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Abstract. This is a corrigendum to the paper ‘A spectral refinement of the Bergelson—Host—
Kra decomposition and new multiple ergodic theorems’ [3]. Theorem 7.1 in that paper is
incorrect as stated, and the error originates with Proposition 7.5, part (iii), which was
incorrectly quoted from a paper by Bergelson, Host, and Kra [1]. Consequently, this
invalidates the proof of Theorem 4.2, which was used in the proofs of the main results
in [3]. In this corrigendum we fix the problem by establishing a slightly weaker version of
Theorem 7.1 (see §2 below) and use it to give a new proof of Theorem 4.2 (see §3 below).
This ensures that all main results in [3] remain correct. We thank Zhengxing Lian and
Jiahao Qiu for bringing this mistake to our attention.

1. A counterexample to [3, Theorem 7.1]

We begin by presenting the counterexample to [3, Theorem 7.1] provided to us by
Zhengxing Lian and Jiahao Qiu. We will use common terminology about nilmanifolds
and nilsystems as reviewed in [3, §3].

THEOREM 7.1. (From [3]) Letk € N, let X be a connected nilmanifold and let R : X — X
be an ergodic nilrotation. Define S := R x R* x - - - x R* and

Yo :={8"(x,x,....x):neZ} C Xk (L1)
For almost every x € X, 0(Yy, S) = o(X, R).

Counterexample. Let k =2 and let (X, R) be the skew-product system given by R :
(x,y) — (x +a, y +x) on T? for some irrational «. This system can be realized as an
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ergodic nilsystem (see [3, Example 7.2]). For any point (x, y) € X let Y, y) be the orbit
closure of the diagonal point (x, y, x, y) € X 2 under the map S = R x R2. Then

2
Yy = {(x —I—na,y—i—nx—i—<Z>a,x+2na,y+2nx+<2n>a> :neN}

=,y x,¥)+ {(na, nx + (Z)a, 2na, 2nx +4<;>a — na) ‘n e N}.

If x, @, 1 are linearly independent over QQ (which happens almost surely) then it follows
that

Yoy = @,y x, ) +{(z, w,2z, W) : z, w, w € T}. (1.2)

Therefore the nilsystem (Y(x y), S) is isomorphic to the nilsystem (T3, 7y), Where
T (z, w, W) = (z + &, w + z + x, W + 4z + 2x + «). Consider the function f : T> — C
described by f(z, w, ) = e(i — 4w), where e(z) := ¢>*2. Then

[z, w,w) =e((W+4z+2x +a) — 4w+ 7+ x)) = el —2x) f(z, w, W).

This shows that & — 2x is an eigenvalue of the system (¥(y,y), S), but not of the system
(X, R), 300 (Y(xy), R x T?) Z (X, S) for almost every (x, y) € X.

2. Revised version of [3, Theorem 7.1]
The above example shows that [3, Theorem 7.1] is not correct as stated. Here is a corrected
version.

REVISED THEOREM 7.1. Letk € N, let X be a connected nilmanifold and let R : X — X
be an ergodic nilrotation. Define S :== R x R* x - - - x R* and

Yy :={S"(x,x,...,x):neZ < x~ 2.1
Forany 0 € [0, 1), if 0 ¢ o (X, R) then for almost every x € X we have 0 ¢ o (Y, S).

Remark 2.1. The difference between the (incorrect) statement of Theorem 7.1 in [3] and
the (correct) statement of Revised Theorem 7.1 above is that

‘for almost every x € X and all 6 ¢ o (X, R) one has 6 ¢ o (Y,, S)’
has been replaced with
“forall @ ¢ o (X, R) and almost all x € X one has 6 ¢ o (Y, S)'.

In other words, the full measure set of x is now allowed to depend on 6.
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Proof of Revised Theorem 7.1. Given a nilpotent Lie group G, denoteby G = G| > G, >
.. - > Gy > {1} its lower central series. For k € N, define H(l)(G), R H(k’l)(G) as

HOG) = (gD, gD, . ... ¢D): g e G} c G~ 2.2)

where (j) = 0for j < i, and let H(G) be given by

i
H(G) := HYG)HP(G) - - - H¥V(G)GE. (2.3)
Also, for a co-compact lattice I' C G define A(G,T") := H(G) N %, Since H(G) is a
rational subgroup of G*, it follows from [2, Lemma 1.11] that A(G, I') is a uniform and
discrete subgroup of H (G). Define the nilmanifold Y (G, I') := H(G)/A(G, I'). Note that

we can naturally identify Y (G, I') with a subnilmanifold of (G/ T’ )k,
For b € G, define R, : G/T" — G/ T to be the map R,(gI") = (bg)T" and let

Sp:=Rp X R} x - - x RY. (2.4)

For x = gI" € G/ T define

Yo = {86, x,...,x):n€Z} € (G/T). 2.5)

It was shown in [3, Proposition 7.5, part (iv)] that for almost every x = gI' € G/ I" the map
Ryt X -+ X Ryt : (G/F)k — (G/ ¥ is an isomorphism from the nilsystem (Y, S;)
to the nilsystem (Y (G, I'), nglag).

Suppose now that X = G/ T is the system in the statement of the theorem and let
a € Gbesuchthat R = R,. Take 6 € [0, 1). Our goal is to show thatif 6 ¢ o (X, R) then
0 ¢ o(Yx, S,) for almost every x € X. Let us first deal with the case when 0 is irrational.

Observe that 0 is not an eigenvalue of (X, R;) if and only if the product sys-
tem (X, R;) x (T, Ry) is ergodic, where Rg: t +— t + 6 is rotation by 6. Notice that
X xT=(GxR)/(I' xZ) is a nilmanifold too, and hence (X, R;) x (T, Ry) is a

nilsystem. In accordance with (2.4) and (2.5) let
Stap) = (Ra X Rg) x (R2 X Rag) x - - - x (RX x Rug)

and

Yion) = {800 (. 1), (6, 0) in € Z} € (X x T)k.

As was mentioned above, for almost every (x,t) = (g[',f) € X x T, the nilsystem
(Y(x.,1)» S(a,a)) 1s isomorphic to (Y (G x R, I' x Z), S(g—lagﬂ)).
We claim that Y (G x R, T" x Z) 2 Y(G,T') x Y(R, I'). Assuming this claim for now,
it follows that
(Y(x,t)v S(a,e)) =Y (G xR, T x7Z), S(gflag,e))

= (Y(G, ), Sg-144) x (Y (R, Z), Sp)

2 (Y(G,T), Sy-14q) X (T, Re)

= (Yy, Su) x (T, Ry).

,1ag
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Recall that any transitive nilsystem is ergodic. Since (Y(x ), S(.,6)) 1s transitive by
definition, it follows that it is ergodic, which implies that (Y, S;) x (T, Rp) is ergodic
for almost every x € X. However, (Y, S;) X (T, Ry) can only be ergodic if 6 is not in the
discrete spectrum of (Y, S,), which finishes the proof that 8 ¢ o (Y, S,) for almost every
x € X.

It remains to show that Y(G xR, I'xZ)ZY(G,T) x Y(R,T"). Note that
H®(®R) = {0}* for all i > 2, so that H(R) = {(¢,2¢, ..., kt) : t € R}. More generally,
for any G we have H® (G x R) = HY(G) x {0}k whenever i > 2. This implies that

H(G x R) = H(G) x H(R).
Finally, since
A(G xR, T x Z) = (H(G) x HR)) N (I'* x ZF)

= HG)NT* x HR) NZ*
=A(G,T) x AR, Z),
the claim Y(G x R, T" x Z) = Y (G, T') x Y(R, I'') follows.

Lastly, we deal with the case when 6 = p/q € (0, 1) is rational. Recall that S, = R, X
Rg X oo X ngandYx = {S"(x,x,...,x):n € Z}and that

Yy, Sa) = (Y(G, T), Sg-140) (2.6)
forall x = gI" € X', where X’ is some full measure subset of X. Observe that (2.6) implies

(Yx, S4) = (Y(G,T), SZ ) 2.7)

,lag

for all x = gI' € X’. Then define

Y = (ST (x, x, ... x) in € Ly = (S (x, %, ..., %) :n €L}

Since X is connected and (X, R,) is ergodic, the nilsystem (X, R{) is ergodic. This implies
that there exists a full measure set X” C X such that for all x = gI" € X” we have

(Y9 59y = (v(G,T), S 1) 2.8)

,lag
Combining (2.7) and (2.8), we see that for any x € X’ N X” we have

(Yo, S = (v, s9).

Since (Y,Eq), Sy is transitive by definition, it must be ergodic, and thus it follows that
for all x € X' N X” the system (Y, S) is ergodic. We conclude that # = p/q is not an
eigenvalue of (Y, S¢) and this finishes the proof. O]

3. Revised proof of [3, Theorem 4.2]

In light of the fact that [3, Theorem 7.1] is incorrect, we need to provide a new proof for
[3, Theorem 4.2] to ensure that all the main results presented in [3] are still correct. With
the same notation as in [3], let us recall the statement of [3, Theorem 4.2].
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THEOREM 4.2. Let k € N, let G be an s-step nilpotent Lie group, and let T be a
uniform and discrete subgroup of G such that X = G/ T is a connected nilmanifold. Let
R : X — X be an ergodic niltranslation on X. Define S := R x R> x - - - x RF and

Yya :={8"(x,x,...,x):x eX, neZ}ng.

Theno (X, R) =0 (Yxa, S), where o (X, R) denotes the spectrum of the nilsystem (X, R)
and o (Yxa, S) denotes the spectrum of the nilsystem (Yxa, S).

Proof. Given 0 € (X, R), let f € L>(X) be an eigenfunction of the system (X, R)

with eigenvalue 6. Since the function f € L2(YxA) defined by f(xl, e Xxk) = f(xp)
is an eigenfunction for the system (Yya, §) with eigenvalue 60, it follows that o (X, R) C
U(YxA 5 S).

Next we prove the converse inclusion. Let v be the Haar measure of the nilmanifold Yy a
and let v, be the Haar measure of the nilmanifold Y, defined by (2.1). Observe that the sets
Y, are precisely the atoms of the invariant o -algebra of the system (Yxa, S). Therefore,
the measures v, form the ergodic decomposition of v.

Letd € 0(Yya, S)andlet f € Lz(YxA, v) be an eigenfunction with eigenvalue 6, that
is, for almost every y € Yyxa we have Sf(y) = e(0) f(y). Since f cannot be Ov-almost
everywhere, there exists a positive measure set of x € X for which the restriction of f to
the system (Y, vy, S) is not the zero function. But for any such x, the restriction of f to the
system (Y, vy, S) is an eigenfunction with eigenvalue 6. This implies that 8 € o (Yya, S)
for all such x. Finally, by invoking Revised Theorem 7.1, we conclude that 6 € o (X, R),
finishing the proof. O
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