On the deformation of the tangent m-plane of a V»
By E. T. Davigs.
(Received 3rd May, 1938. Read 6th May, 1938.)

1. Schouten and van Kampen (1)! have studied the deforma-
tion of a V™. Applying the methods of that paper to the tangent
vectors BX (A, w, v, ....=1,2, ....,n; 4,4,k ....=1,2,....,m),
which exist by hypothesis at all points of a certain region V,, (m’ > m)
of V,, we shall have

1

dB}= wrdto,B}
(1) ZZB’.‘=—P" Btv di I, = A

i py 0% ’ 124 I“'VJ

3

d B} = Bfo,vdt
whence we define the differentials

7 8 (r,8) (r,8)

(2) d—d=86=Ddt (r,s=1, 2, 3 with r==5s).

(r,8)
In the application of the D to B} the lower index is treated as an
ordinal index only. We shall not be concerned with any extension of

(r,8)
the D to indices other than those of the general V, (see 1, equ. 3.24).

(r,8)
We here consider the application of D to the m-vector
B} .. .. B} determining the m-plane tangent to the facet V7 at any
point. This gives

(r, 8) (r,8) (r,8)
(3) D (B ....BM)=(D BN BY..BM+BM(DBY).. B
(r, 8)
- + ... + BN ... BMy (D Bgn).
Since the vector [ B) will not be perpendicular to the B} in general,
it will have a component in the tangent m-plane, and a component

perpendicular to it. Consequently from (3) the m-vector (bg)B[lAl .. Bl
will have two components respectively parallel and perpendicular to
the tangent m-plane. We shall study those components in a few
special cases.

! These numbers refer to the list of papers at the end.
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(r,
The component of the vector D B}: in the tangent m-plane is
(r, 8
BM D3 By, which we may write as
(r. & (7, 8) B r,®
(4) (B'D By) B} +(B2D By) By + .... +(B™ D By) B,

and on inserting this series in the right-hand side of (3), it is evident
that only the first term contributes anything, giving therefore

(r, 8)
(B D B;) B .... B}l

(7, 8
Treating the vector D BJ: in the same way, giving an expression

corresponding to (4) and inserting in (3), we shall have
(r,8)
(B2 D By) B} ... B,

so that, on treating all the other vectors in the same way, we
conclude that the total component of (3) in the original m-plane
can be written in the form of the single m-vector

(r, 8)
(5) (B D By)BM . ... Bl
Let us now put for brevity
(r, 8)
(6) P;‘i =Cyv D B;;

then the component of (3) perpendicular to the tangent m-vector can
be written as the sum of m such m-vectors: —

POMBY ... BMl4 BMPY ... B4 .. 4 BM ... B Pl

so that (3) becomes
(r, 8) (r,8) m
(7) D BM....BM=(B.DB)BM... .B,zm]+._2 BM. .. Py ... B,

i=1

s (12
2. Let us now take the special case D = D, and v* = B*u*. Then

(4,2 X m JZ
(8) BiD B:=B.D,Bjy=% }u

i=1 [1' K
where the index (%) is ordinal.
If the metric coefficients of the V) are b;; ='a,, B}, with b=b
then it is a well-known fact that

(9) 5 i) _ ologVd
- _——8’7}"—-’

i)

i=1t K
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where 7 has the meaning used in 1, so that u*dt = dn* and

m (4 dlogV'b
1 b = 5~ 7.
(10) i=1 {i K} dt
Also for this case
(11) Py = Cy D By = H;» u

where H;" is the first tensor of Eulerian Curvature. Using (8), (10)
and (11) we have

a, 2

(12) belh....B,;m:dii1og\/b.th....B,;mJ
:‘.‘.B[{'....Hj'*f ven. Bpm.

1

+ u

j

A sufficient condition for V' to be geodesic is that H;» = 0, in which
case (12) becomes

(1.2) d

(13) D BM.... BMl— ‘Elog\/b_Bfl*-....B,;m]=0.

If, instead of a V™, we have a single curve V,, and if the displace-
ment dé* = v*dt is along the tangent, then by taking ¢ to be the

A
parameter of the curve, the B} = % becomes the (non-unit) tangent
vector, so that, if s is the length of arc reckoned from a certain point,
then
_ . a&r dér\  ds
'\/b—‘\/bll_'\/<a)\p,‘d_t Et‘>_ 7’
and consequently
ds d?s
dlog — -
dlogyvb " 8@ a7
dt Toodt T ds
dt
and (13) becomes
dts
degr  (u)de dg di2 dgr
14 agh af  ar dgr
(14) arz " {p v} dt dt ds dt ’
dt

which is the well-known form for the equation of geodesic lines when
t is not the arc length.
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(r,8) (3,2

) (3,2)
3. If D =D, weshall have D B} = D; v, and consequently

3,2)
BiD Bi=BiD,v =B Da,,
L

where D is the ‘‘ Lie derivative ”’ (1).
L

It d: is the element of volume in the local R,, with (see 1,
formula 3.50)

" .
dr = (dn)! (dn)?.... (dm)™ /b,
then the deformation of that element of volume is of amount
n .. m .
dr 369 Bi# 8 a,, =dr B, D, v dt,
L
so that if d+’ denotes the deformed volume element, we can write '

m
(15) ¥ 1+ BiDvd,

dr
B! D, v being therefore the ‘dilatation at the point. If we are
dealing with a curve, whose element of arc is ds and whose unit

A
tangent vector is * = idf_, then if ds’ is the element of arc of the
s
deformed curve, the above equation becomes
ds’' . . D
(16) ¥ 1+ ¢dt, Wlth¢=’b)\D—8?)}‘.
3,2
If ¢ D By=0, (j=1,2,....,m), then the deformed m-vector

B . ... B} will be parallel to the original one. For a curve, the

resulting equations
3,2
(17) D = ¢t

determine the parallel-tangent deformations (Hayden, 2).

4. We pass now to the component of the m-vector (3) perpendic-
ular to the tangent plane. For this purpose we remark that if da is
the angle between the two m-vectors v and v+wdt, and if w=w'+w",
where w' is parallel to v and w’’ is perpendicular to it, then

sinda _ |w”|
18 ——— = ]
(18) dt lv]

where |v| denotes the ‘‘ measure’’ (3, Chapter 1) of the m-vector v.
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Applying this to the case where v and w have the components

. (r, &
oM Am= B . BA) and wh M= D BM ... B

we obtain on simplification

sinda

(29) dt

\/(blj a)\p Pi\ P;")'

(r,8) (1,2)

= D, and if we are .dealing with a curve, with v* = as the

act
dt
tangent vector, the P} reduces to the left-hand side of equation (14),

so that the invariant sin da/dt is the first curvature of the curve. For
(r,5) (1,2) . .
an isolated V,, in general, with D = D and ¢ = B} u!, the right-hand

side of (19) becomes the square root of the ‘‘forma angolare” of
Bortolotti, which can therefore be regarded as the first curvature of
the V, in V,. The particular form taken by (19) in that case has

already been given (4, p. 294), together with its expression when

r.8) (3,2)
D=Dandv*=0§; wP.
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