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Abstract. We characterize, using commuting zero-flux homologies, those volume-
preserving vector fields on a 3-manifold that are steady solutions of the Euler equations
for some Riemannian metric. This result extends Sullivan’s homological characterization
of geodesible flows in the volume-preserving case. As an application, we show that
steady Euler flows cannot be constructed using plugs (as in Wilson’s or Kuperberg’s
constructions). Analogous results in higher dimensions are also proved.
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1. Introduction and main theorem
The dynamics of an inviscid and incompressible fluid flow on a Riemannian 3-manifold
M is described by the Euler equations

X +VxX=-VP, divX=0,

where X is the velocity field of the fluid (which is a non-autonomous vector field on M)
and P is the pressure function, which is uniquely defined by the equations up to a constant.
The operator Vx denotes the covariant derivative of a vector field along X and div is the
divergence operator computed with respect to the Riemannian volume form.

When the vector field X does not depend on time, we say that it is a stationary solution
of the Euler equations, which models a fluid flow in equilibrium. It is well known [1, 11]
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that the stationary Euler equations can be equivalently written as
X xcurl X =VB, divX =0,

where B := P + %|X |? is the Bernoulli function of the fluid. We recall that, given a metric
g and a volume form p, the curl operator and the vector product x are defined as

lcurd Xt = d(ixg), ixxy8=Iyixi,
where iz g denotes the 1-form dual to the vector field Z using the metric.

An important milestone in the study of the stationary Euler flows, which marked the
birth of modern topological hydrodynamics, is Arnold’s structure theorem [1]. Roughly
speaking, it shows that, when X and curl X are not collinear, they behave as integrable
Hamiltonian systems with two degrees of freedom. For extensions of this theorem to higher
dimensions, see [7]. The ‘degenerate’ case corresponds to the so-called Beltrami flows,
which are defined as those divergence-free vector fields such that curl X is proportional to
X (via a not necessarily constant proportionality factor).

The geometric wealth of steady Euler flows has been revealed in recent years and its
study has attracted the attention of many people. Etnyre and Ghrist, developing an idea
suggested by Sullivan, showed the equivalence between Reeb flows of a contact form
and non-vanishing Beltrami fields with constant proportionality factor [5, 6] (see also [2]
for an extension of this result to b-contact structures); the case of general Beltrami fields
corresponds to volume-preserving geodesible flows (or Reeb flows of stable Hamiltonian
structures), as noticed by Rechtman [12, 13]. More recently, Cieliebak and Volkov [4]
constructed steady Euler flows that are not geodesible, and Izosimov and Khesin [8]
characterized the vorticity functions of two-dimensional steady Euler flows using Reeb
graphs. Nevertheless, we are still far from having a deep understanding of the space of
stationary solutions to the Euler equations.

Our goal in this paper is to give a complete characterization of steady Euler flows a la
Sullivan using zero-flux 2-chains for a vector field that commutes with X. This contains,
as a particular case, Sullivan’s characterization of geodesible flows in terms of tangent
homologies [16] (for volume-preserving fields). To this end, we introduce the definition of
an Eulerizable flow.

Definition 1.1. (Eulerizable flow) Let M be a three-dimensional manifold endowed with a
volume form p. We say that a volume-preserving vector field X is Eulerizable if there is a
Riemannian metric g on M (not necessarily inducing the volume form w) for which X is
a stationary solution to the Euler equations

X xcurl X=VB, Lxu=0,

for some (Bernoulli) function B: M — R. Here, Lx denotes the Lie derivative.
Equivalently, a volume-preserving vector field X is Eulerizable if there is a Riemannian
metric g such that

ixdo =—dB,

where « :=ixg is the 1-form dual to X.

Remark 1.2. When the Riemannian volume form ug does not coincide with the
volume form u, the Euler equations presented above describe the behavior of an ideal
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barotropic fluid, that is, a fluid whose density is a function of the pressure. Indeed,
writing 4 = p g, p > 0 is a function which plays the role of the density. Then the vector
field X solves the equation pVxX = —pVp =: —Vp provided that p is a function of
p:=B— %oz(X), and L,y g =0. In fact, if X is a non-vanishing Eulerizable flow, the
proof of the implication (ii) = (i) of Theorem 1.3 below shows that the metric g can be
taken to be compatible with w, that is, the Riemannian volume form ¢ coincides with w.

To state our main theorem, let us first introduce some notation. For a vector field X, we
denote by Fx the set of the boundaries of zero-flux 2-chains:

Fx = {8c:cisa2-chainwith /iquO}.
C

Let Zx and Cx be the cone of foliation currents and of foliation cycles of the vector field X,
respectively (see Appendix A for a short review on the theory of currents). We recall that
a foliation current of a vector field X is a 1-current that can be approximated arbitrarily
well (in the weak topology) by tangent 1-chains. Equivalently, a foliation current can be
approximated by 1-currents of the form

N
D i sy,
i=1

with N € N, ¢; € [0, 00) and p; € M. Recall that, for any p € M, the 1-current 8§ is
defined as
8§(a) =ap(X) forany I-form .

A foliation cycle is a closed foliation current, that is, a foliation current whose kernel
contains the linear subspace of exact 1-forms.

Throughout this paper we say that a manifold is closed if it is compact and without
boundary. The following theorem is our main result.

THEOREM 1.3. Let X be a non-vanishing volume-preserving vector field on a closed

3-manifold M with trivial first cohomology group, H' (M) = 0. The following properties

are equivalent.

(i) X is Eulerizable.

(i) There exists a 1-form « such that «(X) > 0 and txda is closed.

(iii) There exists a (not identically zero) vector field Y that commutes with X
(i.e. [X, Y] =0), such that no sequence of elements in Fy can approximate a non-
trivial foliation cycle of X, that is, Fy N Cx = {0}.

The proof of Theorem 1.3 yields the following characterization (new to the best of our
knowledge) of Reeb fields in contact geometry, which is of independent interest. Notice
that in its statement we do not need to assume that X is volume-preserving.

THEOREM 1.4. Let M be a closed 3-manifold which is not a fibration over the circle.
Then a vector field X is the Reeb field of a contact structure (possibly after rescaling) if
and only if there is a smooth volume form . such that no sequence of elements in Fx can
approximate a non-trivial foliation cycle of X, that is, Fx N Cx = {O}.
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We prove Theorems 1.3 and 1.4 in §§2 and 3, respectively. Following Sullivan [16], the
key to the proofs is the Hahn—Banach theorem, which allows us to produce functionals
that separate certain subsets of 1-currents. The main application of Theorem 1.3, which
is presented in §4, is to show that Eulerizable flows cannot be constructed using plugs.
This proves, in particular, that an Eulerizable flow cannot contain plugs exhibiting Reeb
components, as in Wilson’s construction [9, 19]. The fact that steady Euler flows cannot
contain Reeb components (not necessarily associated to a plug) was first observed in [4].
Finally, in §5 we prove a higher-dimensional analog of Theorem 1.3 and its application
showing that the steady Euler flows cannot exhibit plugs in arbitrary dimensions. For the
reader’s convenience, we have included in Appendix A a short introduction to the aspects
of the theory of currents that are used in the proofs.

2. Proof of the main theorem
We will first establish the equivalence between items (i) and (ii) and then between items (ii)
and (iii). In the proof, the volume form preserved by X is denoted by .

(i) = (i1). This is straightforward. Let g be a metric for which X is a stationary solution
of the Euler equations and define the dual 1-form « :=ixg. Then «(X) > 0 and, since X
is an Euler flow, i xd« is exact.

(i) = (1). Let & be the 2-plane distribution defined by the kernel of «. It is standard that
we can endow & with a smooth Riemannian metric g¢, which can be extended trivially to
a smooth degenerate quadratic form on 7'M, satisfying g¢ (X, -) = 0. Then

T a0
is a metric on M and it clearly verifies that iy g = «. Since i yd« is closed (and hence exact
because H!(M) =0), X is a solution to the Euler equations with the metric g and the
volume form p. Notice that the freedom on the quadratic form gg allows one to multiply
it by an appropriate (non-constant) factor so that the Riemannian volume form induced by

g is the same as u.

oo+ g

(i) = (iii). Let Y be the vector field defined as iy u := do. It is easy to check that, since
X is volume-preserving,

iix,yju = Lxiyu.
Since diy u = 0, we have that Y preserves the volume pu as well, and also
Lyiyn =dixiynw =dixda =0,

thus implying that X and ¥ commute. It just remains to prove that Fy N Cy = {0}. Suppose
this is not the case, that is, that there is a sequence of 2-chains c,, with ¢, (iy) =0 and a
non-zero foliation cycle b satisfying

lim dc,(B) =h(B)
n—>oo
for any 1-form B. Now, for the 1-form « we have on the one hand that

dcn (o) = cn(da) = cp(iyp) =0,
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and on the other hand that
b(a) = / a>0
b

because «(X) > 0 and b is a foliation cycle of X. We arrive at a contradiction. Accordingly,
Fy NCx = {0}.

(iii) = (ii). Let Z! denote the vector space of 1-currents on M, that is, the continuous
dual of the space Q' of smooth 1-forms on M (see Appendix A).

It is well known [15] that the set of foliation 1-currents Zy C Z! is a closed convex
cone with compact convex base, that is, there is a compact convex set K C Zx \ {0} such
that

Zx ={AK, ) € [0, c0)}.

By item (iii), since Zx N fy =Cx N ]-Ty we conclude that K cannot intersect ]:_y Since
Fy is a closed vector subspace of Z!, a standard application of the Hahn—Banach theorem
(see, for example, [14, Ch. 4, Theorem 4.5]) ensures the existence of a continuous linear
functional § : Z' — R that is strictly positive in K (thus strictly positive in Zy \ {0} as
well) and vanishes in Fy.

The continuous dual of Z! being Q!, we can identify the continuous linear functional
§ with a 1-form «; this form verifies, on the one hand, that

a(X) >0, (D
because b(«) > 0 for any b € Zx \ {0}, and, on the other hand, that
dc(a) =c(da) =0 2)

for any 2-current ¢ such that dc € Fy. In particular, iyda = 0 because any 2-current ¢’
tangent to Y can be approximated by a sequence of 2-chains tangent to Y (and hence of
zero flux), thus implying that 3¢’ € Fy and so ¢’ (da) = 0.

Finally, let us show that ixda is closed and hence exact because M is assumed to
have trivial first cohomology group. Consider the linear subspace of 2-forms that are
proportional to iy u:

Y i={weQ? w=tiyp, t € R}.

We claim that do = Tiyp for some constant T # 0. This implies that Y is volume-
preserving and, since X and Y commute, it readily follows that d (ixda) = 0.

Indeed, first notice that do cannot be identically zero; otherwise, since H 1 (M) =0,
the 1-form o would be non-degenerate and exact, which is not possible on a closed
manifold. Now let Z2 be the vector space of 2-currents on M. Suppose there is no
such T, thus da ¢ ). Again, by a standard application of the Hahn—Banach theorem,
there exists a 2-current ¢ € Z2 that is positive on do and whose kernel contains ).
Accordingly, we have that c(iyu) =0. We claim that dc € Fy. Indeed, let {ck} be a
sequence of 2-chains that converge (in the weak topology) to the 2-current c. By continuity,
it follows that ka iy =: € with €, — 0 as k — oo. Take a 2-chain b such that [, iyu %0
(this obviously exists because Y is not identically zero). Then the sequence of 2-chains

defined as
€k

b
fb lY,bL

Chi=ck —
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has zero flux (i.e. fL : iy = 0) and converges in the weak topology to c. The continuity of
the boundary operator implies that 3¢y converges to dc, thus proving the claim. Finally, by
equation (2) we have that dc(o) = c(da) = 0, which contradicts the fact that ¢ is positive
onda. Soda € ), as we wanted to show. This completes the proof of the theorem.

Remark 2.1. The implication (i) = (iii) holds on any closed 3-manifold (there is no need
to assume that H! (M) = 0).

Remark 2.2. From the proof of (ii) <> (iii) we also obtain a characterization of the set of
vorticities of a given vector field X. More precisely, let X be a non-vanishing vector field
on a closed 3-manifold M with volume form p and assume that M is not a fibration over
the circle (so that, by Tischler’s theorem [18], there do not exist non-degenerate closed
1-forms). Then a vector field Y can be written as ¥ =T curl X for some metric g and
non-zero constant 7" if and only if Fy NCx = {0}.

Remark 2.3. Tt follows from the proof of the implication (iii) = (ii) that if ¢ is a zero-flux
2-current for a vector field Y (i.e. c(iyu) = 0) then dc € Fy.

Remark 2.4. In the particular case where ¥ = X, it is enough to assume that Bx NCx =
{0}, where By is the set of boundaries of tangent 2-chains:

Bx = {dc | ¢ is a 2-chain tangent to X}.

Indeed, the Hahn—Banach theorem implies that there exists a 1-form « such that o (X) > 0
and ixda = 0. Since X is non-vanishing, it then follows that doe = F'ix u for some function
F : M — R. It is easy to check that F is a first integral of X because Lxu = 0. We can
then define a vector field Y := F X that commutes with X (i.e. [X, Y] = 0) and satisfies
the zero-flux condition in item (iii). Applying Theorem 1.3, we then conclude that X is an
Eulerizable flow with constant Bernoulli function (because i xdo = 0), so it is geodesible.
This is consistent with Sullivan’s characterization [16] of geodesible volume-preserving
fields.

Remark 2.5. According to Remark 2.2, if M is not a fibration over the circle, the
assumption FyrNCx = {0} implies that the 1-form « constructed in the proof of the
implication (iii) = (ii) satisfies do = T'iyu for some non-zero constant 7'; in particular,
divY =0 and By N Cx = {0} (see Remark 2.4 for a definition of By). We believe that, in
general, the existence of a commuting vector field Y such that div ¥ = 0 and B_y NCx =
{0} does not imply the existence of another commuting field Y’ with Fy' N Cx = {0}; this
would show that, contrary to Sullivan’s characterization of geodesible flows, there is no
hope of characterizing the Eulerizable flows using only commuting tangent homologies
(instead of commuting zero-flux homologies). This is supported by the fact that divY =0
and By N Cx = {0} imply that do = Fiyu for some function F (provided that Y is non-
vanishing); in the particular case where ¥ = X, this is a characterization of geodesible
volume-preserving or stable Hamiltonian flows, which are not Reeb flows of a contact
structure in general, that is, the function F is genuinely not constant [3, §3.9].

Remark 2.6. We observe that the condition Fy N Cx = {0} in item (iii) is independent
of the existence of a volume-preserving vector field ¥ that commutes with X. Indeed,
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using the C* volume-preserving plug introduced by Kuperberg [9], one can construct
(in a flow-box) a volume-preserving vector field X that is axisymmetric and contains a
Reeb cylinder. The axisymmetry condition is equivalent to saying that there is a volume-
preserving vector field Y that commutes with X, [X, Y] = 0. Since Euler flows cannot
exhibit plugs (see §4), we conclude that the zero-flux homology condition is independent
of the existence of Y.

Remark 2.7. Following Tao [17], we say that a non-vanishing vector field X admits a
strongly adapted 1-form « if «(X) > 0 and ixd« is exact. If X is volume-preserving, the
proof of Theorem 1.3 shows that this is equivalent to being Eulerizable (there is no need
to assume that H'(M) = 0). If X is not assumed to preserve a volume form, a simple
variation of the proof of Theorem 1.3 allows one to prove the following result. Let M be
a closed 3-manifold with H!(M) = 0 endowed with a volume form s. Then X admits a
strongly adapted 1-form « if and only if there exists a (not identically zero) vector field Y
satisfying [X, Y] = —(div X) Y (i.e. Lxiyp = 0) and such that no sequence of elements
in Fy can approximate a non-trivial foliation cycle of X, that is, Fy N Cx = {0}. Given
X and a strongly adapted 1-form «, the vector field Y is simply defined as iy u = da. We
refer to Remark 5.3 in §5 for a generalization of this result to arbitrary dimensions.

3. Proof of Theorem 1.4

We recall that a contact form on a 3-manifold M is a 1-form « whose associated 3-form
o Ada is a volume form (the 2-plane distribution & := ker o is then everywhere non-
integrable, and is called a contact structure). The unique vector field X satisfying (X) = 1
and i ydo = 0 is called the Reeb field of the contact form «.

Let X be the Reeb vector field of a contact form «. In particular, X preserves the volume
form p:=oa Ada, and we have that iy = da. Suppose there is a non-zero element
be f_x N Cx, where we define Fx using the volume . Then, on the one hand b(«) > 0,
because b is a foliation cycle, but on the other hand b is in f_x, so b =0dc where c is a
2-current that satisfies

c(ixp) =c(da) =b(a) =0,

and we get a contradiction. So if X is Reeb, then Fx NCx = {0}.

Now suppose that Fx N Cy = {0}. Arguing as in the proof of the implication (iii) = (ii)
in Theorem 1.3, we construct a 1-form « satisfying «(X) > 0 and do = Tix u, for some
constant 7. If M does not fiber over the circle, we must have that T # 0. But then
a ANda = Ta(X)u is a volume form, so « is a contact form and the rescaled vector field

X =t
TalX)
is its Reeb field.
4. An application: vector fields constructed with plugs are not Eulerizable
4.1. Plugs and geodesible flows. In this subsection we introduce the notion of a plug

and we show that vector fields constructed with plugs are not geodesible. This implies,
in particular, that vector fields with plugs cannot be Beltrami flows; the general case of
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steady Euler flows will be considered in the next subsection. Plugs were introduced by
Wilson [19] in the context of the Seifert conjecture. We start with the definition of a plug.

Definition 4.1. A plug is a 3-manifold P with boundary of the form D x [—1, 1], where
D is a compact surface with boundary (usually a disk). P is endowed with a non-vanishing
vector field X, such that the following statements hold.

(1) X is vertical in a neighborhood of d P, that is, X = d/dz, z € [—1, 1]. Thus X is
inward transverse along D x {—1}, outward transverse at D x {1} and tangent to the
restof 9 P.

(2) Thereis a point p € D x {—1} whose positive orbit is trapped in P. The set D_; :=
D x {—1} is called the entry region of the plug.

(3) If the orbit of ¢ = (x, —1) € D x {—1} is not trapped, then it intersects D x {1} at
the point ¢ = (x, 1). We say that g is the point facing ¢, and D; := D x {1} denotes
the exit region of the plug.

(4) There is an embedding of P into R? preserving the vertical direction.

A plug allows one to change a vector field on a 3-manifold locally: given a flow-box,
the interior can be replaced by the plug, thus changing the dynamics. For example, the
trapped orbits will now be limited to an invariant set contained inside the plug.

Our main result in this subsection is the proof that a plug cannot be geodesible, and
hence any vector field constructed using a plug is not geodesible. For this we use Sullivan’s
characterization of geodesible fields [16]. The following proof is taken from [12]. We
remark that in this subsection, the vector field X is not assumed to be volume-preserving.

PROPOSITION 4.2. The vector field inside a plug (P, X) is not geodesible.

Proof. Let x € D_1 be a point with trapped forward orbit, and assume there is a finite-
length curve o C D_; from x to d D_; such that the orbits of the points o \ {x} are not
trapped by the plug. Such a point always exists, since the points in d D_; are not trapped.
Let o : [0, 1] = D_ be a parametrization such that o (1) = x and 6(0) € dD_.

We want to show that X is not geodesible. Using Sullivan’s theorem [16] we know that
it is enough to find a sequence of tangent 2-chains whose boundaries are arbitrarily close
to a foliation cycle. Consider the curve o; = o ([0, t]), for 7 € [0, 1]. For t < 1, the orbits
of the points in o; under the flow of X hit D after a finite time. Let A; be the tangent
surface defined by the union of the flow-lines of the points in o;, which lie between D_
and Dy,

t
A=y,
s=0

where y (o (s)) is the X-orbit of o (s) inside the plug. Observe that 6; := A; N Dy is the
curve facing oy, by the exit—entry condition on plugs (item (3) in Definition 4.1). Hence
we can define 67 C D; and for every ¢ € [0, 1] we have that |o;| = |67, where by | - | we
will denote the length of the curves and, more generally, the mass of currents (see, for
example, [10]).

Consider now a sequence {t,},en that converges to 1. Since the orbit of o (1) =x
is trapped, and X is non-vanishing, the length of the curve y(o(t,)) goes to infinity
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as n — oo, and we can assume without loss of generality that |y (o (t;,))| < |y (o (t))|
for m < n. Define the sequence of 2-currents

1 1
— A, = ,
Iy (0 ()] y @)l Ja,
where A is any 2-form. We first observe that this sequence of 2-currents has finite mass.
Indeed,
1 |As, |
— A = ——— AL < CllA] o>,
ly (@@ Ja, ly (o ()]

where we have used that |A;, | < |y (o (t))| - |or,| < Cly (o (t,))|, for some constant that
does not depend on n. This last inequality comes from the assumption that the curve o has
finite length.

Moreover, it is clear that the 2-currents (1/|y (o (¢,))|)A;, form a sequence of tangent
2-chains. In Lemma 4.3 we prove that the boundaries of these 2-chains approach a foliation
cycle, thus implying that X cannot be geodesible. The proposition then follows. O

We need to introduce some notation for Lemma 4.3. First, observe that the 2-currents
we are considering are normal currents, that is, compactly supported currents which have
finite mass and boundaries of finite mass as well. In the set of normal currents we consider
the flat norm

F(S):=inf{|A|+ |B|: S = A + 0B},

where S, A and B are normal currents (for more details, see [10]) and | - | denotes the mass
(as defined at the end of Appendix A). The set of normal currents is not closed under this
norm; however, it is easy to check that the flat convergence of normal currents implies the
usual weak convergence of currents.

LEMMA 4.3. lim,— o (1/]y (0 (t,))1)0A;, is a non-trivial foliation cycle.

Proof. Consider the sequence of foliation 1-currents (1/|y (o (¢,))])y (o (t,)). Then
1 1 1

——0A;, — —— -

ly (o ()] ly (o (ta))] ly (o ()]
so the difference converges in the flat norm (and in the weak topology) to zero as n — 0.
Additionally, the flat norm of the 1-currents (1/|y (o (t,))])y (o (t,)) is less than or equal
to one, because they have mass one. Since the space of 1-currents is Montel, there is a
convergent subsequence (1/|y (o (t,,))])y (o (¢4,)). Hence, the limit defines the 1-current
with mass one (and hence non-trivial):

y(o ()| = lloil + a1l + [y (o ()],

In

1
S:= lim ——— 04, = lim ———
koo [y (o (ty )| ™ k—oo [y (o(tn;))]

Since the boundary operator 9 is continuous, it follows that S is a cycle. Moreover,
since the space of foliation currents is a closed convex cone Cy containing the sequence
(1/1y (o (ty, )y (o (ts,)), it contains its limit. Thus S is a foliation cycle, as we wanted to
prove. O

y (o (tny))-

Remark 4.4. The two important properties of a plug that are used in the proof above is that
there are trapped orbits and that the map from the entry to the exit is absolutely continuous,
thus mapping curves of bounded length onto curves of bounded length.
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4.2. Plugs are not Eulerizable. In this subsection we show that vector fields that are
constructed using plugs are not Eulerizable. This implies, in particular, that Euler flows
cannot contain Wilson-type plugs (i.e. with Reeb cylinders). We first recall that Eulerizable
fields with constant Bernoulli function (i.e. Beltrami flows) are geodesible (because
o(X) > 0 and ixdo = 0), and hence by Proposition 4.2 they cannot be constructed using
plugs. Accordingly, the key to proving that plugs are not Eulerizable is to analyze the Euler
flows with non-constant Bernoulli function. In this case, Sullivan’s theorem [16] implies
that B_X N Cx contains non-trivial elements (see Remark 2.4 for the definition of By).
The following lemma is instrumental in proving the main theorem of this subsection. In
the statement we denote by G the set of critical points of the Bernoulli function B of the
Euler flow:
G:={xeM:dB(x)=0}.

LEMMA 4.5. Let X be a non-vanishing Euler flow that is not geodesible. Let 7 # 0 be
a foliation cycle in By NCyx, and let c, be a sequence of 2-chains tangent to X that
converge to a tangent 2-current A such that A = z. Then the support of A satisfies
supp(A) N G¢ # (.

Proof. Since X is not geodesible, its Bernoulli function is not constant, so the complement
G°¢ is not empty. Suppose that the support of A is contained in G. Since X x curl X =0
in G, and X is non-vanishing, it follows that curl X is either zero or collinear with X
on G. Recall that curl X is defined as icy x4 = do, where « is the 1-form dual to X.
Accordingly, 0 = A(da) = 0A(x) = z(a) > 0, which is a contradiction. O

We are now ready to prove that the insertion of a plug (P, X) is not Eulerizable. Observe
that to have any hope that plug insertions can be done in the Eulerizable category, the vector
field X has to preserve volume. Thus we assume that (P, X) is a volume-preserving plug.
In this case the trapped set of P has empty interior. In the proof of the following theorem,
we shall use the notation introduced in §4.1 without further mention.

THEOREM 4.6. The vector field inside a plug (P, X) is not Eulerizable.

Proof. As explained in the proof of Proposition 4.2, the mass of the currents
(1/]ly (o (2))])A; is bounded by the length of o;; then, as the space of 2-currents is Montel,
we can subtract a convergent subsequence (1/|y (o (#,))])A;, (in the weak topology). Let
A be the limit 2-current. First observe that it is non-trivial because (1/]y (o (t,))|)0A;,
converges to a non-zero foliation cycle d A of mass one (cf. Lemma 4.3). Now observe
that, for any 2-form @ whose kernel contains X, we have that A; (w) = 0, thus implying
that A(w) = 0 by continuity, so A is a 2-current tangent to X . Finally, since A has compact
support, and both the mass of A and the mass of its boundary are bounded, A is a normal
2-current.

Assume now that the vector field X of the plug is Eulerizable. This Euler vector field
has a Bernoulli function B, which we assume to be non-constant. Otherwise, the field X is
geodesible and the result follows from Proposition 4.2. The following Lemma 4.7 shows
that the vector field curl X has zero flux through A, that is, A(icy1 xt) = 0. By Remark 2.3
we have that dA € Feyx, but dA is a non-trivial foliation cycle and [X, curl X] =0,
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which is a contradiction according to Theorem 1.3 (and Remark 2.1). We conclude that X
cannot be a steady Euler flow. O

LEMMA 4.7. The 2-current A satisfies A(icun xit) =0

Proof. We claim that the quantity
1
ly (o (t))]
tends to zero as #, — 1, which implies that A(i¢y x#) = 0 by continuity.
To see this, first observe that the Euler equation implies that

|At,1 (fcurt x 1)

1 1
fcurl X = E(X curl X)ixpu — WO{ ANdB,

where we recall that « =ixg. This identity is proved using the fact that ¢ A do =
(X -curl X)u, and

ix (o Adeurd xpt) = o(X)icurt X + @ ANdB.

Therefore, since the 2-chains A;, are tangent to X, we have that
1 -1

1
.cur = dB.
@@l Ja, T el Jyy, 0"

To compute this integral, we introduce appropriate coordinates (s, t) on the surface A;, .
Using the flow ¢3 of the vector field X, any point on A;, can be described as ¢y (o (7)),
with T € (0, #,) and s € (0, so(7)), where so(7) is the time taken for the orbit y (o (1)) of X
to go from the entry D_; to the exit D. Accordingly, using the holonomic basis of fields
{05, 0¢}, noticing that any 1-form B can be written as 8 = $(9s) ds + B(9;) dt, and that
X = d in these coordinates, the integral above can be written as

dB(X)a(d;) — dB(d;)a(X)) ds d.
Iy(a(tn))|/ /V(U(t)) a(X)( (X)a(9;) —dB(3:)a(X)) ds dt

Now, since B is a first integral of X, we have that d B(X) = 0 and d B(d;) does not depend
on s, so we readily get

1 -1 Iy
R .cur - dB 31 d dr.
@@l Ja, 5 |y(a(rn)>|/o ( )</ymf)) s) :

For any point #; € [0, 1), there is a point t[* € [0, 7] such that
ly (@)= sup |y(o())l.
tel0,4]
Taking n large enough, we can safely assume that ¢, > #; and |y (o (¢,))| > |y (o (17))].
This can be used to write

1 .
Iy (@ ()] /A fourl X
t tn
_ dB(&,)(/ ds) dt +/ dB(af)<f ds) dt
ly (o (tn 0 Y@ () u y(o ()
1 ly (o ()]
= miny X <|y(a(t,,))| |B(o (1)) — B(o(0)| + [B(o (tn) — B(G(tl))l),

where the minimum value of | X| on M is positive because X is non-vanishing.
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We claim that we can make the quantity on the right-hand side of the previous bound
as small as we wish for n large enough. Indeed, for any € > 0, there is ; € (0, 1) close
enough to 1 such that |B(a(#;))) — B(c(1))| < €, and there are infinitely many ¢, € (#;, 1)
such that, on the one hand, |B(o(t,)) — B(c(1))| < €, and, on the other hand,

vl _
@@l =

because |y (o (t,))| — oo as n — oo. Hence, for n large enough,

1 .
—‘ / icurl x| < C€|B(o (1)) — B(o(0))] + 2¢ < Ce,
v )| Ja,
where C is a constant that depends on X and B, but not on €. Taking the limit n — oo, we
infer that |A(icyn x )| < Ce for any € > 0, thus proving the lemma. O

Remark 4.8. A simple variation of the proof of Theorem 4.6 shows that a non-vanishing
vector field X (not necessarily volume-preserving) with a strongly adapted 1-form « (see
Remark 2.7 and Theorem 5.6) cannot be constructed inserting plugs.

Remark 4.9. Theorem 4.6 implies that an Eulerizable flow cannot contain plugs with
Reeb components. In fact it is easy to prove that, in general, a steady Euler flow cannot
exhibit Reeb cylinders. A straightforward proof using Stokes’s theorem is presented in
[4, Lemma 2.3]; it can also be derived from Theorem 1.3 by constructing a sequence of
2-chains tangent to curl X (on the Reeb cylinder) such that their boundaries converge to a
foliated cycle of X.

5. Higher-dimensional Eulerizable flows
A steady Euler flow on an n-dimensional Riemannian manifold (M, g) with volume form
1 is a solution to the stationary Euler equations

ixd(X:—dB, LleZO,

where o := iy g is the 1-form dual to X. Analogously to Definition 1.1, an Eulerizable flow
in an n-dimensional manifold is a volume-preserving vector field that solves the stationary
Euler equations for some Riemannian metric.

The 3-dimensional case is special in the sense that the vorticity can be defined as the
vector field curl X (i.e. icy x4 = do). In higher dimensions n > 3, the vorticity is just the
2-form da, whose kernel has dimension n — 2 > 1. Keeping this is mind, all the results in
previous sections can be readily generalized to closed manifolds of arbitrary dimension.

First, we have the following characterization of Eulerizable flows in terms of differential
forms (see also Remark 2.7).

LEMMA 5.1. A non-vanishing volume-preserving vector field X on a closed manifold M
of dimension n > 2 is Eulerizable if and only if there exists a 1-form « such that a(X) > 0
and txdo is exact.

Proof. The proof is identical to that of the equivalence between items (i) and (ii) in
Theorem 1.3. O
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For the n-dimensional homological characterization (cf. Theorem 1.3), the role of the
vorticity vector field Y is played by a 2-form. Accordingly, for a 2-form w, we introduce
the following linear subspace of the space of 1-currents:

Fo = {8c : ¢ is a 2-chain with /a) = O}.
c
THEOREM 5.2. A non-vanishing volume-preserving vector field X on a closed

n-dimensional manifold M (n > 3) with trivial first cohomology group is Eulerizable if and
only if there exists a (not identically zero) 2-form w that is preserved by X (i.e. Lyw =0)
and such that no sequence of elements in F,, can approximate a non-trivial foliation cycle

of X (i.e. Fy NCx = {0}).

Proof. We argue exactly as in the proof of Theorem 1.3, replacing Fy by F,,. The ‘only if”
part follows by taking w := dixg (the assumption H'(M) = 0 is not needed). As for the
reverse implication, the condition .F_w N Cx = {0} allows us to find, by means of the Hahn—
Banach theorem, a 1-form « satisfying «(X) > 0 and do = T w for some constant 7. Since
L xw = 0 by hypothesis, we have that Lxda = ixda =T Lxw = 0. Since H! (M) =0, we
deduce that T # 0 and i xd« is exact, and then we apply Lemma 5.1 to conclude that X is
Eulerizable. Observe that we do not need to assume that the form w is closed; it follows a
posteriori from the proof. O

Remark 5.3. In Theorem 5.2, the assumption that X is volume-preserving is only needed to
apply Lemma 5.1. In particular, it is not used when showing the existence of the 1-form «
such that ¢ (X) > 0 and i xd« is exact. Accordingly, the proof of Theorem 5.2 also provides
a characterization of the n-dimensional non-vanishing vector fields X admitting a strongly
adapted 1-form « in the sense of Tao (see Remark 2.7): such a 1-form exists if and only
if there is a (non-trivial) 2-form w such that Lyw = 0 and F,, N Cx = {0} (actually, the
assumption H'!(M) = 0 is needed only to prove the ‘if* part).

Finally, plugs can also be defined in arbitrary dimension, by taking D in Definition 4.1
to be a compact manifold with boundary of dimension n — 1 (usually a ball) instead of a
surface. We then have the following theorem.

THEOREM 5.4. The vector field inside an n-dimensional plug (P, X), n >3, is not
Eulerizable.

Proof. Following the proof and notation of Theorem 4.6, we construct a sequence of

2-chains |

——A
ly (o (1))]
which are tangent to X and, moreover, converge to a 2-current A whose boundary 9 A is a
foliation cycle of X. We now proceed by contradiction: we claim that if X is a steady Euler
flow, then A(da) =0, where @ :=ixg (i.e. dA € Fyy). Since the Euler equations imply
that Lxda = 0, this yields a contradiction with Theorem 5.2, so X cannot be Eulerizable.
To show that A(da) = 0, we generalize the proof of Lemma 4.7 by using the following
identity, satisfied by steady Euler flows in arbitrary dimensions:

ts

1 . 1
o= oz(X)lX(a Nda) — ma ANdB.
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Since A;, are surfaces tangent to X, we have A; ((1/a(X))ix(a Ada)) =0 and
1 -1
s —— dO{ = o
ly @)l Ja, y (@)l Ja, a(X)
Now the argument is the same, mutatis mutandis, as in the proof of Lemma 4.7, thus
proving the claim.

Instead of arguing by contradiction, there is an alternative proof that involves showing
that, for any 2-form w such that Lxw =0, we have A € F,,. Indeed, as in the proof
of Lemma 4.7, we introduce coordinates (s, T) on the surface A;,, with t € (0, ¢,) and
s € (0, so(7)), where so(7) is the exit time of the orbit y (o (7)). For any 2-form w we can
write, in the holonomic basis {d;, 9.} of vector fields in A;,,

1 1
- 0= —
ly (e (@)l Ja, ly (o (t)] Ja,

Define the function g(s, 7) 1= w(s, r)(ds, dz). Now the fact that Lxw =0 and

[0s, -1 = 0 imply that (3/9s)g(s, T) = 0, hence

; a)—;/m (‘L’)(f ds> dt
el Ja, “ " el Jo £\ o) '

Since g(t) is uniformly bounded, arguing as in Lemma 4.7, this integral can be shown to
be as small as one wishes, which implies that A(w) = 0. The ‘only if” part of Theorem 5.2,
which holds on any closed manifold, then implies that X cannot be Eulerizable. O

ANdB.

w(s,7) (05, 07) ds dr.

Remark 5.5. Observe that in the proof of Theorem 5.4 the volume-preserving hypothesis
is not used. This yields the following result (see also Remark 5.3).

THEOREM 5.6. The vector field inside an n-dimensional plug (P, X) cannot admit a
strongly adapted 1-form.

Proof. In view of Theorem 5.4 and Remark 5.5, the vector field X in a plug (not
necessarily volume-preserving) has F, N Cx # {0} for any 2-form o with Lyw = 0.
Hence, by Remark 5.3, it cannot admit any strongly adapted 1-form. O
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A. Appendix. Some background on currents
To keep the paper self-contained, in this appendix we recall some fundamental facts about
currents that we use throughout. We assume that the ambient manifold M is closed,
otherwise we have to consider forms that have compact support.

Consider the linear space Qk (M) of smooth k-forms on an n-dimensional manifold M.
We endow this space with the topology induced by the family of norms || - [|cr(k), ¥ €N,
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K a compact subset of M. By definition, this makes QX (M) a locally convex topological
vector space.

A k-current is a continuous linear functional ¢ : Q¥(M) — R. We denote the linear
space of k-currents by Z¥(M), and endow it with the weak topology, that is, the topology
generated by the family of semi-norms ||c||q := |c(a)|, & € QK(M). With this topology the
space of k-currents is clearly a locally convex topological vector space.

Let w be any smooth k-form. The following are the most important examples of
k-currents appearing in our arguments.

(1) Dirac k-currents. For any point p € M and any set of linearly independent k vectors
v, ..., % € T, M, we have the k-current

87,1""’v"(w) =wp(vr, ..., VE).

(2) Singular k-chains acting by integration. Let ¥ be a singular k-chain. Then we have

the k-current
Y(w) = / w.
b

(3) Smooth (n — k)-forms. Let « be an (n — k)-form. Then we have the k-current

o(w) ::/ oaNAw.
M

It is well known that the linear subspaces spanned by the currents of each of the above
types are dense in the space of currents. The following properties of the space of k-currents
are easily verified, and key to our arguments.

(D 2k is a Montel space, that is, the weak closure of a bounded subset is compact (this is
also known as the Heine—Borel property). We recall that a bounded subset is a subset
that is bounded with respect to every semi-norm (not necessarily in a uniform way).

(2) Linear continuous functionals on Z¥ can be identified with smooth k-forms (this can
be easily seen by considering the action of linear functionals on Dirac k-currents and
their derivatives).

(3) The boundary operator d : Z¥+1 (M) — Z¥(M) ,defined as

dc(w) = c(dw)
for any w € Qk (M), is continuous.

We finish by introducing two important norms on the space of currents: the mass | - |
and the flat norm F' (already defined in §4.1). For ¢ € ZK(M), we set

e[ :=sup{|c(@)] : lallco = 1},
F(c) :=min{|a| + |b|:c =a + 9b}.
A current c is normal if both ¢ and dc¢ have finite mass. For sequences of normal currents

with bounded mass and boundaries of bounded mass, weak convergence and convergence
in the flat norm are equivalent. We refer to [10] for more details.
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