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Abstract
Let ¢ and ¢ be analytic maps on the open unit disk D such that ¢(D) c D. Such maps induce a weighted
composition operator Cy ,, acting on weighted Banach spaces of type H* or on weighted Bergman spaces,

respectively. We study when such operators are order bounded.
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1. Introduction

For an analytic self-map ¢ of the unit disk D in the complex plane the classical
composition operator Cy is defined by

Cy:H(D) > H(D), f fog,

where H(D) denotes the set of all analytic functions on D. Multiplying with a map
Y € H(D) induces the so-called weighted composition operator

Coy :HD)— H(D), f[fry(fog)
which is a combination of Cy with the pointwise multiplication operator
My :H(D)— HD), fw—y-f.

(Weighted) composition operators occur naturally in various problems and therefore
have been widely investigated. For an overview of results in the classical setting
of the Hardy space H? as well as for an introduction to composition operators,
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we refer the reader to the excellent monographs by Cowen and MacCluer [6] and
Shapiro [11]. Order bounded composition operators have been studied by several
authors; see, for example, [8—10] and the references therein. Motivated by the work of
Hunziker [10], Hibschweiler [9] characterized order bounded composition operators
acting on weighted Bergman spaces and weighted Banach spaces of holomorphic
functions, generated by the so-called standard weights. One of the aims of this article
is to generalize her results to the setting of more generally weighted spaces. The
other aim is to continue the research we started in [12, 13]. There we characterized
bounded, compact and Schatten class weighted composition operators acting on
weighted Bergman spaces generated by the absolute value of holomorphic functions.
We will show that these results remain true for Bergman spaces generated by a quite
general class of radial weights.

2. Setting

2.1. Weighted spaces. We say that a function v : D —]0, oco[ which is bounded and
continuous is a weight. For such a weight v we define

1 = {f € HOD): Ifll = sup @)L @) < o).
zeD

Endowed with the weighted sup-norm |- ||,, this is a Banach space. We refer to
such a space as weighted Banach space of holomorphic functions. These spaces arise
naturally in several problems related, for example, to complex analysis, spectral theory,
Fourier analysis, partial differential and convolution equations. Concrete examples
may be found in [4]. Weighted Banach spaces of holomorphic functions have been
studied deeply in [3], but also in [2, 5].

The formulation of results on weighted spaces often requires the so-called
associated weights. For a weight v, its associated weight 7 is defined as follows:

1
sup{lf(2); f € H(D), sup,ep v f@I < 1}

The concept of associated weights was implicitly introduced by Anderson and Duncan
in [1]. Bierstedt, Bonet and Taskinen thoroughly studied associated weights in [3].
During his studies of Hilbert spaces of analytic functions Bergman mainly studied
spaces of analytic functions which are square-integrable over the given domain with
respect to the Lebesgue area or volume measure. Later attention was drawn to more
general spaces. The reproducing kernel, the Bergman kernel function, played an
important role. In this article we are interested in weighted Bergman spaces given by

V(z) = z€D.

1/p
A= {f e HD): |Ifll, := ( f FRIPVE) dA(z)) < oo}, 1<p<o,
D

endowed with norm || - ||, ,. This means that the usual Bergman space is denoted
by Al,2-

https://doi.org/10.1017/51446788712000316 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000316

[3] Order bounded weighted composition operators 335

2.2. The weights. In this article we consider the following class of weights. Let v be
a holomorphic function on D, nonvanishing, strictly positive on [0, 1[ and satisfying
lim,_,; v(r) = 0. Then we define the weight v as

v(2) :=v(z*), for every z € D. 2.1)

Examples include all the famous and popular weights.

(a) Standard weights. The function v,(z) = (1 — 2)%, a > 1, yields the weight v,(z) =
(1=l

(b) Exponential weights. We consider

v(z) = A A

and obtain

2\a
V(Z) — e—l/(l—\z\ ) .

(c) Logarithmic weights. With v(z) = (1 —log(1 —2))’, B<0, we get v(z) =
(1 —log(1 - |z)).
For a fixed point a € D we introduce a function v,(z) := v(az) for every z € D. Since

v is holomorphic on D, so is the function v,. In particular, we will often assume that
there is a constant C > 0 with

sup sup v@) <C. (2.2)
aeD zeD |Va(z)|

The following weights satisfy (2.2).
(a) Forv(z)=1- [z,

v(z) 11— < 1 —|z]?
Ve 1 —azl = 1-1[z

<l+|z7<2

for every z € D.
(b) Consider v(z) = 1/(1 —log(1 — |z|*)). This weight has the desired property since

1 —log(1 —az)| <1 —1log(l —|z]), foreveryze D,

and the function (1 — log(1 — |z]))/(1 = log(1 — |z*)) is continuous and tends to 1
if |zl = 1.

2.3. The operators. This section is devoted to giving the necessary definitions as
well as an overview of results already obtained.

Let X be a Banach space of functions analytic in D and let g > 0. Moreover, let u
be a positive measure on the unit circle. The operator 7 : X — L9(u) is said to be order
bounded if there exists h € L1(u), h > 0, such that the inequality

IT(f)(e®)] < h(e'®)

holds almost everywhere with respect to y, for all f € X with ||f||x < 1.

https://doi.org/10.1017/51446788712000316 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000316

336 E. Wolf [4]

Recall that, for p > 1, the Hardy space H? consists of all functions f analytic in the
disk with
1 2 ©
I/l = 5= sup f |f(r(e®)IP dO < oo.
0

27 o<r<t

Equipped with norm || - ||g» this is a Banach space. Moreover, if f € H?, then the
boundary function f* defined by

F1@®) = lim f(re®)

exists almost everywhere with respect to the Lebesgue measure m.

Now, for 8 > 0, Hunziker [10] showed that the operator Cy4 : H — LPr(m) is order
bounded for some p > 1 if and only if the function 1/(1 — |¢*|) belongs to LA(m). Later
Hibschweiler (see [9]) proved that if @ > —1, ¢ > 0, ¥ € LY(m) and |¢*(¢’®)| < 1 almost
every (a.e.) [m], the operator Cy4, : A,, , — L4(m) is order bounded if and only if
¥/(1 = |¢*)***/P € L1(m). Moreover, for @ >0 and g >0, Cy, : HYY — Li(m) is order
bounded if and only if ¥/v o ¢* € L9(m).

3. Results
3.1. Order boundedness for radial weights. For zeD and fe€A,, Ilet
E.(f) = f(2).
Lemwma 3.1. Let v be a weight of the type defined in (2.1) such that

sup sup v(z) <M< oo
aeD zeD |Va(z)|

Then there exist positive constants C, C,, depending only on v and p, such that

C] C2
1 232 < “EZH < 1 2\2
v()!/P(1 = [z17)?/P v()P(1 — |2]?)?/P

Proor. By [12, Lemma 1] we can find a constant C, > 0 such that

1A 1lv.p-

G
v()VP(1 = [z|?)*/P WAl

lf@)I <

for every z € D. Obviously, this is the upper estimate. In order to prove the lower
estimate, we consider the function

1
v (WP (1 = Zw)?/P’

fow) =

for every w € D.

Then
WAL, = fD ) s

(W1 = Zw)?

1
<M | ———dAw) =M
=M, Tz A
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for every z € D. Hence

£ 1 1

E|l > 22— =
1EZ] W M]/plfz(z)l MVPv)VP(1 = |2]2)2/P

and the claim follows. O
The proof is inspired by [9].

THeEOREM 3.2. Let v be a weight as defined in (2.1) and W € L1(m). Let ¢ be an
analytic self-map of the disk such that |¢*(e'®)| < 1 a.e. [m]. For fixed p, 1 < p < oo,
the following are equivalent.

(@ Cyy:Ayp— Li(m) is order bounded.
(b) /(¢ D'P(1 = |¢* )P € LU(m).

Proor. Let us first assume that (b) holds. Since |¢*(e®)| < 1 a.e. [m], the previous
lemma gives a constant C, depending only on v and p, such that

C
V(@ (e®)V/P(1 — g™ (e®)*)*P

a.e. [m] for all f with ||f]l, , < 1. Next, we consider the function

|f(¢*(€®))] <

Cly (e
V(@(e®@NP(1 — |¢*(e®)})?P

Then h € L(m), by hypothesis, and the previous inequality implies that

h(e'®) :=

[y (e®)If (@* ()] < h(e®) ae. [m].

Thus, Cyy : A, , — L (m) is order bounded.
Next, let us assume that Cy, : A, , — L/(m) is order bounded. Then we can find an
h e Li(m), h > 0, with

h(e®)| = (eI (4" ()] ace. [m]
for every f € A, , with ||f]},, < 1. An application of the previous lemma now yields
(&) = W F@" (€N = (e )] supllEge ooy ()L 1 flvp < 1}
()l
V(g(e®ONVP(1 — |g*(e®)2)/P
a.e. [m]. We can conclude that (b) holds. O
Lemma 3.3. Let v be an arbitrary weight. For z € D, let E,(f) = f(z) for f € H;°. Then

= W(eNEgeo)ll = C

1
lE-II = Q)
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Proor. Fix z€ D. Then for f € H?,
f@v@ _ IIflly
() T W)’
since, by [3], H," and H;® are isometrically isomorphic. Hence ||E.|| < 1/7(z) (see [3]).
For the lower estimate take a function f, € H;® with ||£||, < 1 such that |£.(2)| = 1/7(2).

Then
L@l 1
Il ¥(2)

and the claim follows. m]

|E-(f)l =

IE-|| =

The proof is inspired by [9].

TuEOREM 3.4. Let v be a weight and 0 £ € L1(m). Let ¢ be an analytic self-map
of the disk such that |¢*(’®)| < 1 a.e. [m]. For fixed p, 1 < p < oo, the following are
equivalent.

(@) Cgy: HY — Li(m) is order bounded.

(b) ¥/vo¢* e Li(m).

Proor. First, we assume that Cy : H;® — L9(m) is order bounded, that is, there exists
a positive function i € L(m) such that

h(e®)] 2 lp(@)If (") ae. [m]

for every f € H,® with ||f]|, < 1. Hence an application of the previous lemma yields

h(e®)] > 1 ()] supt|E ooy (H; ILf1ly < 1}
. 0
= WOy ool 2 %

and (b) holds.
Conversely, let us suppose that /v o ¢* € LY(m) and f € H;° with ||f]|, < 1. Since
lo*(e™®)| < 1 a.e. [m], by Lemma 3.3,

Cos NN < WEONE ol fll < P

| (¢*(e®))
a.e. [m]. Finally, take % :=|y|/? o ¢* and conclude that the operator must be order
bounded. m]

3.2. Bounded, compact and Schatten class composition operators on weighted
Bergman spaces.

Remark. Weights v of the type defined above can be written as v(z) = f(|zl), z€ D,
where f € H(D) is a function whose Taylor series (at 0) has nonnegative coefficients.
By [3, Corollary 1.6] such weights my be written as

v(z2) = M(f, 2) := max{|f(12); |4] = 1}.
In the following we will write f(z) = f(A2).
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Now, before we can characterize when weighted composition operators are
bounded, compact or Schatten class, we need some further information related to the
geometry of the unit disk.

For a, z € D, let 0,(z) be the Mobius transformation of D which interchanges 0 and

a, that is,
-z
04(2) = —a
Moreover,
’ 1 - |a|2
_O'a(Z) = —(1 — az)z , z€D.

Next, let K,(z) = 1/(1 — az)? be the Bergman kernel and

k()——'()—ﬂ—a—H%K()
A E T g T TR

the normalized Bergman kernel in A;» so that ||k,||;» = 1. For an analytic self-map ¢
of D and weights v, w on D the weighted (¢, v)-Berezin transform of w is given by

3 , ,» w(2)
[Bso(W)](a) = jl; oo (¢(2))] ) dA(z).

The formulation of results on composition operators acting on weighted Bergman
spaces requires the Carleson measure. Thus, let u be a positive Borel measure on D.
Then p is called a Carleson measure on the Bergman space if there is a constant C > 0
such that, for any f € A, »,

INCRICECTS
D
Finally, the Carleson square is defined by
S(I):{zeD; 1= <l < 1,|Z—|e1},
z

where I is an arc of the unit circle dD.
The following result is well known. The form stated below is taken from [7].

Tueorem 3.5 [7, Theorem A]. Let u be a positive Borel measure on D. Then the
following statements are equivalent.

(@) There is a constant C| > 0 such that for any f € Ay,

fD QP du() < CLllfIR -

(b) There is a constant Cy > 0 such that, for any arc I € 4D,

u(S @) < Gyl
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(c) There is a constant C3 > 0 such that, for every a € D,

f 0P du(z) < C.
D

THEOREM 3.6. Let v be a weight as defined in (2.1), w an arbitrary weight, ¢ an
analytic self-map of D and ¢ € H(D). Then the weighted composition operator
Cyu : Avp — Ao is bounded if and only l'fB¢,v(W|l//|2) e L*(D).

Proor. By definition, the operator Cy, : A, » — A, > is bounded if and only if there is
C > 0 such that for every f € A, » the following inequality holds:

fD IF( @@ (2P w(z) dAGz) < C fD If@Pv() dAG).

Since there is obviously an i € H(D) with v(z) := maxy=; |h.(z)| for every z € D, this
holds if and only if

fD FG@R@PW(E) dAR) < C fD ORI dAG) 3.1

for every A € C with |A] = 1. From now on we can proceed exactly as in the proof of
Theorem 2 in [12]; for the sake of completeness we repeat this here. Note that f € Ay, »
if and only if g := hﬁ/ 2e Aj,. Thus, (3.1) is equivalent to the condition that there is a
constant C > 0 such that for every g € A »,

lg(p(2))I* ) f 2
dA dA
TN6@) ———— Y (@)"w(z) dA(zx) < C | Ig(2)|° dA(2).
Let @
AVy100(2) = WP —2_ dA
Vi (2) = Y (2) ) ()

and let fty 5 = Vi y © ¢! be the pull-back measure induced by ¢. If we change the
variable s = ¢(z), then

w(z)

f PO oo

dA(z) = fD 18(BIF dVyu(2)

_ f (P ity a(S).
D

Thus, (3.1) is equivalent to
f 18I dptypy(s) < C f |g(9)I* dA(s).
D D
By Theorem 3.5 this holds if and only if

sup f 10 (P ditymp(5) < 0.
D

aeD
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Changing the variable back to z yields the inequality

w(z)

v((2))

and the claim follows. m]

sup fD o (@)l (z) dA(z) < o0,

aeD

Analogously we also obtain the following theorems.

THEOREM 3.7. Let v be a weight as defined in (2.1) and w be an arbitrary weight. For
an analytic self-map ¢ of D and a map € H(D) the weighted composition operator
Cou 1 Avp — Ay is compact if and only if

lim sup[ By, (Y*w))(a) = 0.
lal—1
THeoREM 3.8. Let v be a weight as defined in (2.1) and w be an arbitrary weight.
Moreover, let the operator Cyy : A,» — A, be compact. Then Cyy €S, if and only
if B¢,v(|t//|2v) € LP'*(D, d2), where dA(z) = (1 — |21*)2 dA(z) is the Mobius invariant
measure on D.

3.3. Order boundedness: weights which are the absolute value of a holomorphic
function.

LemmA 3.9. Let u be a bounded holomorphic function without any zeros on D and
v = |u| with sup_.p, v(z) £ M < co. Then for f € H;® and z € D,

@)l <

V(O)l/P(l _ |Z|2)2/pV(Z)1/P ”f”v,p-

Proor. Let @ € D be an arbitrary point and consider the map

To:Avp = Avps Taf(2) = f(0a(@)0 @ (o).

Then a change of variables yields
ITo IV, = fD VI f(0o@)Plo ()00 (2)) dARZ)
<50 | @@ Qv dA
<M fD (@10, @I a(2)) dAG)
<M fD VOO dAG) = MIFIE,.

Now put g(z) := To(f(2)) for every z € D. By the mean-value property,

v(0)g(0))” < f v(2)lg@)I" dA(z) = ligll, < MIIFIIY .
D
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Hence
V()OI = vO) f(@)P(1 = [*)*v(e) < MIIfIIL .
Thus,
/11
<M'r i )
< M O Tn (1 — a2
Since @ was arbitrary, the claim follows. O

We can now give the following sufficient condition for the boundedness of an
operator Cyy : A, — Ay p.

Tueorem 3.10. Under the assumptions of Lemma 3.9, the operator Cyy : A, ), — A,
is bounded if

wp WM
b (L= QP =

The proof is the same as that of [12, Proposition 1]. What was needed was
Lemma 3.9.

We close this section by characterizing when weighted composition operators
acting on weighted Bergman spaces generated by a weight given as the absolute
value of a holomorphic function are order bounded. We will not give the proof here
since with an application of Lemma 3.9 everything is analogous to the proofs given in
Section 3.1.

TueoreM 3.11. Let u be a bounded holomorphic function without any zeros on D and
v = |u| with sup,.p, v(z) <M <o and y € LY(m). Let ¢ be an analytic self-map of
the disk such that |p*(€®)| <1 a.e. [m]. For fixed p, 1 < p < co, the following are
equivalent.

(@) Cyy:A,, — Li(m) is order bounded.
(b) ¥/ DVP(1 = |¢*1)*/P) € Li(m).

References

[1] J. M. Anderson and J. Duncan, ‘Duals of Banach spaces of entire functions’, Glasg. Math. J. 32
(1990), 215-220.

[2] K. D. Bierstedt, J. Bonet and A. Galbis, ‘Weighted spaces of holomorphic functions on balanced
domains’, Michigan Math. J. 40(2) 271-297.

[3] K. D. Bierstedt, J. Bonet and J. Taskinen, ‘Associated weights and spaces of holomorphic
functions’, Studia Math. 127(2) (1998), 137-168.

[4] K. D. Bierstedt, R. Meise and W. H. Summers, ‘A projective description of weighted inductive
limits’, Trans. Amer. Math. Soc. 272(1) (1982), 107-160.

[5] K. D. Bierstedt and W. H. Summers, ‘Biduals of weighted Banach spaces of holomorphic
functions’, J. Aust. Math. Soc. Ser. A. 54 (1993), 70-79.

[6] C.Cowen and B. MacCluer, Composition Operators on Spaces of Analytic Functions (CRC Press,
Boca Raton, FL, 1995).

[71 Z.Culkovié and R. Zhao, ‘Weighted composition operators on the Bergman space’, J. Lond. Math.
Soc.(2) 70 (2004), 499-511.

https://doi.org/10.1017/51446788712000316 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000316

[11]

(8]

(9]

[10]

(11]
[12]

[13]

Order bounded weighted composition operators 343

T. Domenig, ‘Order bounded and p-summing composition operators’, in: Studies on Composition
Operators, Contemporary Mathematics, 213 (American Mathematical Society, Providence, RI,
1998), pp. 27-41.

R. Hibschweiler, ‘Order bounded weighted composition operators’, in: Banach Spaces of Analytic
Functions, Contemporary Mathematics, 454 (American Mathematical Society, Providence, RI,
2008), pp. 93-105.

H. Hunziker, ‘Kompositionsoperatoren auf klassischen Hardyrdumen’, Dissertation, Universitéit
Ziirich.

J. H. Shapiro, Composition Operators and Classical Function Theory (Springer, New York, 1993).
E. Wolf, ‘Weighted composition operators between weighted Bergman spaces’, Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 103(1) (2009), 11-15.

E. Wolf, ‘Bounded, compact and Schatten class weighted composition operators between weighted
Bergman spaces’, Commun. Korean Math. Soc. 26(3) (2011), 455-462.

ELKE WOLF, Mathematical Institute, University of Paderborn,
Warburger Str. 100, 33098 Paderborn, Germany
e-mail: anelwo2@gmx.de

https://doi.org/10.1017/51446788712000316 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000316

