d-dimensional theory for d > 2. Such a
modification, which is based on the quenched momentum prescription, is
described later in Sect. 14.6.

14.5 R? symmetry in perturbation theory

Since N is infinite, the R¢ symmetry can be broken spontaneously. The
point is that the large-N limit plays the role of a statistical average,
as has already been mentioned in Sect. 11.8, and phase transitions are
possible for an infinite number of degrees of freedom. This phenomenon
occurs [BHNS82] in perturbation theory for the naive Eguchi-Kawai model
with d > 2.

A perturbation theory can be constructed by expanding the fields
around solutions of the classical equation

[Au, (AL A = 0. (14.71)
An arbitrary diagonal matrix
A = - P, (14.72)
is a solution to Eq. (14.71) associated with the minimal value Sgx = 0 of
the action (14.55).

The perturbation theory of the reduced model can be constructed by
expanding around the classical solution (14.72):

Ay = A+ gb,, (14.73)
where b, is off-diagonal.
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Substituting (14.73) into the action (14.55), we obtain

o\ (1 1
Sgx = — <F> tr {i[P“’ b)? — §[Pu’ bu]2} + higher orders .
(14.74)
To fix the gauge symmetry (14.56), it is convenient to add
2\ (1
Sy = - <A_7;> r {§[Pu,bu]2 [P [PH,C]} . (14.75)
where ¢ and ¢ are ghosts.
The sum of (14.74) and (14.75) gives
or\Y? (1
Sy = — <A—7;> tr {i[P’“ b,)* + [Py, || Py, c]} (14.76)

to quadratic order in b,,.
Performing the Gaussian integral over b,,, we find at the one-loop level:

/dPM db, e 52... = /ﬁddpkﬂ |:(pi _pj)2]2_d”' ;o (1477)
k=1

i<j

where the integration over P, accounts for the moduli space of classical
solutions.

For d = 1 the product on the RHS of Eq. (14.77) reproduces the square
of the Vandermonde determinant (13.14). For d = 2 the exponent 2 — d
vanishes so that the product equals unity and does not affect the dynam-
ics. For d > 3 the measure is singular and the eigenvalues collapse. This
leads us to a spontaneous breakdown of the R? symmetry in perturbation
theory.

Remark on supersymmetric case

In a supersymmetric gauge theory, there is an extra contribution from
fermions to the exponent on the RHS of Eq. (14.77). Since the integration
over fermions results in the extra factor of [(p; — pj)2] ol this finally yields
the exponent 2 — d + trl. It vanishes in d = 4 for either Majorana or
Weyl fermions and in d = 10 for the Majorana—Weyl fermions. This
explicit calculation [IKK97] confirms, at first sight, the claim [MK83]
that R? symmetry is not broken perturbatively in supersymmetric Yang-
Mills theory and no quenching is needed in the supersymmetric case. This
statement seems, in fact, to be not quite correct because of fermionic zero
modes [ATKO00].
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14.6 Quenched Eguchi—-Kawai model

Soon after the breakdown of the R? symmetry in perturbation theory
was discovered for the Eguchi—Kawai model, a cure for the problem was
proposed [BHN82]. The idea was to treat the eigenvalues of the Hermitian
matrix A, as being quenched rather than dynamical variables.

In order to separate the degrees of freedom associated with the eigen-
values, we represent A, in a canonical form

A, = -V,PVI, (14.78)

where P, is diagonal and V,, is unitary. The measure for integration over
A, is then represented in a standard Weyl form

dA, = dP,dV,A%*P,), (14.79)

where dV,, denotes the Haar measure* on U(N) and A(P,) is the Vander-
monde determinant defined by Eq. (13.14). Equation (14.79) is the same
as Eq. (13.13) for the one-matrix case.

Note that the substitution (14.78) is consistent with the gauge symme-
try (14.56), which is equivalent to the left multiplication

V., — QV,. (14.80)

The Haar measure dV), is invariant under such a multiplication.

In the quenched Eguchi-Kawai model, A, is substituted by Eq. (14.78)
both in the reduced action (14.55) and in the averaging functionals. But
the averaging is taken only with respect to the V,, variables considering
P, as quenched variables. The averages are then integrated over P, which
is quite analogous to Eq. (14.27):

(Flidy + Ay /Hdd F[-DY() VBV D(a )]>QEK.

(14.81)
The average on the RHS of Eq. (14.81) is defined for the quenched
Eguchi-Kawai model by

(FRR] ) g

= Zghe / [[av, a%(p,) e Sexlubivil p [VPV} (14.82)

* Strictly speaking, V,, in Eq. (14.78) should be off-diagonal to match the number of
degrees of freedom, so the measure dV), should be the Haar measure on the coset
U(N)/U(1)". But nothing depends on these diagonal degrees of freedom of V,,
since P, is diagonal. We simply normalize the proper (compact) integrals over these
diagonal degrees of freedom of a unitary matrix to unity.
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and

ZQEK = /HdVVA2(P,,) o~ Sexc[ViPuVil] (14.83)

is the partition function of the quenched Eguchi-Kawai model.
Similarly to Eq. (14.13), the free energy per unit volume is given as
N — o0 by

1 nz <A2>d/2/A N

e d%; — InZoek.  (14.84)
2 H Pi 32 QEK

N2V o 5PN

This prescription for constructing the quenched Eguchi-Kawai model
is very similar to what is described in Sect. 14.2 for scalars. The measure
dA,, is split according to Eq. (14.79) but the integration in Eq. (14.82) or
Eq. (14.83) is solely over V,,, keeping P, quenched. Only these averages
of the quenched Eguchi-Kawai model (or the logarithm of the partition
function in Eq. (14.84)) are integrated over the quenched momenta p;
according to Eq. (14.81).

This is crucial to cure the breakdown of the R? symmetry in perturba-
tion theory. The perturbative calculation in the quenched Eguchi-Kawai
model looks like that of the previous section since now the classical vac-
uum is associated with V,, =1 (modulo a gauge transformation). Instead
of integrating over the distinct classical vacua as in the naive Eguchi-
Kawai model, we have in the quenched Eguchi—-Kawai model integration
over the quenched variables p; which enters differently. The factor of
Hi<j[(pi - pj)2]2_d
in Eq. (14.77), appears now both in the numerator and denominator of
the averages and thus cancels. Similarly, its logarithm is integrated over
p; in Eq. (14.84) which does not result in a collapse of eigenvalues in the
quenched Eguchi-Kawai model. The R? symmetry is not broken pertur-
batively in the quenched Eguchi-Kawai model and it is equivalent to the
d-dimensional Yang-Mills theory in the N = oo limit.

Just as in the scalar case, we can substitute the integration over p!’
in Eq. (14.81) at N = oo by distributing them with a proper weight.
It is again convenient to choose the weight (14.28) as is prescribed by
Eq. (14.25). In contrast to the momentum regularization in the d-
dimensional gauge theory, this results in a gauge-invariant regularization
of perturbation theory since the eigenvalues of A,, are gauge invariant (cf.
Eq. (14.57)).

In fact, the precise form of the measure for integrating over p; on the
RHS of Eq. (14.81) is not essential as N — oo. All that is needed from the
measure is for the integral over p; to converge, which would protect the

, which resulted in the breaking of the R? symmetry
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eigenvalues from collapsing in perturbation theory. Any other measure
performing the same job is as good as this one.

For the same reason, the precise form of the distribution of the quenched
momenta, substituting the integration at N = oo, is not essential if it is
smooth. The distribution (14.28) simply provides a nice gauge-invariant
regularization of perturbation theory which is of the same type as the
proper-time regularization.

Given a distribution of the eigenvalues p', Eq. (14.81) simplifies to

<F[i8M+AM(x)]> red. <F[—Df(x)VMPMVJD(x)} >QEK. (14.85)

In particular, the averages of closed Wilson loops are given by

<i tr Pelf d&“Au(£)> red. <i trPe1$ dﬁ“VuPuVJ> . (14.86)
N N QEK

The averages of open Wilson loops in the quenched Eguchi-Kawai model
obey Eq. (14.68).

A formal proof of the equivalence of the d-dimensional Yang—Mills the-
ory in the large-IN limit and the quenched Eguchi-Kawai model can be
given [GK82, Mig82| using the loop equation. To derive the equation for
the Wilson loops in the quenched Eguchi-Kawai model, which are de-
fined by the RHS of Eq. (14.86), we perform the right shift of the unitary
matrix V,:

oV, = iV,e,, (14.87)
where €, is Hermitian. Substituting into Eq. (14.78), we obtain

§A, = iV [P e Vi (14.88)

under the shift (14.87).
Using the gauge symmetry (14.80), we can always choose the gauge
where V,, = 1 for the given p. Then

A, = i[P,,e,] (14.89)

does not depend on V.

The variation (14.89) is almost the same as that which resulted in the
loop equation (14.65) of the Eguchi-Kawai model. The only difference re-
sides in the fact that the variation (14.87) does not change the eigenvalues
of A,. When we expand the induced variation of A, given by Eq. (14.89),
in the Lie algebra basis, no diagonal generators appear. But their number
is ~ N and hence (’)(N *1) of the total number of generators. For this
reason, the Wilson loop averages in the quenched Eguchi-Kawai model

https://doi.org/10.1017/9781009402095.015 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402095.015

14.6 Quenched Eguchi—-Kawai model 345

obey at N = oo the same loop equation as in the naive Eguchi-Kawai
model. Additional terms of order 1/N appear in the loop equation of
the quenched Eguchi-Kawai model since diagonal generators, which are
needed for the completeness condition (11.6), are missing. Hence, correc-
tions to the N = oo loop equation of the quenched Eguchi-Kawai model
are ~ 1/N rather than ~ 1/N? as in the d-dimensional Yang-Mills theory.

This demonstrates once again that quenched reduced models can re-
produce only planar diagrams of the d-dimensional theories but cannot
reproduce diagrams of higher genera.

The representation (14.82) of the averages in the quenched Eguchi-
Kawai model does not look like that in gauge theories where the averaging
is over quantum fluctuations of A,. The quenched Eguchi-Kawai model
can, however, be represented in such a form as is shown by Gross and
Kitazawa [GK82].

Let us introduce

1= / a4, 0( Ay + VPV (14.90)

into the numerator and denominator on the RHS of Eq. (14.82).
Changing the order of integration over dA, and dV,,, we obtain

/ [T, a4 C(A, Pyl plg

<F[A]> = . (14.91)
QK / [1, a4, ca pyesexl
where
C(A4;P) = / Hqué(AMJrVuPNVJ) A%(P,). (14.92)
And analogously,
Zqrk = / [[dA4.c (A, P)esexld (14.93)
o
for the partition function of the quenched Eguchi—Kawai model from
Eq. (14.83).
Substituting

Ay = —P,+gby, (14.94)

we can calculate C'(A, P) at least perturbatively in g. Evaluating the
integral on the RHS of Eq. (14.92), we find

Hﬂ5< + Z u +O b3)> (14.95)

poi=1 J#Z

to quadratic order in b,,.
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The meaning of this constraint is obvious: diagonal elements of b,, are
expressed via off-diagonal elements for the eigenvalues of A, to coincide
with —pf . In particular, the diagonal elements of b,, vanish to the leading
order. This vanishing of b}, is however not a gauge-invariant condition to
higher orders in g. The role of the higher terms in the argument of the
delta-function in Eq. (14.95) is to ensure gauge invariance to all orders in
g as C(A, P) is gauge invariant according to the definition (14.92).

The constraint (14.95) restricts only N out of N2 degrees of freedom,
which explains why it is inessential, say, in the large-N limit of the loop
equations in the quenched Eguchi—-Kawai model.

The presence of the delta-function affects, however, the dynamics of
the degrees of freedom associated with the diagonal elements A;. In
particular, the analog of the continuum propagator (14.22) is given by

<A2>d/2 5,

) —) s i#

<b%bji>QEK = 2r)  (pi —py)° (14.96)
0 i=j

which cures the divergence of a massless propagator at ¢ = j.

If the constraint (14.95) is solved for b}; versus off-diagonal components
and the result is substituted into the action, this will generate new inter-
actions. The diagrams of perturbation theory in the quenched Eguchi—
Kawai model coincide with the integrands of the planar Feynman graphs
in the d-dimensional Yang—Mills theory except for diagrams with the new
vertices which are needed for gauge invariance of the quenched Eguchi—
Kawai model. The sum of these additional diagrams vanishes [GK82]
after averaging over the quenched momenta.

Problem 14.5 Derive Eq. (14.95) to quadratic order in b,,.
Solution We need to solve the equation
P, —gb, = V, PV} (14.97)
for V,, iteratively in g. Substituting
V, = eldhu (14.98)
we find that Eq. (14.97) is reduced to the linear order in g to

v oo\ pn
oy = (vl - )l (14.99)
This equation requires bj; = 0 and fixes off-diagonal components of A} to be
m
b,

i —pi

W, o= i (14.100)
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Fig. 14.2. Index-space diagram for the average of closed Wilson loop to order
g*>. The momentum p; or p; flows along the index line i or j. The momentum
pi — p; is associated with the double line ¢j. The diagram is associated with an
analytic formula given in Egs. (14.102) and (14.103).

To the quadratic order in g, only h’;j to the linear order contributes to the

diagonal components of Eq. (14.97) since a commutator with the diagonal matrix
P, has no diagonal components. Then Eq. (14.97) yields

= o3 (- )t = g Y
— — D D
J#i J#i J

(14.101)

which reproduces the argument of the delta-function in Eq. (14.95).

Problem 14.6 Calculate the average of a closed Wilson loop in the quenched
Eguchi-Kawai model to order g2.

Solution The calculation is similar to that in Problem 14.1 on p. 331. Substi-
tuting Eq. (14.94) into the RHS of Eq. (14.86) and expanding to order g2, we
obtain

N
@) _A LS eltimp)u—o) (i
Waek(C) = _§f§dx“7{dy”]\]2 P (Bb) Qe
C C b=l
(14.102)

since P, and b,, do not commute. The associated index-space diagram is depicted
in Fig. 14.2. For the distribution of eigenvalues given as N — oo by the Gaussian
weight (14.28), we have using Eq. (14.96)

A
W(%K(C) ) %d:z:# ?{dy#
C C
21 Ay’ (Aym)° (i —p;)°
(14.103)

Introducing the variables p; = p; = p; and accounting for a Jacobian, we have
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quite similarly to Problem 14.1:

A dlp oo eiP(u2)
WSik(C) = ——]{dxu%dyu/ Ce PN (14.104)
2 J z (2m) D

which reproduces (a regularized version of) Eq. (12.17) with the correct normal-
ization.

Remark on the quenched Eguchi-Kawai model on the lattice

The quenched Eguchi-Kawai model was originally formulated on a lattice
[BHN82]. All the formulas are analogous to those given above in this
section, while taking into account the fact that U, is compact on the
lattice.

The analogs of Egs. (14.78) and (14.79) are given by

U, = Vye ueyt (14.105)
and
dU, = dP,dV, A?*(e r), (14.106)

where explicitly

Ale Py = T] 25111( ] ) (14.107)

1<J

The quenched variables p!' € (—7/a,+7/a] play the role of the lattice
momenta restricted to the Brillouin zone.

The measure dU, of the naive Eguchi-Kawai model (14.43) is multiplied
by

cw,p) = /HdVM«S(UN—VMe‘iPMVJ) A?(e7Puey - (14.108)
w

Correspondingly, the partition function of the lattice quenched Eguchi—
Kawai model is given by

Zquk = /HdUMC(U,P)e‘NSR[UVgQ, (14.109)

where the eigenvalues p!' are distributed uniformly over the hypercube.

The U(1)4 symmetry is not broken in the lattice version of the quenched
Eguchi-Kawai model for all values of the coupling ¢g?N. This is illus-
trated by the one-loop calculation in Problem 14.7. The lattice quenched
Eguchi-Kawai model is equivalent to an N = oo Wilson lattice gauge
theory on a d-dimensional lattice for all values of g2 N. This is verified,
in particular, by numerical simulations.
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Problem 14.7 Calculate the partition function (14.109) to the leading order in
g%, fixing the gauge by Vy = 1.
Solution Since the gauge is fixed by Vy = 1, the vacuum state is simply
Ush = e e (14.110)

or V,, = 1. This can be seen representing the action (14.38) in an equivalent
form by rewriting

1 2
Spo= Iy > | [U U (14.111)
HAY
We expand
bH
‘/17 = 5¢j—igaﬁ [L:l,...,d—l, (14.112)
ij
where
"
. p; — D
St = 2sin (Tja) . (14.113)

Here b is the off-diagonal Hermitian matrix as has already been explained.
Equation (14.112) reproduces the continuum equations (14.98) and (14.100) as
a — 0.

Keeping the terms which are quadratic in b, in the action, we have

d—1
1 v v 2
Spo= 5 D D ISkbl — Shvll (14.114)
wv=1 4,5
while the measure is

d—1 d—1 _

[[av. = J[Aa2(e ") db, (14.115)

p=1 p=1

to this level of accuracy.
The calculation of the Gaussian integral over b, reduces for the given indices
i and j to a calculation of the determinant of the (d — 1) x (d — 1) matrix

d
Ru = > 820 —SuSy, (14.116)
p=1

which has one eigenvalue S7 and d — 2 eigenvalues Zizl S2. This can be easily

seen using the rotational symmetry, which allows us to choose S, = 0 for p =
2,...,d— 1. Therefore, we have

d d—2
detR,, = 2 (ZS§> . (14.117)
iz

p=1
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Finally, we obtain

2 pi—ph \
/Ml:[ldV#Az(e_iP"“) e ¥ = ] (;481112 TM) ., (14.118)

1<j

which reproduces the integrand in Eq. (14.77) as a — 0. There is no collapse of
eigenvalues of U, thanks to the quenching procedure.
In this Problem we have followed the calculation of [KM82].
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