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1. Introduction

1.1. Let Y be a smooth projective curve of genus g > 2 over a number field K.
The L-function of Y is defined as an Euler product

L(Y,s) =[] Lo (Y. 5).
p

where p ranges over the prime ideals of K. The local L-factor L,(Y,s) is defined as
follows. Choose a decomposition group D, C Gal(K¥2/K) of p. Let I, C D, denotethe
inertia subgroup and let o, € D, be an arithmetic Frobenius element (i.e. op () = alNP
(mod p)). Then

Ly(Y,s):=det(1 - (NP)_S%_IWIP)_]’

where
V= H!\(Y @k K¢, Q)
is the first étale cohomology group of Y (for some auxiliary prime ¢ distinct from the
residue characteristic of p).
Another arithmetic invariant of Y closely related to L(Y, s) is the conductor of

the L-function. Similar to L(Y, s), it is defined as a product over local factors (times a
power of the discriminant 8¢ of K):

N =8¢ - [Np)",
p
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where f, is a non-negative integer called the exponent of conductor at p. The integer f,
measures the ramification of the Galois module V' at the prime p. See Section 2.1 or
[24], Section 2, for a precise definition.

Many spectacular conjectures and theorems concern these L-functions. For
instance, it is conjectured that L(Y, s) has a meromorphic continuation to the entire
complex plane, and a functional equation of the form

A(Y,s) = £A(Y,2 —5), (1)
where
A(Y, s) := N2Qa) "¢ T(s)*L(Y, s).

This conjecture can be proved for certain special curves related to automorphic
forms (like modular curves) and, as a consequence of the Taniyama-Shimura
conjecture, for elliptic curves over (2. Besides that, very little is known.

1.2. One motivation for this paper is the question how to compute the defining
series for L( Y, s) and the conductor N explicitly for a given curve Y. By definition, this
is a local problem at each prime ideal p. So, we fix p and aim at computing L,(Y, s)
and f,. Note that the residue field of p is the finite field F, with ¢ = N(p) elements. To
study this problem, we construct suitable Ok-models of Y. Recall that an Og-model of
Y is a flat and proper Og-scheme ) with generic fibre Y.

Assume first that Y has good reduction at p. This means that there exists an Ok-
model ) whose special fibre ¥ = Y,, at p is a smooth F,-scheme. Standard theorems
in étale cohomology show that the action of Gal(K¥¢/K) on V = H}(Ygue, Q)
is unramified at p (i.e. J, acts trivially) and therefore the exponent of conductor
vanishes, f, = 0. Furthermore, the local L-factor L,(Y, s) is equal to the inverse of
the denominator of the zeta function of Y, i.e.

- L (Y,s)_1
Z Y, s — P ,
R
where
_ _ i
Z(Y, T):=exp <Z |Y(Fp)l - 7).

n>1

To compute L, (7Y, s) for small prime ideals, we simply need to count the number
of [ -rational pointson ¥, forn=1,...,g.

If Y has bad reduction it is much harder to compute L,(Y,s) and f,. To our
knowledge, there are essentially three ways to proceed.

1. Compute a regular model of Y at p.
2. Compute the semistable reduction of Y at p.
3. Guess the local L-factors at a/l primes of bad reduction, and then verify this
guess via the functional equation for L(7Y, s).
All three methods have certain advantages and drawbacks, and it is often a combination
of them which works best. In this paper, we would like to advertise method (2), by
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demonstrating its simplicity and usefulness in a large class of examples (superelliptic
curves).

1.3. Before we go into more details of methods (1) and (2), let us briefly describe
method (3). Let py, ..., p, be the prime ideals of the number field K where Y has bad
reduction. One can show the following.

e Fori=1,...,rthere are only finitely many possible choices for the local L-factor
L,.(Y,s) and the exponent f,,. In fact, the set of all choices depends only on the
norm ¢; = Np; and the genus g.

* Thereis at most a unique choice for the conductor N and the local L-factors L, (Y, s5)
at the bad primes p; such that the L-function

L(Y.s):=[]Lp(Y. )
p

satisfies the functional equation (1).

This suggests the following strategy to determine L(Y, s).

* Guess the exponents of conductor f,, and the local L-factors L, (Y, s) at the bad
primes p;.

e Compute L,(Y,s) for all good primes p with Np < C for some sufficiently large
constant C. The constant C should be chosen large enough, so that knowing L, (Y, s)
for all primes with Np < C yields a sufficiently good numerical approximation of
the L-function. If C is not too large, computing L,(Y, s) for all such good primes
can be done efficiently by simple point counting.

e Check numerically whether L(Y, s) := ]_[p L, (Y, s) satisfies the functional equation
(1). By [9], we need to choose C ~ N'/2,

In practice, this can be done if N ~ 103, See e.g. [10].

An obvious drawback of this method is that one can never prove that the guess
one has made is correct.

1.4.Regular models We now describe the first method. Fix a prime ideal p of K.
Since the local L-factor L, (Y, s) and the exponent f,, only depend on the base change
of Y to the completion kp, we may and will from now on assume that K is a finite
extension of Q,. We use the notation L(Y/K, s) and fy,x to denote the local L-factor
and the exponent of conductor. We write [Fg for the residue field of K, which is a finite
field of characteristic p.

We may assume that Y has bad reduction. By resolution of singularities of two-
dimensional schemes, there exists a regular model Y™®, i.e. a flat and proper Ok-
model of Y which is regular. Since we assume g > 2 we may also assume that )8
is the minimal regular model. Let Y™ denote the special fibre of Y™, Under an
additional (relatively mild) assumption, it is still true that L(Y/K, s) is the inverse of
the denominator of the zeta function of the special fibre Y™ of )¢ as in the smooth
case (see Proposition 2.8 below). Therefore, L(Y/K, s) can be computed from Y™ by
point counting.

By a result of Saito ([21]) it should also be possible to compute fy x from Y.
For curves of genus 2 this is achieved in [16], and these methods probably extend to
arbitrary hyperelliptic curves (see [17]). We are not aware of any attempt to explicitly
compute fy,x for non-hyperelliptic curves, using regular models.
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Finding a regular model Y™ can be computationally challenging. The computer
algebra system MAGMA has a built-in function to compute regular models of curves of
genus g > 2, but it seems that there are still many restrictions on the types of curves for
which it works. A similar function which should overcome these limitations is being
prepared in SINGULAR.

1.5. Semistable reduction. We now describe the second method. For precise
definitions and more details, we refer to Section 2.3. Since we assume that g > 2,
the curve Y; := ¥ ®x L admits a stable model ) over a finite extension L/K. The
stable model ) is minimal with the property that its special fibre Y*%® has at most
ordinary double points as singularities. However, J*** need not be regular.

We may assume that L/K is Galois. The Galois group I' := Gal(L/K) has a
natural semilinear action on )% Restricting this action to the special fibre, we
obtain a natural, semilinear action of I' on the special fibre Y% of )% The quotient
scheme Z™e" := Y30/ T is a semistable curve over the residue field Fx of K. We call it
the inertial reduction of Y. The following result is certainly known to experts, but not
so easy to find in the literature.

THEOREM 1.1. The stable reduction Y%, together with its natural T-action,
determines the local L-factor L(Y /K, s) and the exponent of conductor fyk. In particular:

1. The local L-factor L(Y /K, s) is the inverse of the denominator of the zeta
function of Z™" (which may be computed by point counting ).

2. If, moreover, Y has semistable reduction over a tamely ramified extension of
K then

frix =28(Y) — dim HY(Z", Q).
Here, k is the algebraic closure of Fg.

The first statement of Theorem 1.1.(1) follows from Corollary 2.5. That corollary
shows that one may use somewhat more general models of Y. The computational
aspects are discussed in Section 2.4. Theorem 1.1.(2) is Corollary 2.6. An analogous
statement in the wild case can be found in Section 2.6.

1.6. Let us compare the two methods discussed in Sections 1.4 and 1.5. If the
curve Y already has semistable reduction, the minimal regular model of Y is also
semistable. In this case, there is no essential difference between the two methods. In
general, however, the two methods are quite different in nature.

From the theoretical point of view one may consider the method of stable reduction
as “better” because it gives more information. For instance, unlike the regular model,
the stable model is invariant under base change of the curve Y to any finite extension
K’/K. Therefore, once the stable reduction of Y has been computed, we can directly
compute L(Y'/K’, s) and fy k', where Y' := Y ®k K'.

From a computational point of view it may seem to be a lot easier to find a regular
model. After all, to compute a semistable model is essentially equivalent to computing
a regular model over a larger field L and to find the correct extension L/K in the first
place. However, one goal of the present paper is to show that, at least for special classes
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of curves, it is actually rather easy to determine the stable reduction, even though the
reduction behaviour can be arbitrarily complicated.

1.7. Superelliptic curves. We consider superelliptic curves, i.e. curves Y given by
an equation of the form

V' =f(x),

where n is a positive integer and f(x) is a rational function over a p-adic number field
K. The additional and crucial condition we impose is that the exponent n must be
prime to the residue characteristic p of K.

Let Ly/K be the splitting field of f(x), i.e. the smallest extension of K over which
all poles and zeros of f(x) become rational. Our main result in Section 4 says that Y
has semistable reduction over an explicit and at most tamely ramified extension L/Ly.
Moreover, the stable reduction Y*2°, together with the natural action of I' = Gal(L/K),
can be described easily and in a purely combinatorial manner. The only part which
may be computationally difficult is the analysis of the extension Ly/K. Indeed, by
choosing f(x) appropriately we can make this extension as large and as complicated
as we want. However, it is possible to construct examples where the computation of
the stable reduction is still rather easy, but the standard algorithms for computing a
regular model fail. We refer to [4] for a concrete case.

Starting from the description of the stable reduction, we give an explicit procedure
to determine an equation for the inertial reduction Z™"* = ¥/ T" in Section 5. This
equation can then be used to compute the local L-factor of Y and the exponent of
conductor fy,k, via Theorem 1.1.

We remark that our description of the stable reduction of superelliptic curves
is based on a very special case of more general results on admissible reduction for
covers of curves. These results are well known to experts. One of the goals of the
present paper is to make these results more widely known and to demonstrate their
usefulness for explicit computations. In a subsequent paper, we will present a software
implementation of our results.

2. Stable and inertial reduction. In this section, we prove Theorem 1.1.

2.1. Let p be a prime number and X a finite extension of Q,. The residue field of
K is a finite field, which we denote by Fx. The residue field of a finite extension L/K is
denoted by ;.

We choose an algebraic closure K2 of K and write 'y = Gal(K¥¢/K) for the
absolute Galois group of K. The residue field of K2 is denoted by k; it is the algebraic
closure of Fg.

Let K' C K2 be the maximal unramified extension of K and I := Gal(K*¢/K"")
the inertia group of K. We have a short exact sequence

1> Ix—> Tk =T — 1,

where I'r, = Gal(k/Fg) is the absolute Galois group of Fg. This is the free profinite
group of rank one generated by the Frobenius element o, defined by o, (o) := a?, where
q = IFgl.
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2.2. Let Y/K be a smooth projective and absolutely irreducible curve over K.
We assume that the genus g of Y satisfies g > 2. We fix an auxiliary prime £ # p. As
explained in the introduction, we are interested in computing certain invariants of the
natural action of I'g on the étale cohomology group

V = He(Yae, Q) i= (lim He,(Yiae, Z/€") © Q.

The local L-factor is the function L(Y/K, s) := P1(Y/K, ¢g~*)~!, where
Pi(Y/K,T):=det(1 —o,' - T | V')
The exponent of conductor is defined as the integer
f=frik=€+3, 2
where
€ := dim V — dim V¥ 3)

is the codimension of the Ig-invariant subspace and § is the Swan conductor of V (see
[24] Section 2, or [27], Section 3.1).

The invariant fy,x depends only on the /x-action on V, and vanishes if the /x-
action is trivial (i.e. if V' is unramified). In general it gives a measure of “how bad” the
ramification of V is.

2.3. A theorem of Deligne and Mumford ([8]) states the existence of a finite
extension L/K such that the curve Y; = Y ®x L has semistable reduction. This means
that there exists a flat and proper O-model ) of Y; whose special fibre Y is reduced
and has at most ordinary double points as singularities. The model ) is not unique,
but the assumption g > 2 implies that there is a minimal semistable model ystab called
the stable model of Y;. The special fibre Y0 of )b is called the stable reduction of
Y;. It is a stable curve over the residue field F;, uniquely determined by the K-curve
Y and the extension L/K. The dependence on L is very mild: if L'/L is a further finite
extension then the stable reduction of Y corresponding to the extension L'/K is just
the base change of Y% to the residue field of L.

If Y is an arbitrary semistable model of Y, there exists a unique Or-morphism
¢ Y — Y% which is the identity on the generic fibre. The morphism ¢ contracts the
instable components of the special fibre of ) and is an isomorphism everywhere else.
Here an irreducible component C of the special fibre of ) is called instable if C is
smooth of genus zero and intersects the rest of the special fibre in at most two points.

After replacing L by a suitable finite extension, we may and will henceforth assume
that L/K is a Galois extension. We also choose an embedding L ¢ K®2. Then the
absolute Galois group 'k acts naturally on Y, via its finite quotient I' := Gal(L/K).
Let I << T denote the inertia subgroup, i.e. the image of Ix in I'. Note that the action
of I" on Y, is only L/K-semilinear, but its restriction to 7 is L-linear.

DEFINITION 2.1. A semistable Oy -model Y of Yy is called quasi-stable if the
tautological action of I" on Y extends to an action on ).
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The uniqueness of the stable model shows that it is quasi-stable. For our purposes
it is more convenient to work with an arbitrary quasi-stable model ). Let ¥ denote
the special fibre of ). Restricting the canonical I'-action on Y to Y yields a canonical
action of I on Y. This action is again semilinear, meaning that the structure map
Y — SpeclF; is I'-equivariant. However, the action of the inertia group 7 on Y is
[F;-linear.

We let Z := Y/T denote the quotient scheme. It has a natural structure of an
Fx-scheme, and as such we have Zf, := Z ®¢, F; = Y/I. Since the quotient of a
semistable curve by a finite group of geometric automorphisms is semistable, it follows
that Z ®g, [F; is a semistable curve over ;. We conclude that Z is a semistable curve
over Fg. We denote by Z; := Z ®f, k the base change of Z to the algebraic closure k
of [FK.

DEFINITION 2.2. The Fg-curve Z = Y/ T is called the inertial reduction of Y,
corresponding to the quasi-stable model ).

REMARK 2.3. In Section 1.5, we considered the inertial reduction Zmer
corresponding to the stable model }*#°. It is canonically associated with the K-curve
Y and does not depend on the choice of the Galois extension L/K.

An arbitrary quasi-stable model ) admits a contraction map ¢ : Y — Vsab which
is I'-equivariant. The inertial reduction Z corresponding to ) admits therefore a
map Z — Z™' contracting the components of Z which are the image of the instable
components of Y. The image of a stable component of ¥ may be an instable component
of Z. So in general, Z is not a stable curve.

The following theorem is the main result of this section.

THEOREM 2.4. Let Z be the inertial reduction of Y corresponding to some quasi-stable
model Y. We have a natural, T g-equivariant isomorphism

H (Yiae, Q)¢ = HL(Z;, Q).

COROLLARY 2.5. In the situation of Theorem 2.4, the local L-factor L(Y /K, s) is
equal to the numerator of the local zeta function of Z, i.e.

L(Y/K,s)= P\(Z,q%)7",
where
Pi(Z, T) := det (1 — Frob, - T|HY\(Zy, Qy))

and Frob, : Z — Z is the relative q-Frobenius endomorphism and q = |Fg|.

Proof. The action of 'y on Hgt(Zk, Q) factors through the quotient 'y — T'f,.
The resulting I'r,-action is the same as the action induced by the identification
Zr = Z ® k. 1t follows that the action of an arithmetic Frobenius element o4 €'k
on Hl(Zk, Q) is induced by the map Id; ® o,. But the composition (Id; ® o,) o
(Frob, ® 1dy) is equal to the absolute g-Frobenius of Z. Since the absolute Frobenius
induces the identity on étale cohomology, it follows that Frob, = o, Lon HY{(Zk, Q).
(This is a standard argument, see e.g. [7], Proposition 4.8 (ii) or [6].) The claim is now
a consequence of Theorem 2.4 and the definition of L(Y/K, s). ]
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Corollary 2.5 implies that we can compute the local L-factor L(Y/K, s) from the
explicit knowledge of the inertial reduction Z. In a special case, this is also enough
to determine the exponent of conductor fy,x. The computation of f7,x without the
tameness assumption is described in Section 2.6.

COROLLARY 2.6. In the situation of Theorem 2.4, we additionally assume that L/K
is at most tamely ramified. Then

frix =2g(Y) — dim HY(Z, Q).

Proof. If the extension L/K is at most tamely ramified, the action of I'x on
HY(Ygae, @) is tame. The definition of the Swan conductor implies that § = 0 in
(2). The claim is now a direct consequence of Theorem 2.4 and the definition of the
conductor fy,k in (2). O

2.4. Corollary 2.5 reduces the calculation of the local L-factor to the calculation
of the relative Frobenius endomorphism on the étale cohomology of the semistable
curve Z. The following well-known lemma describes this action.

In this subsection, we let Z/Fx be an arbitrary semistable curve defined over
the finite field Fg. Let k be the algebraic closure of Fx and Z; the base change
to k. Denote by 7 Z(O) — Zj the normalization. Then Z(O) is the disjoint union
of its irreducible components which we denote by (Z))e,. These correspond to the
irreducible components of Z;. The components Z; are smooth projective curves. The
absolute Galois group I', of Fx naturally acts on the set of irreducible components.
We denote the permutation character of this action by xcomp.

Let £ € Z; be a singular point. Then 7~!(£) C Z,(CO) consists of two points. We
define a one-dimensional character ¢; on the stabilizer I'r, ) C I'r, of & as follows.
If the two points in 7 ~!(&) are permuted by '), then g; is the unique character of
order two. Otherwise, g = 11is the trivial character. Denote by x; the character of the
induced representation

Tre
IndFF RS

In the case that ¢ = 1 this is just the character of the permutation representation of
the orbit of £&. Define

Xsing = Z Xe-
H

Here the sum runs over a system of representatives of the orbits of I'r, acting on the
set of the singularities of Z; (these correspond exactly to the singularities of Z).
We denote by Az, the graph of components of Z.

LEMMA 2.7. Let Z/Fg be a semistable curve and € a prime with £ 1 q.
1. We have a decomposition
He(Z, Qo) = ®jes Hi(Z), @) @ H' (D)

as U'r-representation.
2. The character of H'(A 7.) as U'g-representation is 1 4 Xsing — Xcomp-
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Proof. As before, we let 7 : Z,(CO) — Zj be the normalization. We have a short exact
sequence

0—> Qp— 7,(Q)— 00— 0

of sheaves on Z;, where Q := m,(Q,)/Q; is a skyscraper sheaf with support in the
singular points. This induces

0 — HS\(Zy, Qp) — HY(Zi, 1.(Q0)) — HY(Z, Q) —
HY\(Zk, Q) — HY\(Zp, m.(Qp)) — 0.

Identifying Hg(Z, 7.(Q,)) with @/, we find that the kernel of the
map Hi\(Ze, Qo) — HY\(Zk. 7.(Qp) equals HY(Zi. Q) ® HY(Z. 0)/Q} as T,
representation. It is easy to see that the character of H%(Zx, Q) is equal to Xsing-
This proves (2). Since H} (Zk, 7.(Qy)) = ®jes HL(Z;, Qy), part (1) follows as well. [

The irreducible components of Z are in general not absolutely irreducible. An
irreducible component Z;; of Z decomposes in Zj as a finite disjoint union of absolutely
irreducible curves, which form an orbit under I'r,. Let Z; be a representative of the
orbit. Let I'; C T'f, be the stabilizer of Z; and F,, = k"/. We may identify Z; and Z;/ T
as absolute schemes. The natural Fg-structure of Zj; (which is missing from Z;/ T)) is
given by

Z;/Tj — Spec(F,) — Spec(F).

With this interpretation, the contribution of Zj; to the local zeta function in Corollary
2.5 can be computed explicitly using point counting. We refer to Section 7.2 for an
example where [, # Fg.

Summarizing, we see that to compute the local L-factor it suffices to describe
the irreducible components of the normalization Z® of Z using equations over Fg,
together with the inverse image Z( ¢ Z©® of the singular locus of Z. When L/K is
at most tamely ramified the same information also yields the exponent of conductor.
In the general case, we need somewhat more information (Theorem 2.9 below), which
may be calculated in an equally explicit way. For superelliptic curves this will be done
in Section 5.

2.5. The proof of Theorem 2.4 relies on the following (well known) proposition.

PROPOSITION 2.8. Let K be a henselian local field. Let k denote the algebraic closure
of the residue field of K. Let Y be a smooth projective curve over K and ) be an Ok-
model of 'Y which is semistable or regular. If' Y is regular, we assume moreover that the
gcd of the multiplicities of the components of the special fibre Y of Y is one. Then the
cospecialization map induces an isomorphism

H (Y, Q) = H (Vi Qo).
Proof. By [19], Corollary 4.18, we have isomorphisms
Hy(Yae, Qe(1) = Ve(Pic(Y)),  He(Yii, Qu(1)) = Ve(Pic’(Y)), “)

where V,(-) denotes the rational £-adic Tate module.
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Let J denote the Néron model of the Jacobian of ¥ and J° the connected
component of its special fibre. Then by [12], 6.4 (see also [25], Lemma 2) we have

VePic"(Y)'* = V(T°). ®)

Under the conditions imposed on ) we have an isomorphism
T = Pic(Y) (6)
by [5], Theorem 9.5.4 and Corollary 9.7.2. The proposition follows by combining (4),
(5) and (6). O

Proof. We prove Theorem 2.4. Let L/K be a finite Galois extension over which Y
has semistable reduction. Let ) be a quasi-stable model of Y; and Y its special fibre.
Proposition 2.8 yields an isomorphism

HY(Yias, Qo) = HY (Y, Q)

which is canonical, and therefore I'g-invariant. Taking /x-invariants and using the
Hochschild-Serre spectral sequence ([19], I111.2.20), we conclude that

H(Ye, Qo)™ = Hy(Yi, @) = Hi(Yi/ Ik, Q).

Since Yi/Ix = Zi, Theorem 2.4 follows. O

2.6. We give a formula for the exponent of conductor fy,x in terms of the stable
reduction Y that works in general, i.e. without the tameness assumption of Corollary
2.6.

The exponent of conductor is defined in (2) as fy;x = € + §. Theorem 2.4 and (3)
imply that

€ = 2gy — dim H}(Z, Q). (7

Therefore € may be computed from the inertial reduction Z.

The following result expresses the Swan conductor § in terms of the special fibre
Y of a quasi-stable model ). Let (I';);=0 be the filtration of I' = Gal(L/K) by higher
ramification groups. Then I'y = I is the inertia group and I'} = P its Sylow p-subgroup
([23], Chapter 4). Moreover, I'; = 1 for i > 0. Let ¥; := Y/ T; be the quotient curve.
Then Yo = Y/I = Zf, and Y; = Y fori > 0.

THEOREM 2.9. The Swan conductor is
§=) — gy —2gy).

Here gy, denotes the arithmetic genus of Y.

Proof. Let I¢ C I'g denote the wild inertia subgroup. The image of /¢ in the finite
quotient I' = Gal(L/K) is equal to I'y. It follows from [1], Theorem 1.5, that the action
of I¥ on V = H} (Ygae, Q) factors over the I'j-action. (Note that this is not true for
the action of the full inertia group Ix.) To compute §, we may therefore use the Hilbert
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Jformula of [20], page 3, which says that

= T .
=D ol -dimg, V/ V. ®)
i=1

Although loc.cit is an expression for the Swan conductor of the mod-£-representation
V = H}(Ykae, Fy), we can use the same formula for ¥ as well. This follows from [27],
Proposition 3.1.42. To finish the proof it remains to show that

dimg, pTi = 2gy,, 9)

for i > 1. Note again that (9) does not hold for i = 0: by Theorem 2.4 we have V10 =
H.(Zk, Qy), and the dimension of this space is equal to 2g; only if the graph of
components of Z is a tree.

The results of [1], Section 3, imply that V' decomposes, as a I'j-module, into the
direct sum

V=H\.(Y") e H(Ay) ® H' (Ay), (10)

where Y@ is the normalization of ¥, Ay is the graph of components of ¥ and
Hi(Ay) (resp. H'(Ay)) denotes the (co)homology of Ay with @,-coefficients. Using
the Hochschild—Serre spectral sequence, it follows from (10) that

Vi = H(Y") @ Hi(Ay) @ H'(Ay), (1D

for i > 1. The dimension of the right-hand side of (11) is equal to 2gy,, proving (9).
The theorem follows. O

REMARK 2.10. The results of this section yield the following “trivial” upper bound
for the exponent of conductor, which is easily computed in the case that the ramification
of the extension L/K is known.

If L/K is at most tamely ramified we have already seen that § = 0, hence we have
thatfy/]( =€ < 2g(Y)

Suppose that L/K is wildly ramified. Let & be the last jump in the filtration of
higher ramification groups, i.e. & =i is maximal with T'; # {0}. Then Theorem 2.9
implies that § < 2g(Y)A|P|/|Ty|. It follows that

Srik =€+8 < 2g(Y)(1 + h|P|/|Tg]).
3. Admissible covers

3.1. Let K/Q, be a p-adic number field as before and ¢ : ¥ — X = P} a finite
cover over K. We assume that Y is smooth, absolutely irreducible and of genus
g=>2

Let L/K be a finite extension over which Y has semistable reduction. There exists
a unique semistable model & of X such that ¢ extends to a finite Or-morphism
Ystab ¥ ([18]). Moreover, the stable model )% is the normalization of X inside
the function field of Y;. If ¢ is a Galois cover with Galois group G, then the G-
action on Y; extends to }*" and the quotient scheme X := )*"/G has the desired

property.
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Our strategy for computing the stable reduction of Y is to try to reverse the process
described above: we try to find a semistable model X of X whose normalization )’ with
respect to Y is again semistable. In [3], a general method for finding such semistable
model X is developed. This approach has been made algorithmic in [2] for cyclic covers
¢ : Y — Pk of degree p, were p is the residue characteristic.

The case that ¢ is a Galois cover where p does not divide the order of the Galois
group G is much easier than the “wild” case. In this case it is well known how to compute
the stable reduction of Y. The main insight goes back to Harris—-Mumford ([14]) and
is based on the notion of admissible covers. We describe the result in Section 3.3.

3.2.  We first need a generalization of the notion of a (semi)stable model.

DEFINITION 3.1. Let S be a scheme, X — S a semistable curve over S and
81y ..o, 8 0 S — A disjoint sections supported in the smooth locus of X — S. Then
(X/S,s1,...,s,) is called a pointed semistable curve over S (cf. [15]). Since we are
usually not interested in ordering the sections s;, we write D C X for the relative
divisor composed of the images of the s; and call (X, D) a marked semistable curve.
The divisor D C X is called a marking of X/S.

Let K be a local field as before and X/ K a smooth projective curve. Let D C X bea
smooth relative divisor of degree d over SpecK. We say that D splits over K if D consist
of d distinct K-rational points. We say that the marked curve (X, D) has semistable
reduction if D splits and the pair (X, D) extends to a marked semistable curve (X, D)
over Ok. If this is the case, (X, D) is called a semistable model of (X, D).

The semistable reduction theorem extends to the marked case, as follows.

PROPOSITION 3.2. Let (X, D) be as above.

1. There exists a finite extension L/K such that (X, D;) has semistable
reduction.

2. Assume, moreover, that2g(X) — 2 + d > 0. Then there exists a unique minimal

semistable model (X, D) (which we call the stable model of (X, D)).

If g = 0 and D splits then (X, D) has semistable reduction.

4. Assume that g =0, d > 3 and that D splits. Let (X, D) be the special fibre
of the stable model (X, D) of (X, D). Then X is a tree of projective lines.
Every irreducible component X, of X has at least three points which are either
singular points of X or belong to the support of the divisor D.

b

Proof. Statements (1) and (2) follow from the Semistable Reduction Theorem
(Section 2.3) combined with the main result of [15].

Statements (3) and (4) are proved in [11]. In that paper one also finds a much more
direct proof for (1) and (2) in the case that g = 0. O

3.3.  We return to the situation from the beginning of this section. Let ¢ : ¥ —
X = Pk be a finite cover of the projective line, where Y is smooth and absolutely
irreducible over K.

Let D C X be the branch locus of ¢, i.e. the reduced closed subscheme exactly
supporting the branch points of ¢. Then D — SpecK is a finite flat morphism. Since
the characteristic of K is zero and D is reduced by definition, D — SpecK is actually
¢tale. The geometric points of D are exactly the branch points of ¢ga.. Let d denote the
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degree of D, i.e. the number of branch points of ¢ ga.. We make the following additional
assumptions on ¢.

ASSUMPTION 3.3.
(a) The cover ¢ is potentially Galois, i.e. the base change ¢gue : Yiae — Xgate 1S a
Galois cover.
(b) The characteristic p of the residue field of K does not divide the order of the
Galois group G of ¢ga.
(c) We have g(Y) > 2.

Assumption 3.3.(c) implies that d > 3.

Let L/K be a finite extension which splits D. Then (X, D) has semistable reduction
over L (Proposition 3.2.(3)). Let (X, D) denote the stable model of (X, D;) and
Y the normalization of X in the function field of Y. Then ) is a normal integral
model of Y over O;. Let ¥ := Y ® [, be the special fibre and ¢ : ¥ — X the induced
map.

An irreducible component W of Y corresponds to a discrete valuation 5y of the
function field of Yy (since W is a prime divisor on ). Let my denote the ramification
index of ny in the extension of function fields induced by ¢. The integer myy is called
the multiplicity of the component W. (Alternatively, one can define my as the length
of Oy w/(x), where Oy w is the local ring at the generic point of W and x is a prime
element of O.)

THEOREM 3.4. Let L/K and Y be as above. Assume that ¢ : Y1 — Xp is a Galois
cover and that my = 1 for every irreducible component W of Y. Then ') is a quasi-stable
model of Y. In particular, ) is semistable.

Proof. The proof is a straightforward adaptation of the proof of [18], Theorem 2.3
to our situation. ]

REMARK 3.5.

1. The quasi-stable model ) from Theorem 3.4 is in general not the stable
model of Y. Furthermore, the extension L/K is in general not the minimal
extension over which Y has semistable reduction.

2. A key step in the proof of Theorem 3.4 is showing that ) — X is an
admissible cover (see [14] or [26]). For the purpose of the present paper,
it suffices to know that this implies that smooth (resp. singular) points of ¥
map to smooth (resp. singular) points of X. Since the irreducible components
of X are smooth (see Section 4.2 below), it follows that the same holds for
the irreducible components of Y.

COROLLARY 3.6. Let ¢ : Y — X = P} be a cover satisfying Assumption 3.3, with
branch locus D C X. Let Lo/K be a finite extension which splits D and such that ¢r,
is Galois. There exists a tamely ramified extension L/Ly over which Y has semistable
reduction.

Proof. Let (X, Do) be the stable model of the marked curve (X, Dr,) and ) the
normalization of Xj in Y. Let e be the lem of all multiplicities my,, where W runs
over the irreducible components of the special fibre of ). It is clear that e divides the
order of the Galois group of ¢,, and is therefore prime to p.

Let L/ Ly be a tamely ramified extension with ramification index divisible by e. Let
(X, D) be the base change of (Xp, Do) to Op; this is the stable model of the marked
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curve (X7, Dr). Let Y be the normalization of X in Y. It follows from Abhyankar’s
lemma ([13], Exposé X, Lemma 3.6, p. 297) that the multiplicities of the irreducible
components of Y are one. Theorem 3.4 implies that ) is semistable. This proves the
corollary. Il

4. Superelliptic curves

4.1. As before, K/Q, is a finite extension. Let ¢ : ¥ — X := PL be the cover of
curves which is birationally determined by an equation of the form

V=7,

where f € K[x] is a non-constant polynomial in the natural parameter x of the
projective line X = P} and ¢(x, y) = x. In other words, Y is the smooth projective
curve with function field F(Y) := K(x, y | " = f(x)). We assume that / has no non-
trivial factor which is an nth power in K[x]. This implies that every zero of f corresponds
to a branch point of ¢.

Let Ly/K be the splitting field of f and S C Ly the set of roots of . Then we can
write

f=c[]x=—a),

aeS
with ¢ € K* and a, € N. We impose the following conditions on f and .

ASSUMPTION 4.1.
(a) We have ged(n, a, | @ € S) = 1.
(b) The exponent nis > 2 and prime to p.
(c) We have g(Y) > 2.

We note that Assumption 4.1 implies Assumption 3.3. In fact, the base change
of ¢ to K" is a Galois cover with cyclic Galois group of order n, branched over the
roots of / and possibly also over co. The ramification index of the points of ¢ ~!(c0) is
n/ 2ed(n. 3, e a)-

Our goal is to compute the stable reduction of Y in terms of the data f and n,
following the procedure suggested by Theorem 3.4 and Corollary 3.6.

4.2. Let D C X be the branch divisor of ¢. Let L/Lj be a finite extension. Then
D splits over L, and D; C P'(L) satisfies

D, = S ifY s =0 (mod n),
SU{oo} otherwise.

Assumption 4.1.(c) implies that |D;| > 3. Therefore the marked curve (X, Dy) has a
stable model (X, D) (Proposition 3.2). In the rest of this section, we describe the special
fibre (X, D) of (X, D) explicitly, in terms of the divisor D; C X.

We first introduce some notation. Let A = (V' (A), E(A)) denote the graph of
components of X. This is a finite, undirected tree whose vertices v € V(A) correspond
the irreducible components X, C X. Two vertices vy, v are adjacent if and only if
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the components X,, and X,, meet in a (necessarily unique) singular point of X. For
an element « € Dy, we denote by @ € D C X its specialization. We obtain a map
Y : Dy — V(A)definedbya € )_(,/,(a). Proposition 3.2.(4) states that (A, v) is a stably
marked tree ([11], Definition 1.2). By this we mean that A is an undirected tree and for
each vertex v € V(A) we have

val(v) == [~ ()| + [{v/ € V(A) | {v,v'} € E(A)}] > 3.

Let us call an L-linear isomorphism A : X, — P} a chart. Since X; = P} by
definition, a chart may be represented by an element in PGL,(L). We call two charts
A1, A2 equivalent if the automorphism A, o A7 : P} = [P} extends to an automorphism
of IP’}QL, 1.e. corresponds to an element of PGL,(Oy). In other words, an equivalence
class of charts corresponds to a right coset in PGL,(Op)\PGL,(L).

Let T denote the set of triples = («, B, ) of pairwise distinct elements of Dy.
For t = (a, B, v), we let A; denote the unique chart such that

M) =0, A(B)=1 tly)=o0.
Explicitly, we have

B—y x—«
B—a x—y

Mi(x) = (12)

where we interpret this formula in the obvious way if oo € {«, 8, y}. The equivalence
relation ~ on charts defined above induces an equivalence relation on 7', which we
denote by ~ as well.

PROPOSITION 4.2. Let (X, D) be the stable model of (X, Dp).

1. For all t € T the chart A, extends to a proper Op-morphism A, : X — [P’}?L.
Its reduction to the special fibre is a contraction morphism

o X > P

which contracts all but one component of X to a closed point.

2. For every component X, there exists t € T such that A, does not contract X,
(and hence induces an isomorphism X, — [P’[IFL ).

3. The equivalence class of the chart A, in (2) is uniquely determined by the
component X,.. We therefore obtain a bijection V(A) = T/

Proof. By combining Lemma 5 with the corollary to Lemma 4 of [11], we see that
for every t = («, B, y) there exists a unique proper Oy-morphism A : X — [P’}QL such
that A(a) = 0, A(B) = 1, A(y) = oco. Clearly, the restriction of A to the generic fibre is
equal to the chart A,. From now on, we write A = A;.

The restriction of X, to the special fibre is a proper F;-morphism A, : X - IPBFL.
Since (X, D) is stably marked, the morphism 2, is uniquely determined by its restriction
to D. For § € D;, we have A,(8) = A,(8) by construction. Therefore, %, is equal to
the generalized cross-ratio map defined in [11], Section 1. Statements (1)—(3) follow
immediately from the properties of this map proved in loc.cit. U
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REMARK 4.3. For t = (, B, y) € T, consider the map
¢ DL~ Pp, 8> 50,

where X, : X — IP[IFL is the map defined by Proposition 4.2.(1). By the proof of the
proposition, we have

¢t(5) = m,

where = stands for the reduction map P} — P . Together with formula (12), this
shows that the collection of maps (¢,) (which constitute a finite amount of data) can
be computed explicitly. By [11], Proposition 1, the stably marked curve (X, D) can be
reconstructed effectively from the data (¢;),c7. In particular, the following facts are
shown in loc.cit.

1. We have ¢t ~ ¢ if and only if ¢, = ¢». The maps ¢, determine the set V' (A),
via the bijection of Proposition 4.2.(3).

2. For every 8 € Dy there exists a € T, unique up to ~, such that
|, 1(#/(8))| = 1. Moreover, § € X,, where v € V(A) corresponds to ¢ via
the correspondence in (1). It follows that we can recover the map v : D; —
V(A) from the maps ¢;.

3. Fixt e T and let v € V(A) correspond to ¢ via (1). Then the isomorphism
X, > [FD[IFL induced by A, sends 8 to ¢,(8), for all § € D;. In this way, we can

recover the divisor D C X.

NOTATION 4.4. For every vertex v € V(A), we choose ¢t € T corresponding to v
via the bijection of Proposition 4.2.(3). Let x, := 17(x) € L(x) be the pullback of the
standard coordinate x of X; = P} via the chart A,. Equation (12) expresses x, in terms
of the original coordinate x and the triple = (¢, 8, ).

Since X is an integral, normal scheme and X, C X is an irreducible closed subset
of codimension one, the local ring of X’ at the generic point of X, is a discrete valuation
ring. We denote the corresponding discrete valuation on L(x) by n,,, where we normalize
n, such that 5, | is the standard valuation on L. Then 7, is simply the Gauss valuation
of L(x,) with respect to the parameter x,. The residue field of 5, is naturally identified
with the function field of X,. We have that

F(X/v) = [FL()_CU),

where X, denotes the image of x, in the function field F(X,). In fact, X, is the pullback
of the standard parameter of Py via the isomorphism X, = Pg, induced by 4,.

4.3. As in Section 4.2, we denote by (X, D) the stable model of the marked
curve (X7, D), where L is a finite extension of the splitting field Ly of f. Let ) be
the normalization of X' in the function field of Y. Corollary 3.6 states that ) is a
semistable model of Y if L is a sufficiently large tame extension of Ly. The following
proposition quantifies the degree of L/L, and describes the special fibre ¥ of ).

Choose a prime element 7 of Op. Consider v € V(A) and let x, be the
corresponding coordinate as in Notation 4.4. Define

Ny = nu(f)/nu(7), o= 777N“f~
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Then 7,(f,) =0 and we may consider the image f, of f, in the residue field
F.(x,) of the valuation 7,. Let n, denote the order of the image of £, in the group

Fr(o)™ /(Fr(x,))".
PROPOSITION 4.5.

1. Assume that the field L contains all nth roots of unity. Then the model Y of
Yy is semistable if and only if n | N, for all v € V(A).

2. Assume that the condition in (1) holds, and fix v € V(A). Then there is a
bijection between the set of irreducible components of Y, := Y| %, and the set
of elements g € Fr(x,)* satisfying

gn/nu = /7‘v~

The restriction of ¢ to the irreducible component corresponding to g is the Kummer cover
with equation

Vo' =&

—Ny/n

where y, = 7 ».

Proof. By Theorem 3.4 and the proof of Corollary 3.6, ) is semistable if and only
if the valuation 7, is unramified in the extension of function fields F(Y;)/F(X ) for all
v € V(A). If this is the case, the irreducible components of Y, are in bijection with the
discrete valuations on F(Y;) extending n,. The irreducible component corresponding
to an extension &, of n, to F(Y}) is the smooth projective curve whose function field is
the residue field of &,. This reduces the proof of the proposition to standard facts on
the behaviour of valuations in Kummer extensions. For convenience, we give the main
argument.

Assume thatn | N, for some v. Then the element y, := 7 y € F(YL) generates
the extension F(Y)/F(Xy) and is a root of the irreducible polynomial F,, := T" — f,, €
L(x,)[T]. The polynomial F, is integral with respect to 5,. Its reduction is separable
and is the product of n/n, irreducible factors of degree n,, as follows:

sz l_[_(TnU _g)

gn/m =7,

—N,/n

(Here the hypothesis ¢, € L is used.) It follows that 5, is unramified in the extension
F(Y;)/F(X.). Furthermore, the extensions of 5, are in bijection with the irreducible
factors of F,. For each extension the residue field extension is generated by the image
of y,, which is a root of the corresponding irreducible factor of F,. This proves (2) and
the backward implication in (1). The forward implication in (1) is left to the reader. [

COROLLARY 4.6. Assume that L contains the nth roots of unity and that the
ramification index of L/Ly is divisible by n. Then Y| has semistable reduction. The
irreducible components of the reduction Y are absolutely irreducible.

5. Computing the inertial reduction We continue using the notation of the
previous section. In particular, ¢ : ¥ — X = PL is a Kummer cover given by the
equation

V'=f(x)
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satisfying Assumption 4.1, Ly/K is the splitting field of f and L/ Ly is a sufficiently large
finite extension. The precise meaning of “sufficiently large” is given by the condition
of Proposition 4.5.(1). In this section, we assume that the possibly stronger condition
from Corollary 4.6 holds.

Let (X,D) be the stable model of the marked curve (X, D;) and ) the
normalization of X in the function field of Y. By Proposition 4.5 and Remark
3.5.(1), Y is a quasi-stable model of Y;. After enlarging L. we may also assume that
L/K is a Galois extension. The following assumption summarizes the requirements
on L.

ASSUMPTION 5.1. We consider a finite extension L/K satisfying
e [ contains the splitting field Ly of f over K,
e [ contains a primitive nth root of 1 and an nth root of a uniformizing element of
Ly,
e the extension L/K is Galois.

As before we let I' = Gal(L/K) denote the Galois group of L/K and I < T" the
inertia subgroup. The group I' has a natural semilinear action on the special fibre
Y := Y ®o, F;. Recall that the inertial reduction of Y (with respect to the quasi-stable
model ) is defined as the quotient Z := Y/T. In this section, we give a concrete
recipe how to compute Z. Our assumption is that the extension L/K together with
the Galois group I' = Gal(L/K) and its action on a chosen prime element 7= of L are
known explicitly.

Our strategy to compute Z may be summarized as follows. It is clear that the cover
¢ : Y — X extends to a finite I'-equivariant morphism Y — X Its restriction to the
special fibre is a finite I'-equivariant map $ : Y — X between semistable curves over
F;. It induces a finite map Z — W := X/ T between semistable curves over Fx. We
also write Z, := Y /I and Wj, := X/I for the quotients by the action of the inertia
group. Diagram (13) shows the relevant maps. Our strategy is to first describe the

Y\
Zy, = Y/I
\ . .
Z=Y/T
)'(\
I/_V[FL =X/I (13)
\ . )
W=X/T
SpeclF,
SpeclF,
SpeclF g

action of I' on X (Sections 5.1 and 5.2), and then the maps Z¢, — W, (Section 5.3)
and Z — W (Section 5.4).
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5.1. Recall that (X, D)is the special fibre of the stable model (X, D) of the marked
curve (X7, D). In particular, X is a semistable curve of genus zero. Let A denote the
tree of components associated with X. In Section 4.2, we gave a description of the tree
A in terms of the divisor Dy C X. It is clear from this description that the action of
I on V(A) is determined, in an explicit way, by the action of I' on D. (We refer to
Section 6.4 for an explicit example.) We may therefore consider the action of I' on A
as known.

For a vertex v € V(A), we let I', C ' be the stabilizer of the component X,
of X corresponding to v. The subgroup I', consists exactly of those elements of I'
leaving invariant the set ¥ ~'(v) consisting of the branch points « € D; specializing
to X.

The curve W = X /T is a semistable curve over Fx with component graph A/T.
Then W, := X,/ T, is the irreducible component of W corresponding to the I'-orbit
of v. In order to compute W = X/ T, it therefore suffices to compute W, = X, /T,
for each v.

5.2. Let us fix a vertex v € V'(A). The goal of Lemma 5.2 below is to describe
the action of I', on the curve X,. We retain Notation 4.4 and write

ax—+b

7 with 4 := (a b

cd

Xy = A(x) = ) € PGLy(L). (14)

cx +

LEMMA 5.2. Foro € Ty, the matrix B, := o(A)A~" lies in PGLy(Oy). Furthermore,
if ¥, € Aut(Fp(X,)) denotes the automorphism induced by the action of o on X,, then

wo()_cu) = Ba(-;cv)
Here B, € PGLy(F;) denotes the reduction of B,.

Proof- An element 0 € I' = Gal(L/K) acts canonically on L(x), the function field
of X; = P!, by fixing the generator x. Therefore,

o (xy) = 0(A(x) = o (A)(x) = o (A4~ (x,)) = By (x0).

If 0 €', then o fixes the Gauss _Valuation corresponding to x, and hence B, €
PGL,(Oy). The equality ¥, (x,) = B, (x,) is a direct consequence. ]

REMARK 5.3. Clearly, the map I'y > Aut(F.(X,)), o+ ¥, Is a group
homomorphism. However, the map I'y — PGLy(F.), o — B,, is not a group
homomorphism. A straightforward computation shows that it obeys the rule

By =o(B.)- B,.

The reason is that the restriction of ¥, to F, need not be trivial if o ¢ I,,. It follows
that the map o — B, defines an element of the set of non-abelian cocycles

ZNT, PGLy(F1)PP),

as defined in [22], I, Section 5.1. Of course, the restriction of this cocycle to the inertia
group I C T is a group homomorphism.
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LEMMA 5.4. For a suitable choice of the chart A, we have
I/fa(ffv) = g Xy + b(r,

with a,, b, € Fr, for all o € T,. In other words, W, is an affine linear transformation for
allo € T,.

Proof. To prove the lemma, we need to show the existence of an [, -rational point
p1 € X, which is fixed by all o € T',. Let pg := & € X denote the specialization of the
point co € X; = P} . It is clear that p is an F;-rational point fixed by . If py € X,
then p; := py satisfies the requirements.

Otherwise, we let p; € X, be the unique singular point of X such that py is contained
in the connected component of X — {p;} not containing X, — {p;}. In other words, p;
is the unique singular point of X contained in X, which is “nearest” to po. Since
Vo € Aut(F;(X,)), it follows that p; € X, is an F;-rational point which is fixed by the
action of I',. We now choose the chart A, such that p; is the point X, = co. This shows
the statement of the lemma. O

5.3.  'We now describe how to compute the quotient Zg, = Y/I of Y by the action
of the inertia group, together with the map Zy, — Wj, = X/I. By what was explained
in Section 5.1, it suffices to consider the subcurve Y, := Y|y .

We choose a chart for X, as in Lemma 5.4. Recall that this means that o € I, acts
on the coordinate X, as ¥,(X,) = a,Xx, + b, with a,, b, € F;. Abusing notation, we
also write ¥, (X,, y,) for the automorphism on Y, induced by o.

Recall that Y, is given by the Kummer equation

Vo = Fo(5%0), 15)
where y, = 7~N/"y (Proposition 4.5.(2)). The curve Y, is in general reducible.
We prefer to work with the reducible equation (15) rather than the equation for
the irreducible components. This means that we work with the function algebra
Fr(x)]/07 — f,) instead of with the function field of one of the irreducible
components.

We have assumed that L contains a primitive nth root of unity (Assumption
5.1). It follows that the groups G and I, commute inside Autg,(Y,). The quotient
cover

Zv,ﬂ:L = Yv/lv - I/_Vv,[I:L = _U/IU

is therefore still Galois with Galois group G/(I, N G). In Propositions 5.5 and 5.6 below
we compute a Kummer equation for this cover.

Our next goal is to compute an equation for the quotient curve of Y, by the finite
group I, explicitly. Being an inertia group, I, = P, x C, is an extension of a cyclic
group C, of order prime to p by its Sylow p-subgroup P,. The following proposition
describes the action of P, on Y,.
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PROPOSITION 5.5. Write P, = {/, | o € P,} for the image of P, in Aut, (Y,).

1. For every o € P, we have that
wd()_cva J_/v) = ()_Cv + ba, )_}v)

for some b(,_ e F;.
2. The group P, is an elementary abelian p-group.

Proof. Let o € P,. The definition y, = 7~"/"y implies that ¥/, (¥,) = ¥ ,. Since
o has p-power order, it follows that y, is trivial. We have chosen the chart A, such
that v/, acts on X, as affine linear transformation (Lemma 5.4). Statement (1) follows.
Moreover, we may identify P, with a subgroup of F;. This implies (2). 0

Proposition 5.5 allows us to compute the quotient cover Y,/P, — X,/P,. The
coordinates y, and

iy =[] vo®) = [[Go+00)

oeP, oeP,

are P,-invariant and generate the function algebra of Y,/P,. The rational function
f+(X,) is an element of F; (&,), hence we may write f,(X,) = Z.(i,). The function g, is
easily determined explicitly by comparison of coefficients. We conclude that the curve
Y,/ P, is given by the Kummer equation

J_}Z = gu(l_lu)

The Kummer cover Y,/P, — X, /P, is given by (iy, u) > . Note that the degree of
this cover is still n, since the intersection G N P, C Autg, (Y,) is trivial.

It remains to consider the quotient of Y, /P, by I,/P, = C,, which is cyclic of order
prime to p. We choose an element o € I, whose image generates C,, this defines a
section C, — I,. Define i as the order of v, considered as automorphism of Y, and
m as the order of ¥, € Aut(X,). Then m | ;1. Moreover, (u/m) | n since ¥ € Aut(Y,)
is an element of G, which is cyclic of order n. In particular, we have that

GO (Yo)| = £
m

The cover Y,/I, — X,/I, is a Galois cover with Galois group G/(G N I,)), which is
cyclic of order 72 := n/(u/m) = nm/ . _ B
If m = 1, we have that v, € G and the cover Z, 5, — W, , = X,/I, is given by

s/ _ 5 (7 = =i
2 = g (ity), where Z, = *.

We consider the case m # 1. Recall from Lemma 5.4 that ¥, € Autg, (X,) is an
affine linear transformation of order m with at least one [ -rational fixed point (which
we assumed to be X, = o0o). It follows that the second fixed point is also F-rational.
After a further normalization of the chart, we may assume that it is X, = 0. With this
choice of chart we have that

Vo (Xy, Jo) = (cXy, YI0)
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for some ¢, y € Fy. The definitions of x and m imply that m = ord(c) and u =
lem(m, ord(y)). It follows that y*/” = ¢* € F; for some integer s.

Since P, is a normal subgroup of /,, the automorphism 1, descends to an
automorphism of X,/ P,, which we still denote by v,,. The definition of the coordinate
i, of X,/P, implies that the fixed points X, = 0, co map to #, = 0, 0o, respectively. It
follows that ¥, (%,) = ¢u,. Since the order of o is prime to p and hence prime to |P,|,
we have that ord(¢) = ord(c) = m. We conclude that the functions

> . o mz—s - . =m
Z, =y, W, =i

are invariant under 7,. We find the following Kummer equation:

7~ -n )_/n ]_(U(SCU)
. n v
ZuF, - Z' = pY = et
v v

(16)

SrL

Since the function algebra of the quotient curve Z, f, is generated by Z, and w,, it
follows that the right-hand side of (16) is a rational function %,(i,) € Fz(@,). As in
the previous step, it is easy to calculate A, .

The following proposition summarizes the above discussion.

PROPOSITION 5.6.

1. We may choose the chart L, such that

Yo (Xy, o) = (€Xy, Y o),

for suitable constants ¢,y € Ff.
2. The cover Z, y, — Wy, is given by a Kummer equation

2 = hy(,),
where

iy =[] Vo), @y =0, Z, =P

oeP,

Moreover, we have m = ord(c), u = lem(m, ord(y)), ¢’ = y*/™ and i =

n/(/m).

In Section 6, we give an example where the degree 7 of the quotient Kummer cover
is strictly smaller than » (Remark 6.1).

REMARK 5.7. In the case that /m = n, the Galois group G of the cover ¥, — X,
is contained in (¥, ) C 1,. In this case the quotient curve Z,, = Y, /I, is a disjoint
union of curves of genus 0, since each component is isomorphic to a quotient of X,.
It follows that v does not contribute to the L-function, and we may disregard v in the
rest of the calculation. An example can be found in Section 6.4.

5.4. In this section, we describe how to compute the quotient curve Z = Y/T' =
Zg, /(T /1), together with themap Z — W = X/T'. We write T" := I'/I ~ Gal(F./Fg).
In Section 5.2, we have already described the action of I on X, and therefore on
the set of irreducible components. This action is induced by the action of I' on the
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roots of the polynomial f, which is assumed to be known. As a result, the action of
[' = I'/1 on the irreducible components of Wy, = X /I may therefore be considered as
known.

Let us choose v € V(A). As before, we denote by W, ¢, (resp. W,) the irreducible
component of W, (resp. of W) corresponding to the I-orbit (resp. to the I'-orbit) of
v. Similarly, we write Z, 5, = Zg, |j3,,, and Z, := Z|,.

Recall from Proposition 5.6 that the cover Z, 5, — W, , is given birationally by
a Kummer equation

Eﬁ = ljlvv
where h, € F1(i,) is a rational function in the coordinate @, for the projective line
Wk,

PROPOSITION 5.8. Let Ty, C T be the stabilizer of W, and put F, = [FE

1. The curve W, is isomorphic to the projective line over F,, and a coordinate ',
corresponding to such an isomorphism can be explicitly computed.
2. The cover Z, — W, is birationally given by a Kummer equation

G =Hh,

where /_1; is a polynomial in W, with F,-coefficients. The polynomial 71; can be explicitly
computed.

Proof. Since W, is a curve of genus zero over [F,, the first part of (1) follows from
the fact that the Brauer group of the finite field [, is trivial. However, in order to justify
the second claim in (1) it is better to give a more direct proof which does not use the
Brauer group (and therefore does not depend on [F, being finite).

By Proposition 5.6, the function field of I/_VU,[FL is [z (w,), where w, is an explicit
polynomial in the chosen coordinate X, on X,. The semilinear action of T, is therefore
given by a cocycle

(4,), € Z\(T,, PGLy(F)°PP),

which can be explicitly computed from the knowledge of the cocycle from Remark 5.3.
Moreover, since w, is a polynomial in x,, Lemma 5.4 shows that 4, corresponds to an
affine linear transformation, i.e.

a. b
A — T T
T (0 1 ) k)
with @,, b, € F. To prove (1), we need to find a coordinate W which is [,-invariant.
In other words, we need to find a matrix

B= (‘(’)‘ ’f) € GLy(F,)
such that 4, = t(B)B~! for all r € T,. This translates to

Y —a B —1(B) = be(@).

TO():“
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In fact, it suffices to solve this equation for a generator t of T',. Clearly, solutions
a, B € F; may be found explicitly as in the proof of the additive and multiplicative
versions of Hilbert’s Theorem 90. This completes the proof of (1).

It remains to prove (2). By (1) we can write 4, as a rational function in w, with
coefficients in [y There exists a rational function 4 € Fy (/) such that

h, = h, - (R)",

is a polynomial in [F,[w;] which does not have any non-trivial factors which are nth
powers. We set z, := (/))z,. The cover Z,f, — W, F, is now given by the Kummer
equation

Gy =Hh. 17

For t e T, we write ; for the (semilinear) automorphism of Z, ¢, induced by .
We claim that for any element 7 € I', we have

V.(Z,) = . - Z,, with g, € Fz[w)]. (18)
To see this, note that the extension
FL(Zy5,) D Fo(W,) = Fy(), (19)

of functions rings is a Galois extension. Recall that the Galois group G :=
Gal(Z,f,/ V_V,,,[FL) is cyclic of order 7. Since F; contains the 7ith roots of unity, G is
a normal subgroup of the Galois group of the extension (19), which is a quotient of I",,.
It follows that yr,(Z)) is a Kummer generator of Z, r, / W,.5,. Kummer theory implies
that

WT(ZL) = qr : (Z‘/U)mr7 (20)

where m, € {l,...,7i— 1} represents the character x :T, — (Z/iZ)* which
determines the action of I, on G by conjugation. The claim (18) states that the
character yx is trivial. .

To prove that y is trivial, we consider the action of ¥, on the polynomial /2. Recall
that /_1:) is a polynomial which does not have any non-trivial factors that are iith powers.
It follows that the roots of /, are branched in the Kummer cover Z, 5, — W, f,. More
precisely, the roots of }_z’u are the images of the branch points of the cover ¥ — X that
specialize to X,. In particular, it follows that I, acts on the set of roots of }_z;.

It also follows that the order of vanishing of a zero of /) is equivalent (mod 7)
to the order of vanishing of the corresponding zero of the polynomial f/ describing the
Kummer cover ¥ — X. Since Y — X is defined over K it follows that any two roots
of /_1; which are conjugate under the action of I', have the same order of vanishing in
k.. The coordinate @/, is already invariant under r. We conclude that

wr(h:;) =q:- h; with g- € [FZ,
for all T e T',. With (17) it follows that m, in (20) is trivial for all = € T',, and hence
that the character y is trivial. This proves the claim (18).

Replacing z, with yZ,, for some y € F}, has the effect of replacing g, with
g.t(y)y~!. Using again Hilbert’s Theorem 90, we may assume that g, = 1, i.e. that Z,
is invariant under the action of [,
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The extension of function algebras F(Z,)/F(W,) = F,(w) has degree 7, which
is the same as the degree of the Kummer equation for Z. We conclude that Z/ is a
generator of the extension of function algebras F(Z,)/F(W,) = F,(@!). The proof of
the proposition is now complete. ]

Proposition 5.8 gives an explicit description of the (possibly reducible) curves
Z, = Z|j,. Remark 3.5.(2) implies that Z, is smooth. It follows that the normalization
7 : Z© — Zis the disjoint union of the curves Z,, where v runs over a subset of V'(A)
representing the I'-orbits. We therefore have an explicit description of the normalization
ZO as well.

As explained in Section 2.4, it remains to describe the singular locus ZV :=
x-1(Z5"¢) ¢ ZO), Remark 3.5 implies that Z() is the inverse image of W) ¢ W under
the map Z — W, where W is defined analogously to Z® for i = 0, 1. Since the map
Z® — WO hasan explicit description as a disjoint union of Kummer covers, it suffices
to describe the closed subset W) ¢ W Since W = X/ T, an explicit description of
WO c WO can immediately be derived from the inclusion XV ¢ X This is easy
using the description of X as a tree of projective lines in Section 4.2.

6. Example I In this section and the next, we compute the local L-factor and the
exponent of conductor of two superelliptic curves.

6.1. We consider the Kummer cover ¢ : ¥ — X = [F"}< over K := Q3 given by
the equation

¥ =f(x) = (x* = 3)(x* + 3)(x? — 6x — 3).

The branch points of ¢ are the six roots of f* (with ramification index 4) and the point
at oo (with ramification index 2). The Riemann-Hurwitz formula shows that the genus
of Yis7.

The splitting field of f over K is the biquadratic extension Ly := K(i, 3'/?), where
i is a fourth root of unity and 3!/? is a square root of three. In fact, the roots of f/ are

+3172 4312 o, o,

where « =3 —2-312, o/ =342.3Y2 ¢ L, are the two roots of x2 — 6x — 3. Note
that K(i)/K is the maximal unramified subextension and that the residue field of K(7)
(and of L) is the field F9 with nine elements.

Let L := Ly(3'/%) be the extension obtained by adjoining a square root 3/ of
3172, Since K(i) already contains all fourth roots of unity, we see that L/K is a Galois
extension whose Galois group I is the dihedral group of order 8. The inertia subgroup
I <1 T is the unique cyclic subgroup of order 4. Moreover, L satisfies Assumption 5.1
and Y; has semistable reduction over L.

6.2. Let (X, D) denote the stably marked model of (X, D;) and (X, D) the
special fibre of (X, D), see Section 3.2. We note that

Ol—31/2

o — (_31/2)
31/2

=0 (mod 3%, 37

=0 (mod 3%,
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and that there are no further congruences between the elements of Dy. Following
Remark 4.3 one easily sees that X’ is given by the three charts A; : X; — P, i=1,2,3
corresponding to the parameters

x+ 3172
X3 = .

x1:=3""%x, x,:=

Let X; C X be the irreducible component corresponding to A;. Then X looks as follows:

—i3!/?

In this picture the dots indicate the position of the points @ € D C X. Next to the
dots one finds the value of the corresponding point o; € Dy C X1 = P}.

6.3. Let ) denote the normalization of X in the function field of Y;. We use
Proposition 4.5 to show that ) is a semistable model of Y; and to describe its special
fibre Y.

Let 5, denote the discrete valuation corresponding to the component X; on the
function field F(X;) = L(x), where we normalize n; by 1,(3) = 1. Set N; := n;(f). For
i =1, we write

() =73Y2x1) =3 (xf = DO + D(x] =235 = 1),
from which we conclude that
m() =3 fi=GE - DG +D.
Similarly, we check that for i = 2, 3 we have
ni() =4, fi=2%—1).

By the first part of Proposition 4.5 it follows that ) is semistable. The second
part of the proposition implies that there is a unique irreducible component Y; of Y
lying above X;. The restriction ¥; — X; is the Kummer cover with equation 3? = f;, for
i =1,2,3. Note that the genus of Y7 is equal to 3, whereas Y> and Y3 have genus 1.

To describe Y it remains to describe the singular locus of Y. By Remark 3.5.(2),
the singular locus of Y is precisely the inverse image of the singular locus of X.
The latter is contained in the component X, and consists of the two points with
X1 = £1. Note that the points above X; = +1 have ramification index 2 in the cover
Y) — X;. Hence Y contains 2 - (4/2) = 4 singular points: two intersection points of
Y, with ¥; and two intersection points of Y3 with Y;. The curve Y therefore looks as
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follows.

Note that the arithmetic genus of ¥ equals 3+ 1+ 142 = 7, which is equal to the
genus of Y, as it should be.

6.4. We now look at the action of I' = Gal(L/K) on Y. Let o, T € T be the two
generators given by

o3 =i-34 o) =i
T(31/4%) = 31/4, (i) = —i.

Recall that the inertia subgroup group I C T is cyclic of order 4, hence [ is generated
byo.

Following the strategy of Section 5, we first study the action of I = (') on (X, D),
which is determined by its action on the set D; .

The element o € I acts as an involution on Dy, as follows:

32 o 312 312 o 3120 o oo

It follows that the automorphism ¥, of X maps the component X; of X to itself
and interchanges the two components X>, X3. We conclude that vy, also fixes the
component Y, of Y and interchanges Y, with Y.

As a second step, we determine the quotients Zf, = Y /I — W[FL = X/I. The
definition of x; as x; = x/3'/? implies that the restriction of v, to X, is given by
Y, (¥1) = —X;. The coordinate y; is the image in F;(Y}) of y; 1= n~N/"y = 373/4)
(Proposition 4.5.(2)). It follows that

Vo (X1, ¥1) = (=X1, iJ1).
Therefore the Kummer equation for Y, /I; — X; from Proposition 5.6.(2) is given
by
Z=mi@ + 1D, @ =5 5 =7n/E - (1)
This implies that Z; 5, = [FD[IFg has genus zero.

REMARK 6.1. Note that v, considered as automorphism of ¥; has order 4, which
is strictly larger than the order of the corresponding automorphism of X. This is the
reason why the quotient Kummer cover Z; f, — Wi, has degree i = 4/2 = 2.

A similar analysis shows that ¥, (X;) = X3 and v¥,2(X2) = X,. The restriction of ;2
to Y2 U Y3 is the identity since y» = y/3. We have already seen that ¢, interchanges ¥>
and Y3. We conclude that Z By = (Y, U Y3)/1 is an isomorphic copy of Y» (or 13).
The quotient cover Z>f, — Wz F, is the same as the original cover Y, — X, ie.

B=2n(nr—1), Di=y=J3, =X+ (22)
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It follows that the quotient curve Zg, := Y/I is a semistable curve over Fy consisting
of two irreducible components Z; r, and Z, f, intersecting each other in two points, as
follows.

Z2,F

ﬂ 71 Fo

The arithmetic genus of Z, is equal to g(Zg) = g(Z1f,) + g(Z2f,) +1=0+1+
1 =2.

6.5. It remains to determine the semilinear action of I' = T'/I = (%) on Z§, and
the quotient Z := Zg, /T = Y/T. By considering the action of t on the branch points
of ¢ as in Section 6.4, we see that 1; acts trivially on the graph A of components of
X. Since there is a unique irreducible component of ¥ above X, vz also acts trivially
on the graph of components of Y.

From the proof of Proposition 5.8 it follows that T leaves the coordinates z;, w;
defined in (21) and (22) invariant. We conclude that Z, is already the correct model
over 3. Note that the (7) ~ Gal(Fy/F3) acts semilinearly on Z = Z,. For example,
the singular locus of Z consists of two geometric points which are conjugate over the
quadratic extension Fg/F3. This completes our description of Z.

6.6. 'We can now write down the local L-factor of the curve Y/Qj. By Corollary
2.5, the local factor is
Ly(Y,5) = P\(Z,37),
where
P((Z, T) := det (1 — Frobs - T|H'(Z, Q))

and where Frob; : Zf, — Z, is the F3-Frobenius endomorphism.
The normalization of Z is equal to the disjoint union of Z; = P} and Z>. Lemma
2.7.(1) implies that

HY\(Zi, Q) = H' (M) ® HY(Z> i, Q).

In Section 6.5, we have seen that Frob; fixes the two irreducible components Z;
and Z, of Z and interchanges the two singular points. Lemma 2.7.(2) therefore implies
that the corresponding factor of P1(Z, T) is equal to

1+ T.

The second factor is the numerator of the zeta function of the genus-one curve Z,
given by (22). Since the number of F3-rational points is

1Zy(F3)| =4 =1+3,
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it follows that

P(Z,T)=(+T)1+37%.

6.7. We use our description of the stable reduction of Y to compute the exponent
of the conductor of the I'g-representation H'(Yz, @,). Since Y achieves semistable
reduction over a tame extension of K = Qj3 it follows from Corollary 2.6 and the above
calculations that

fr/x =28(Y) — dim H} (Zy, Q) = 14 — 3 = 11.

7. Example I  As a second example, we consider the curve Y over K = @, given
by

y3 =f(x) =xt— 2+ 1. (23)

We will see that in this case any extension L/@Q, over which Y acquires stable reduction
is wildly ramified.

We curve over @ given by (23) has good reduction outside p = 2, 3. The reduction
at three together with the local L-faction and the exponent of conductor are computed
in Section 4.3 of the follow-up paper [4].

7.1.  The ramification divisor D C X := P} has degree 5 and consists of the zero
set of f together with oo, hence g(Y) = 3. As f is the 12th cyclotomic polynomial, its
zero set is {#¢, +¢°}, where ¢ is a chosen primitive 12th root of unity. The splitting
field of f is Ly := Q2(¢). We set L := Ly(2'/3), where 2!/ is a third root of 2. Since
Ly contains the third root of unity ¢3 := ¢*, the extension L/K is Galois and its
Galois group I' := Gal(L/K) is the dihedral group of order 12. Its inertia subgroup is
I := Gal(L/K(Z3)), which is the cyclic subgroup of " of order 6. In particular, L/K is
wildly ramified. The residue field F; of L is F4, and is generated over [, by the image ¢
of ¢3. Assumption 5.1 is satisfied, therefore the curve Y, has semistable reduction over
L.

As in Section 6.2 , we find that the special fibre X of the stable model (X, D) of
(Xr, D) looks as follows:

X X
¢ ¢°
—¢ —¢°
R

X0 = X, X] = , Xy 1= . (24)
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The choice of x; differs from the convention in Notation 4.4 by a unit. This leads to
slightly easier formulas afterwards.
Proposition 4.5 yields as Kummer equation for Y; := Y| X

Yo =Y, J_/(3) :]_(()()_C()) = ()_C% + Xo + 1)2, (25)
y1 =223y, ¥ =f1() =% +0), (26)
y2 =2y, 73 = fa(%2) = Xa(%2 + ). 27

Note that Y; is irreducible and has genus 1 fori =1, 2, 3.

7.2.  We now describe the action of I' = Gal(Z/K) on X and Y and determine the
quotient curve Z = Y/ T'. For convenience, we choose generators o, T of I" as follows

o(i) = —i, o(2') = 32!, o(83) =&, (28)
() =14, (2! =27, ©(¢) = &3 (29)

Note that o generates I and the image of t generates T := I'/I.

Since xp = x and y¢ = y it follows that I" leaves these coordinates invariant. We
conclude that W, := X,/ I' is isomorphic to the projective line over F, with parameter
Xo. Similarly, Zy := Y,/ T is simply the F»-model of ¥; given by the equation (25).

We describe the action of I" on the graph A of irreducible components of X Since I
permutes the primitive 12th roots of unity, the components X; and X, are interchanged.
The choice of coordinates in (24) implies that ,(X;) = X, and conversely. Since
¢% = 3 - ¢, the stabilizer I'; of X; is the inertia group I fori =1, 2.

Obviously, I' permutes the components Y, and Y, as well. We are reduced to
computing the quotient Z; := Y, /I. The definition of the coordinates in (24) and (26)
implies that

Vo (X1, 71) = (X1, L0,

since (¢ —0(¢))/2=( —¢7)/2=¢ =¢ (mod 2). Therefore, ¥,> generates the
Galois group of Y| — X, and W; = Y;/I is a projective line over F4 with coordinate
wy = X1(X1 + ¢). L B L

The corresponding component of Z = Y /T is Z3 := (£, | | Z»)/Gal(F4/F,). The
curve Z3 is isomorphic to P[1F4 considered as a curve over [, and is not absolutely
irreducible. Since Z; has genus 0, the curve Z3 does not contribute to the étale
cohomology of Z. Since there are no loops, the contraction map Z — Z, induces
an isomorphism on H.,.

The curve Zy = Y,/ T is the smooth curve of genus one over F, given by (25) with
| Zo(F»)| = 3. We conclude that the zeta function of Z is

14272

A2, T)Z(I—T)(I—ZT)'

7.3. It remains to compute the exponent of conductor fy k. Since the extension
L/K is wildly ramified, Corollary 2.6 does not apply and we have to use the formula
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of Theorem 2.9. Recall that

Srik =€+,

where € = 2gy —dim H!(Z;, @;) and § is the Swan conductor. The results from
Section 7.2 show that dim H)(Z,, Q;) = 2 and therefore that € = 4.

Let (I';)i>0 be the filtration of I' by higher ramification groups. Then I'g = [ is the
inertia group and I'y = P is the Sylow p-subgroup of 7. In our case, I = (o) is cyclic
of order 6 and P C I is generated by the element 0. A simple computation using (28)
shows that

M=r,=Ty=P, T4={l}.
Theorem 2.9 implies that

8=2gy —gzv), (30)

where gy (resp. gz+) is the arithmetic genus of Y (resp. of the quotient curve Z% :=
Y/P).

The curve Y has genus 3. The computations of Section 7.2 show that the curve Z¥
is a semistable curve over F4 with three smooth irreducible components ZY, ZV, Z¥,
where Z}” and ZY each intersect Z{ in a unique point. The curve Z is canonically
isomorphic to the genus-one curve Y (since / acts trivially on Yy), while Z} and ZY
are curves of genus zero. We conclude that g(Z£*) = 1, and hence § = 4 by (30). All in
all, we obtain

fY/K=E+5=4+4=8.
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