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SUBDIAGONAL ALGEBRAS FOR SUBFACTORSII
(FINITE DIMENSIONAL CASE)

KICHI-SUKE SAITO AND YASUO WATATANI

ABsTRACT.  We show that finite dimensional subfactors do not have subdiagonal
algebras unless the Jones index is one.

1. Introduction. In the previous paper [SW] we started to investigate a relation
between subdiagonal algebras and subfactors. The notion of subdiagonal algebras was
introduced by Arveson [A] to unify several aspects of non-selfadjoint operator algebras.
Later Jones[J] created the theory of subfactors.

Let N be atype ll;-factor, G a countable discrete group and «: G — Aut N an outer
action. We consider N asubfactor of the crossed product M = Nx G. In [SW] we showed
that there exists a bijective correspondence between the set of al maximal subdiagonal
algebrasfor N C M and the set of al positive cones of total orders on G. Therefore we
can regard a subdiagonal algebra as a quantization of (a positive cone of) atotal order
on a group. A totally ordered group G must be torsion free, in particular the order of
G must be infinite, unless G = {1}. Therefore it is reasonable to conjecture that if N
is a subfactor of a finite factor with finite Jones index, then there exist no subdiagonal
algebras with respect to the canonical conditional expectation E: M — N determined by
the trace unlessM = N. In [SW] we confirmed the conjecture in the case of subfactor
N of a hyperfinite I1;-factor M with [M : N] < 4. In this paper we shall show that the
conjectureis true in the case of finite dimensional subfactors.

2. Finitedimensional case. Let M be afinite von Neumann algebrawith afaithful
normal normalized trace 7. We recall the definition of (o-weakly closed) subdiagonal
algebrasby Arveson[1]. Let A > 1 beac-weakly closed subalgebraof M and E afaithful
normal conditional expectation from M onto N = A N A* such that 7(E(x)) = 7(x) for
x € M. Then A is called a maximal subdiagonal algebra of M with respect to E if the
following conditions are satisfied:

(1) A +A*isc-weakly densein M,

(2) E(xy) = E(E(y) forx,y € A,

(3) A ismaximal among those subalgebras of M satisfying (1) and (2).

An analytic crossed product is a typical example of a maximal subdiagonal algebra
and hasbeen studied deeply, for example see[LM], [MMS1], [MMS2]. But in this paper
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we consider only finite dimensional algebras. If M isthen x nfull matrix algebraand N
isthe diagonals, then the set A of all upper triangular matricesis amaximal subdiagonal
algebra. In this case N is abelian. We shall show that the assumption of factorness of N
changes the situation completely.

THEOREM 1. Let M = My(C) be the algebra of n x n matricesand N = C C M.
Let E = tr:M — N be the normalized trace. Then there exist no maximal subdiagonal
algebras of M with respectto E unlessn = 1.

PROOF. Suppose that there exists a maximal subdiagonal algebra A of M with re-
Sspectto E =tr.

Let Ag = {x € A | tr(x) = 0}. ThenM = Ay @ CI & Aj. First we shall show that
x" = 0 for any x € Ao. In fact for x € Ag, we may assume that x is an upper triangular
matrix. Put

(e 4] *

(6 4] *

X =
\ 0] Qn
Fork=1,2,3,...n,tr(xX) = tr(x)* = 0, because E = tr ismultiplicative on A. Hence
n
Saf=tr(®¥)=0 (fork=1,...n).
i=1
Thisimpliesthat o = ap = - = oy = 0. Thereforex” = 0.
Thus each element of Ay is nilpotent. We regard Ao as a Lie subalgebra of M, (C).
Then there exists a basis relative to which all elements of A are strictly upper triangular
(see, for example, [H; Corollary on page 13]). Consequently,

2 _
2 = dimMa(C) = 1+ 2dimAy < 1+2(” - ”)

Thus, n < 1 and the Theorem 1 follows. n

THEOREM 2. Let M bea finite dimensional factor and N a subfactor of M. Then there
exist no maximal subdiagonal algebras of M with respect to the canonical conditional
expectation E unlessM = N.

ProOF. We may put that M = Mpy(C) @ Mp(C), N = Mp(C) ® Cl and E =
idetr:M — N be the canonical expectation determined by the trace on M. Suppose
that there exists a maximal subdiagonal algebra A of M with respect to E. Let

M=NNM = Cl ® My(C) = My(C)
N=NNN=Cl®Cl 2l
A=NnA
E=Elj;M—N
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Then we can identify E with the trace on M. We shall show that A isamaximal subdi-
agonal subalgebrawith respect to E.

Since E is arestriction of E, E is multiplicative on A.

We have that

AnA*=(NNANIN'NAH=NNANA)=NNN=Cl =N
By definition, we have M > A +A*. For x € M, there exist & and a, € A st.
X=a +a;
Then for any unitary u € N
X = UXU" = uagu” + uazu”

SinceN isfinitedimensional, the set U (N) of unitariesin N isacompact group. Therefore

X = /U(N) uxu®* du = /U(N) ua,u* du + ( /U(N) uapu du)
Puta = Jupyuau*du (i = 1,2), then
Xx=aj+a andaj,a € NNA =A.

Thus M = A + A*. Therefore A is a maximal subdiagonal algebra. Thenn = 1 by
Theorem 1. HenceM = N. ]
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