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Abstract

We consider classical curvature flows: 1-parameter families of convex embeddings of the 2-sphere into
Euclidean 3-space, which evolve by an arbitrary (nonhomogeneous) function of the radii of curvature
(RoC). We determine conditions for parabolic flows that ensure the boundedness of various geometric
quantities and investigate some examples. As a new tool, we introduce the RoC diagram of a surface and
its hyperbolic or anti-de Sitter metric. The relationship between the RoC diagram and the properties of
Weingarten surfaces is also discussed.

2010 Mathematics subject classification: primary 35K40; secondary 53A05.

Keywords and phrases: oriented lines, radii of curvature, parabolic flow, Weingarten, curvature flow.

1. Introduction and results

The evolution of a submanifold embedded in Euclidean space by a specified function
of the eigenvalues of its second fundamental form has been studied for decades. In
particular, there are many longtime existence and convergence results for flows by
homogeneous symmetric functions of the principal curvatures, such as mean curvature,
inverse mean curvature and Gauss curvature flows [1, 5,9, 13, 17, 20-23].

The main concern of this paper is the qualitative study of general nonhomogeneous
curvature flows for closed convex surfaces in 3-dimensional Euclidean space—the
domain of classical surface theory. Such equations arise in many physical situations,
for example, when considering the erosion of a pebble under various types of abrasion
[2, 6, 7]

Define a classical curvature flow to be a 1-parameter family of smooth convex
embeddings X:82x [0,1,) = R? such that

X" B
= = KW.loh 7,
X(52,0) =S,
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where K is a given function of y = %(rl + 1) and |o| = %(rl — 1), r; > ry being the
radii of curvature (RoC) of § = )?(S 2), it is the unit normal to S and S is an initial
convex surface.

The reasons for this particular combination of RoC will become apparent later. A
flow is said to be contracting if K > 0 and expanding if K < 0.

A stationary solution of a classical curvature flow is a Weingarten surface, satisfying
the equation K'(¢, |o|) = 0. While nonround Weingarten spheres exist (for example
Hopf spheres [15]), many results state that the only Weingarten spheres satisfying
some particular relationship are round [3, 4, 14, 16, 24].

In general, a Weingarten relation is a second-order fully-nonlinear partial
differential equation for the support function of the surface. Thus ellipticity can be
defined, as can the definition of parabolicity for flows [19].

This paper considers how the RoC, or rather their sum and difference ¢ and |o7,
evolve under a parabolic classical curvature flow. The pair (¢, |o|) take values in the
upper half-plane, which we call the RoC space, and one can visualize the dynamics of
the flow by considering the image of this map, denoted f; : §? — R2 and referred to as
the RoC diagram of the surface.

The flow on RoC space is a second-order system of partial differential equations
with many beautiful properties. Firstly, as a consequence of the derived Codazzi—
Mainardi equations, the system decouples to highest order. Secondly, while the
second-order differential operator depends on the principal foliation of the surface,
the ellipticity of the operator is independent of it.

Furthermore, the associated classical curvature flow ordinary differential equation
(ODE), which neglects the spatial derivative terms, is a Hamiltonian system with
canonical coordinates ¢ and |o|. With the aid of these properties, we prove the
following results.

Let {,} be the Poisson bracket and denote differentiation with respect to the
canonical coordinates by ordered subscripts:

oK oK FK

7<\10 = wa (](Ol = %a 11 = C()ll/(9|0'|

and so on.

Turorem 1.1. Consider a classical curvature flow with induced flow of RoC: f, : S? —
R3, fi = @, lo]).
If the flow is contracting K > 0 and the function satisfies:
(i)  parabolicity: =Ko > |Koil;
(i1) convexity: [Hess(K)] = 0;
then for any function H : R2 — R satisfying:
(a) ellipticity: Hyo = |Hoil;
(b) convexity: [Hess(H)] = 0;
(¢) Poisson : {H,K}>0;
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the following a-priori estimate holds for H o f, : §* — R:

H o f, <maxH o fp.
S2

If, conversely, the flow is expanding K < 0 and the function satisfies:

(i)  parabolicity: =Ko > |Ko1l;
(ii) concavity: [Hess(K)] < 0;

then for any function H : R2 — R satisfying:

(a) ellipticity: Hyo = |Hoil;
(b) concavity: [Hess(H)] < 0;
(¢) Poisson: {H,K}<0;

the following a-priori estimate holds:

‘HOfZZH;ianofo.

This follows from a more general technical Main Theorem proven in Section 4.1,
where conditions (ii), (a) and (b) are replaced by a single condition. The proof involves
computing the flow of an arbitrary function H, studying the sign of lower-order terms
of the flow and applying the parabolic maximum principle.

There are a variety of applications of this result. For example, clearly for H = —K,
Hio = =Ko and [Hess(H)] = [Hess(K)], so conditions (i) and (ii) imply conditions
(a) and (b), while condition (c) is automatically satisfied. In fact, we can drop the
convexity condition on K and prove the following result.

Turorem 1.2. For a parabolic classical curvature flow on [0, 1)) x S2, the following
estimate holds:

(K (®)] 2 min [K(O)].

By appealing to the more general result, one can also relax the convexity assumption
on K in Theorem 1.1 and prove the following bound on the mean radius of curvature.

TueoreEM 1.3. For a parabolic classical curvature flow with K + |o|Ko1 = 0 and
Kor + oKz = 0 0on [0,1) X S2,

() < max ¥(0).

For a parabolic classical curvature flow with K + |o|Ko1 < 0 and Koy + oKz < 0on
[0,71) X 2,
w(0) > min g 0).

Similarly, the ellipticity assumption on H can be relaxed and we can still obtain
such estimates as the following result.
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TueoreM 1.4. Consider a parabolic classical curvature flow such that =Ko > € > 0.
If the flow satisfies =Ko > |0 Kol on S? x [0, 1,), then

lo(1)| < max |o(0)|e”™.
S2

This indicates curvature flows that, if they last forever, tend to round spheres (for
which |o| = 0), so that the RoC diagram shrinks to a point on the boundary of the upper
half-plane.

As a further application, we prove the nonexistence of homothetic solitons other
than round spheres, for a wide class of flows. A homothetic soliton of a classical flow
is a surface that evolves by dilation under the flow.

TueorEM 1.5. The only homothetic soliton for a contracting parabolic classical
curvature flow with K + |o|Ko1 = 0 and Ko + 0Kz = 0 is the evolving round sphere.

Similarly, the only homothetic soliton for an expanding parabolic classical
curvature flow with K + |o|Ko1 < 0 and Ky + 0Kz < 0 is the evolving round sphere.

Turning to specific classes of flows, we establish the following result.
THeEOREM 1.6. Consider the following flows:

(1)  positive powers of mean curvature K = H" for n # 0,

(i1) positive powers of Gauss curvature K = K" for n # 0;

(iii) powers of mean radius of curvature K = +K"H™" for n # 0;
(iv) Bloore flow K = a + 2bH + cK for a, b, c positive;

and the linear Weingarten flow. These flows are all parabolic.

Linear Weingarten flow is convex, as are powers of mean curvature for n > —1,
powers of Gauss curvature for n > % and powers of mean radius of curvature for
n > —1. Powers of mean radius of curvature are concave for n < —1.

For each of these flows, we have the estimate

[K(®)] 2 min [K(O).

while for flows (i) and (iii) with n > 0, flow (ii) with n > 1/2 and flow (iv) for all positive
a, bandc,

Y(r) < max ¥(0).

For these values, the flows do not admit homothetic solitons, other than round spheres.
For negative powers of mean radius of curvature, we have y(t) > ming2 ¥(0) and
there are no homothetic solitons, other than round spheres.

The rest of this paper is organized as follows: the next section contains background
material on convex surfaces and introduces the RoC diagram. The connection of
this work to results on Weingarten surfaces is explored and the significance of the
hyperbolic or anti-de Sitter metric on the RoC diagram is also discussed.

Section 3 derives the evolution equations for the RoC and investigates their
properties, while Section 4 contains the proofs of Theorems 1.1 to 1.5. Finally,
Section 5 looks at examples of curvature flows and contains the proof of Theorem 1.6.

https://doi.org/10.1017/51446788717000210 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000210

342 B. Guilfoyle and W. Klingenberg [5]

2. Convex surfaces and RoC diagram

2.1. Classical surface theory redux. Consider a smooth closed convex surface
S c R3 given by amap X : §? — R3. We now outline our approach to classical surface
theory—further details can be found in Guilfoyle and Klingenberg [10] and references
therein.

Let ¢ be the standard complex coordinate on S?; since S is convex, we can use the
inverse of the Gauss map S — S? to choose & as a local coordinate on S. We refer to
these as Gauss coordinates and use them exclusively for all computations that follow.

Let r : S? — R be the support function of S and define the complex derivative

F = (1 +¢&&)°0r. 2.1)

This is a Lagrangian section of the space of oriented lines in R*, which can be identified
with 7S? endowed with its canonical neutral Kaehler structure.
The surface S can be reconstructed from the support function and its derivatives by

X(£.8) = (x'(£.8), 22(£,8). x°(£,8)), where
5 2F - F&)+26(1 + E&r R —2FE+F&) + (1 - EHr

1 .
X +ix*= — , — 2.2)
(1 +£6)? (1 +£6)?
Moving up a derivative, label the complex slopes of F as
w=r+(l +§5)%9(L) o= —dF 2.3)
(1+&6?2) ' '

By its definition and Equation (2.1), i is clearly real. The average and difference of
the RoC r| > r, of § can be expressed as

Y=3r+n), lol=30n-r). (2.4

The argument of o = |o|e® gives the principal directions of S and, as we will see,
is the parameter ¢ that appears in the differential second-order partial differential
operator Ag.

These quantities satisfy the derived Codazzi—-Mainardi equations, which in Gauss
coordinates are

o = —(1 + 55)23(@). 2.5)

This can also be written
2¢|o|

ilor|d¢ = dlor| + oy — e

(2.6)

For future use, note the following proposition.
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ol

RoC Diagram
of S

parallel
—
surfaces

umbilic § Y

Ficure 1. Radii of curvature space.

ProposiTiON 2.1. The following identities hold
e 00y = —00|o| — i|o1ddP + ie APy — ie”?d|or|dg
2%0lo| 2o
1+&&  (1+&5%
e 30|or| = —AdY + ilole ?0dP + 2ie ol + |ole (D)
| 28 @lo| —ilolog)  28\rfe™

1+¢& (1+&8?
Proor. The first of these equations is a rearrangement of d of e~ times Equation (2.5)
and the second comes from d of Equation (2.5). O

2.2. The RoC diagram. For a convex surface S in R?, the RoC give a map (1|, ) :
S — R2. In this context, we refer to R2 as the RoC space. We call the image of
the map f : S% — R2 given by f(&,&) = (W(&,€),|0(&, &))) the RoC diagram or RoC
diagram of §. Many geometric properties of S can be read off its RoC diagram,
including convexity and the number of umbilic points.

Figure 1 is the RoC diagram of a generic closed convex surface S: it is convex with
outward pointing normal and so it lies below the diagonal in the first quadrant. The
umbilic points on S map to the boundary of the upper half-plane since |o-| = 0 at such
points (see the second of Equations (2.4)). For a convex surface with inward pointing
normals, the RoC diagram would lie below the diagonal in the second quadrant.

Dermnition 2.2. A surface is Weingarten if there exists a functional relationship
between the RoC: K, |o]) = 0.

A convex surface S is Weingarten if and only if the infinitesimal area of its RoC
diagram is zero. Different types of Weingarten surface give rise to different one-
dimensional RoC diagrams, examples of which are also indicated in the figure (flat,
pseudospherical, minimal surfaces). Round spheres have a single point at the boundary
as their RoC diagram.
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The trio of Weingarten, real analyticity and the behaviour at umbilic points was
investigated in the middle of the last century by a number of authors [3, 4, 1416, 24]—
see also Kuhnel and Steller [18]. The curvatures, rather than the RoC, were used in
these works and the curvature equivalent of the RoC diagram, called the W-diagram,
was introduced.

The boundary of the image of f;(S) c R? is continuous, but in general not smooth
at an umbilic point. Let py € S be an isolated umbilic point and consider

k(py) = lim l//(P)—'ﬂ(Po)'
p=po |o(p)l

In general, this limit is not well defined, as it depends on the direction of approach
to the umbilic. As a result, in general the RoC diagram at an umbilic point is a solid
wedge.

If, however, S is Weingarten, then « is well defined. Moreover, for real analytic
Weingarten surfaces, the slope at which the RoC curve strikes the boundary is
quantized.

TueorEM 2.3 [15]. Let S be a real analytic Weingarten surface. Then if py is an
isolated umbilic point, k(py) takes one of the following values:

m+1)i'l
m b

1.1, o —(

formeN,
Derinition 2.4. A Weingarten surface is special Weingarten if, at its umbilic points,

0K oK

2.2 20
o o

where A; and A, are the principal curvatures.
As will be seen in the Note in Section 4.1, this is the condition that the Weingarten
relation is elliptic at the umbilic points.

Weingarten spheres often turn out to be round.

THEOREM 2.5 [14]. Let S be a closed special Weingarten surface of genus zero, which
is C3-embedded in Euclidean space. Then S is a round sphere.

In contrast to such nonexistence results, the Hopf spheres are a 2-parameter family
of nonspherical Weingarten surfaces and therefore satisfy a nonelliptic relationship.
For certain integer values of these parameters, the solutions are real analytic, while for
nonintegers they are smooth nonreal analytic surfaces [18].

The hyperbolic and anti-de Sitter metrics on R? play an interesting role in the RoC
space. Given a surface S, movement at constant speed along the normal lines of the
surface (to parallel surfaces) induces a translation in R? parallel to the boundary, which
is a hyperbolic and an anti-de Sitter isometry.
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Tueorem 2.6. Let f: S? — R2 be the RoC diagram of S and | : S* — TS? be the map
that takes a point on the surface to its oriented normal line, considered as a surface in
the space of all oriented lines, TS?.

Let di2A be the hyperbolic or anti-de Sitter area on R% and G be the canonical
invariant neutral metric on TS?. Denote the curvature 2-form of the Lorentz metric
induced on I(S?) by G by Qg.

Then

1.Q¢ = fidpA.

Proor. Compare with the curvature expressions in the proof of Guilfoyle and
Klingenberg [11, Main Theorem 3]. In particular, with a slight shift of notation
(0 & 0 and ¥ & r + pg), the curvature of the induced metric G on the Lagrangian
section is

(1L+&8° - o
=L 0101 - Byalo,
8lor]

and the area form is _
A 8lo|dé A dé
(1+&82

Thus the curvature 2-form is

ay A d|o

1.Qg = LKdgA = fi———,
lorf?

which is the pullback of the hyperbolic or anti-de Sitter area 2-form on RoC space, as

claimed. =

Geometrizing the RoC space as the hyperbolic or anti-de Sitter plane has the added
advantage that it places the umbilic points at infinity. Given that many results of
classical surface theory hold ‘away from umbilic points’, such results can be viewed as
holding in the interior of the upper half-plane. Moreover, this suggests that properties
of umbilics may be amenable to exploration using asymptotic methods of the upper
half-plane.

It is also worth noting that the divergence between smoothness and real analyticity
at umbilic points is further in evidence in the local version of the Carathéodory
conjecture [12].

3. Classical curvature flows

3.1. Evolution equations. Consider a classical curvature flow X:5%x [0,7;) = R3,

such that
-1
0X
X(52,0)= S,
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where K is a given function of the RoC, # is the unit normal vector to the flowing
surface and S is an initial convex surface. The flow is contracting if K >0
everywhere and expanding if K < 0 everywhere.

Prorosition 3.1. The support function of S evolves under a classical curvature flow by
or
ot

Proor. Differentiating Equation (2.2) in time

3 2 on 2¢? on N 28 or

C(L+EEP O (1 +EER O 1 +EEO

d 28 On 2¢ aﬁ+1—§$ar

—x =- —— - —— =~ —.

ot (1+E&62 0t (1+E&520t 1+ &80t

-K.

gt(x1 + ixz)

Projecting onto the normal direction 7 gives

X" or 7 = It
— =—i=-Ki.
ot ot
This yields the stated flow for the support function. O

We now compute the evolution of the functions ¢ and |o|. For K = K (¢, |o]) denote
the derivatives of K with respect to its arguments by ordered subscripts, so that

oK oK PK

7( = —, 7( = —, =
10 o o1 ool 11 audlo]

ProposiTion 3.2. The quantities Y and |o| flow as

and so on.

—

68—‘; = 2V +QEV) + Z(V),
where
V= .ol
Ap = 11+ €6 [~ K100 + 1 Ko1(e7400 + € 8d)],
@ =[gan): 2] o
and

1

1 _ _ . -
Q=50+ ff)z[ i Ko+ oIty — K (e ool + )

1
o]
_ _ 1 _
= K @0dlr| + Bl — (Ko + |a|7(oz>a|o-|a|cr|]

1 _ _ . o
+ 5L+ &Ko (Ee 0y + £e0y),
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1 —
Q =51+ &8y wloawaw Wzo(e""’(aw +e (0

+ ﬂ(q(l() + oK1 ) (e dydlo| + e Oydlol)

+ m7(10(9|0'|5|0'| + ‘Koz(e*“”(ﬁlol) + % (@lo)?)

+ 5(1 + EOKo1(Ee™ O] + £ D]or]).
Proor. By Equation (2.1) and Proposition 3.1,
oF 1 zo2z(0ry 1 T | _— - _
5 7 T 3((%)— S +8870K = =5 (1 + &) (K0 + Kordlor)).
Now using the first definition in Equation (2.3)
oy _or (6_F)_ 28 OF

Ot)  1+¢€Eor

or ot T

1 - _ _ _ _ _
= —5(1 + EE[ K000y + K100 + Kagdrdyr + K1 (Dlorloy + dlor|ow)
+ Kopdlalolo|] -

Replace the expression for dd|cr| by the one from the real part of the derived Codazzi—
Mainardi Equation (2.7) and use Equation (2.6) to remove all derivatives of ¢. The
result is

0 1 _
cy= 31+ éD [ K000 + me(e-"ﬁaaw + EB50) + = (Ko + 1Koo)W

o
- el ol )+ {7 )

— K@yl + Bydlo) - (7(02 + ﬁ)maw |]

= o1 Kor.

This is identical to the expression for the flow of ¢ in the statement of Proposition 3.2,
given the definitions of A4, Q; and Z.
Turning to the second definition in Equation (2.3):

80' oF
_,¢
or a( ot )
1 _ .
= _5(1 + £8)2 e[ K000y + Koy 90|o| + Fao(O)*
+ 2%K110l010y + Koo(Alor])’]

1 _ o
+ 5(1 + E8e M E( K100y + Ko1dlor)).
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Now replace the expression for 0y with the one from the derived Codazzi—
Mainardi Equation (2.7) and use Equation (2.6) to remove all derivatives of ¢. The
result, taking the real part, is

0 1 - - 1 . o 1 _
EIO’| = E(1 + gg)z[—v(maam + §7<01(e""’66|a| +e00|0)) + _I |‘K106¢//6w
g

+ Kool 00" + ¢ @0
+ L (Ko + 01K e Papdlo] + edudlo)

o]
1 —i¢ 2 i3 2 Kio A
+ §7<oz(e @lo)” + e @lol)7) + Hﬁlfrlalfrl
1 _ _ . o
+ 5(1 + EEKo1(Ee P 0lo| + E€D|or]) + |1 Ko,

which is the claimed flow for |o|. O

3.2. The classical curvature ODE. By Proposition 3.2, a classical curvature flow
gives rise to a second-order system of partial differential equations in RoC space,
which decouples to top order. Necessary and sufficient conditions for parabolicity
arise from the second-order terms. If we can furthermore put a sign on the quadratic
first-order terms, we can then compare the evolution with the zeroth-order terms.

That is, we are led to study the behaviour of the following ODE, which we refer to
as the classical curvature flow ODE:

0 0
Elﬁ = —K - |o|Ko1, E|0-| = oK.

TueorEM 3.3. The classical curvature flow ODE is Hamiltonian, with conserved
quantity I = |o|'K and canonical coordinates ¥ and |o|.

Proor. This follows from noting that

P P P
27 =21
gl w0

This concludes the proof. O

9., __
at‘/’_

Thus, if the flow behaves well, it should converge to this flow. Conversely, the
curvature ODE yields insight into the behaviour of the full flow and may suggest
quantities that are conserved.

CoroLLARY 3.4. The flow of any function H o f; is of the form
0 ~
(?t?{ o ﬁ = A¢7’[ + Q(dq"{) — {7“{, I},

where {,} are the Poisson brackets associated with the canonical coordinates (\, |o7]).

The explicit expression will be given next.
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4. A-priori estimates

4.1. The main estimate. In this section, we study the behaviour of parabolic
classical curvature flows and extract a-priori estimates under mild assumptions on
the functional K.

ProrosiTion 4.1. A classical curvature flow is parabolic if and only if
=Ko > [Korl.

Proor. For parabolicity, we compute the symbol of the operator A, as follows.
Introduce real variables & = x + iy, so that

00 = 1% +02), 00 = 1 - &% - 2id,9,).
Then the symbol of
By = 3(1+EEP[=K1090 + 3 Kio(e00 + e 60)],
written in real coordinates is

—Kio + Korcos¢p  —Kp sing
—(](()1 sin¢ —(](10 - 7(()1 COS¢ ’

1 ~
P=—(1+¢&)
2
This is elliptic if P(X, X) = 0 implies that X = 0. In other words,
det P = 1(1 + €&)* (K} - KG) # 0.
For the operator /0t — A4 to be parabolic, we must also require that —%Ko > 0. O

Note. This definition of parabolicity agrees with the usual definition of ellipticity
for fully nonlinear second-order partial differential equations. That is, an equation
involving the second derivatives of r

F (D, 0:0yr,05r) = 0,

is elliptic if 7153 — 7—‘22 > 0, where a subscript represents differentiation with respect
to the corresponding arguments of 7.

In our case (see Equations (2.1) and (2.3), defining ¢ and |o| in terms of r, and
switching to real variables as before),

T, 00,1, 03r) = K(03r + 52, \Jor = 92 + @,0,r2) =0,

for which 713 — F} > 0 is easily found to be equivalent to K7, — K3, > 0.
As we saw in Section 2.2, a Weingarten surface is special Weingarten if at its
umbilic points
0K oK

= .50,
o1, o
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where A; and A, are the curvatures. It is not hard to see that, in terms of the canonical
coordinates (i, |o),

oK oK 1, , 2D ’

— == - Kio — Kip)s

oN, o, 4(‘;0 lo7)( 10 01)

and so special Weingarten for a convex Weingarten surface is equivalent to elliptic at
the umbilic points.

We now prove the main estimate.

Main Tueorem. Consider a classical parabolic curvature flow with induced flow of
RoC f;: S? — R2. For H : R2 — R define

A = (Hiy + HI)IH, K} — lol(KioHessp (dH) — HigHessgc(dH)), (4.1
B = 2 2H0Ho1{H, K} + |o|(Ko1 Hessy (dH) — Ho Hessy(dH)) 4.2)

and
HCSS'K(dq‘{) = 7(207{31 - 27(11(}{017{10 + 7(02(}{120. (43)

Suppose that H satisfies:

(la) {H,I}=0;
(2a) A > |B|

Then the following a-priori estimate holds:

‘HOf,SIr;ezlx?(ofo.

Conversely, if H satisfies:

(1b) {H,I}<0;
(2b) A <-|Bl;

then
‘HOfZZH;iznﬂ-{ofo.
Proor. The flow of the function H o f; is computed as
0 0 0
E'H ofi= Wlogtl// + 7{01(§|0'|
= Hio(ag¥ + Q1 — K — |o|Kor) + Hor(24lo] + @ + |071K o)

= Hio(agy + Q1) + Hoi(2glo| + Q) — {H, I}
= A¢7’( + Q3(d7-{) - Z2 - {(]’{7 I}v

where on the second line we have used the flow equations in Proposition 3.2. Here,
Q3(dH) =0if dH =0 and

(1 +f§)2 = 1 i i, 7
Z = Do Adleridler| + 3 Ble 2@l + € lo)) |,

with A and B given by Equations (4.1) to (4.3).
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Thus, at the maximum or minimum value of H,

(2~ a0 fi=-2Zo-1H. 1)

If A > |B| then Z, > 0; if in addition {H, I} > 0, the estimate follows by the
parabolic maximum principle.
If A < —|B| then Z, < 0; if {H, I} <0, the estimate follows. O

4.2. Applications. Geometric assumptions can now be used to obtain a-priori
bounds.

TueoreEm 4.2. Consider a classical curvature flow with induced flow of RoC: f; :
§? - R2,
If the flow is contracting (K > 0) and the function satisfies:

(@) parabolicity: =Ko > |Koil;
(b) convexity: [Hess(¥K)] = 0;

then for any function H : R2 — R satisfying:

(1) ellipticity: Hyo = |Hoil;
(i1) convexity: [Hess(H)] = 0;
(iii) Poisson: {H, K} > 0;

the following a-priori estimate holds for H o f, : §? — R:
ﬂOﬁSrr;%xﬂOfo.

If, conversely, the flow is expanding (K < 0) and the function satisfies:

(a) parabolicity: =Ko > |Koil;
(b)  concavity: [Hess(K)] <0;

then for any function H : R? — R satisfying:

() ellipticity: Hyo > |Hol;
(ii) concavity: [Hess(H)] < 0;
(iii) Poisson: {H, K} <0;

the following a-priori estimate holds:

WOf,ZH;iznﬂ-(ofo.

Proor. Assume that the flow is contracting, so that % > 0, and assume that conditions
(a), (b), (1), (i) and (iii) of Theorem 1.1 hold. Then, by conditions (i) and (iii)
{H, I} = Hi oK +|ol{H, K} >0,

so that condition (1a) in the Main Theorem holds.
To see that condition (2a) also holds, compare the expressions for A and B in
Equations (4.1) and (4.2) term by term. Note that the first term of A is positive by
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condition (iii) and dominates the first term of B. By condition (a), the second term of
A is also positive and dominates the second term of B.

By conditions (a) and (ii), the third term of A is positive and dominates the third
term of B. The final term in A is positive and dominates the final term of B, owing to
conditions (i) and (b).

Thus conditions (1a) and (2a) of the Main Theorem hold, and we can apply it to
yield the stated result.

The proof of the expanding case is analogous, with opposite inequalities. O

Tueorem 4.3. For a parabolic classical curvature flow on [0, 1)) x S2, the following
estimate holds:

[(0)] = min [%(0))

Proor. Let H = —K, then compute that A = B=0 and {H, I} = —KKjy. Thus for a
contracting parabolic flow {H, I} > 0; conditions (1a) and (2a) hold and, applying the
Main Theorem, we obtain K(f) > ming2 K (0).

In the expanding parabolic case {H, 7} < 0 and so conditions (1b) and (2b) hold
and again we apply the Main Theorem. O

Note that this lower bound is a tautology unless K has a fixed sign.

TueoreM 4.4. For a parabolic classical curvature flow with K + |o|Kp = 0 and
Ko + o|Kpo = 00n [0, 1) X Sz,

W) < max y(0).

For a parabolic classical curvature flow with K + |o| Ky < 0 and Koy + || Kz <0
on [0,1) X 52
w(0) > min y(0)

Proor. This follows from the Main Theorem by setting H = ¢ and noting that A =
Ko + || Koz, B=0 and {H, I} = K + |o|Ko1, so that conditions (1a) and (2a) hold
for contracting flows under the stated conditions, while conditions (1b) and (2b) hold
for expanding flows. O

An upper bound on the deviation from roundness can also be found.

THeEOREM 4.5. For a parabolic curvature flow with =Ko > € > 0 and =Ko = |o|| K0l
on [0,1;) x S2,
lo(0)] < max lo(0)|e™ .
s

Proor. This follows from the Main Theorem by setting H = |o| and noting that

A= —7(10, B= —|0'|7<20 and {7‘(, I} = —|O'|(]<]0. O
Thus, strictly parabolic flows that satisfy 7(120 > Io'|27(220 and exist for all time tend
to a totally umbilic surface. For expanding flows, this would be a plane at infinity; for

contracting flows, this would be a round sphere.
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4.3. Non-existence of homothetic solitons. A homothetic soliton is a surface S that
satisfies the equation
Ar=%K, 4.4)

for some constant A, which is positive if the flow is contracting and negative if the flow
is expanding, such that if we flow S by K, then it simply scales the surface about the
origin.

THeEOREM 4.6. If at t = 0 the surface S is a round sphere, then for as long as the
classical curvature flow exists, it remains a round sphere with radius R(t) evolving
by

dR

— =-K(R,0).
dt KR.0)

Proor. It is well known that the only convex totally umbilic surface is a round sphere.
That is, S is umbilic if and only if |o| = 0, which by Equation (2.6) implies that
Y = constant = R.

By a translation, let the centre of the initial sphere lie at the origin, so that F(0) =0
and r(0) = Ry. By the evolution equations, we see that

oF

—(0)=0,

o 0)
and so, by uniqueness of solutions to ODEs, it remains a round sphere centred at the
origin, r = R(#) and the flow of the radius is as stated. O

We now prove a nonexistence result for homothetic solitons.

Tueorem 4.7. The only homothetic soliton for a contracting parabolic classical
curvature flow with K + |o|Ko1 = 0 and Koi + || Koz = 0 is the evolving round sphere
given in Theorem 4.6.

Similarly, the only homothetic soliton for an expanding parabolic classical
curvature flow with K + |o|Ko1 < 0 and Koy + |0 Koz < 0 is the evolving round sphere.

Proor. Differentiating Equation (4.4) in a manner similar to the computations in
Proposition 3.2,

1 _ _ 1 . . 1 _
Ay = 5(1 + ff)z[—Wloaﬁlﬁ + 5«01(67"’5331& +¢00y) + E(Wm + |07 FK20) OOy
_ 1+ &€ —i¢ |o| iz, 5 1ol
ol 7(("(e 6‘!’6(1 +§5)+e 8"[’6(1 +§5))
— K11 (Oydlo| + Bydlol) - (7<oz + %)m«ﬂém]

- K = lolKor.
At the maximum and minimum value of i, therefore,
1 - XK -
A=ty = 51+ €0%(Koz + ﬁ)mﬂmd — K — oK,
so, under the assumptions of Theorem 1.5, at a maximum of a contracting flow or a
minimum of an expanding flow, ¥ < 0, which is impossible. O

https://doi.org/10.1017/51446788717000210 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000210

354 B. Guilfoyle and W. Klingenberg [17]

5. Examples

In this section, we consider the following classical curvature flows:

(1) powers of mean curvature flow

‘](:iH”:i(r]+r2) ==+ 2‘/’ v
rr W =l
(2) powers of Gauss curvature flow
1 1
K=xK"== =z ;
(rir)" W? = oy

(3) power of mean radius of curvature flow
H n
K= i(g) =x(r + )" = xY";

(4) linear Weingarten flow

c+2b(r1+r2)_a+ 2by + ¢

K=a+2bH+cK=a+ .
rir Y2 = |of?

We take the positive sign on the first three flows for n > 0 (and the negative sign for
n < 0), and a, b, c are positive constants. In fact, the linear Weingarten flow is used as
an abrasion model under the assumptions that a = 1 and b? > ¢ > 0, when it is called
the Bloore flow [2, 6, 8]. We do not require this restriction and our results hold for the
Bloore flow.

TueorEM 5.1. Consider these flows: powers of mean curvature, Gauss curvature,
powers of mean radius of curvature and the linear Weingarten flow.

These flows are all parabolic. Linear Weingarten flow is convex, as are powers of
mean curvature for n > —1, powers of Gauss curvature for n > % and powers of mean
radius of curvature for n > —1. Powers of mean radius of curvature are concave for
n<-l1.

For each of these flows, we have the following estimate:

K@) > Hsnzn KO,
while for the first three flows with n > 0 and the last flow for all positive a, b and c,
Y(2) < max y(0).
For these values, the flows do not admit homothetic solitons, other than round spheres.

For negative powers of mean radius of curvature we have y(t) > ming2 ¥(0) and
there are no homothetic solitons, other than round spheres.
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Proor. By direct computation we find

Power of Power of Power of mean Linear
mean curvature Gauss curvature RoC Weingarten
K i% i% ii a+ %
W =l W =l y" > = ol
goo @A lo?) 2y Il 20002 + |0 P) + ey
10 W2 — |yt W2 — |yt Y+ W2 — |2
%, 2|nllo " 2|n|lo] 0 2|a|(c + 2by)
2 — o)t W2 = o)t W2 — o)

In each case ,—Kjp > |Ko1| and so, as long as the surface remains convex, the flows
are parabolic. Thus the first estimate follows from Theorem 1.2.

Moving to second derivatives,

Power of Power of
mean curvature Gauss curvature
% _2|n||0'|¢/"_1[(n + 2y + njo?] _Ainl(n + Do
11 W2 — |oRy+2 W2 — |oy+2
% Inly™2[(n + Dy + 2(n + 220 + (n = Dio*] 2Inl[2n + Dy + |o?]
20 W2 — |oRy+2 W2 — |oRy+2
%, 2lnly" (W* + 2n + Dio?) 2lnl[y? + 2n + Dio*]
W ~loPy W = loPy?
2n*(n + Dy =2 4n*2n+ 1)
[Hess(K)| W o W2 — o2
and
Power of mean Linear
RoC Weingarten
4o l[b(3y? + |o?) + 2cy]
K 0 -
! W2 — o)
% [n|(n + 1) 226y + 3|o?) + By + o]
? Y2 W2 ~1oP)?
%, 0 2026y (% + 3|o?) + c(y? + 3lo)]
W2 - o)
A[4b*(Y?* — |o?) + 8beylo]| + 3¢?]
[Hess(K)| 0 T

Convexity for the stated values of n follows from checking that [Hess(%)| > 0 and
I > 0 for each flow.
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Finally, the second estimate and the nonexistence of homothetic solutions follows
from Theorems 1.3 and 1.5, respectively, as long as the conditions K + |0|Kpy; > 0 and
Ko + |o|Kpz = 0 for the contracting flows and K + |o7|Kp; < 0 and Koy + 0Kz <0
for the expanding flows. O
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