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ENTIRE FUNCTIONS HAVING
ASYMPTOTIC FUNCTIONS

P.C. FenToON

It is shown that an entire function having k distinct entire
asymptotic functions of order less than % is of lower order
Y , mean type at least; further that if f is of lower order
Lk , mean type, then its order is %k .

1. Introduction

An entire function ® 1is called an asymptotic function for the entire
function f if f(z) - w(z) * 0 as =z > ® along some curve joining O
to <« , called an asymptotic curve. A consequence of Wiman's theorem is
that distinct asymptotic functions of order less than % associated with
the same function f cannot have the same asymptotic curve, and this
together with the Denjoy-Carleman-Ahlfors theorem lends support to the
following conjecture, which appears as Problem 2.3 in Hayman's book of

problems [4].

If f 1is an entire function having k distinet asymptotic functions
of order less than % then f has order %k at least.

When the asymptotic functions are constants this is a weak version of
the Denjoy-Carleman-Ahlfors theorem. In a posthumous paper [7] Somorjai
showed that if the orders of the asymptotic functions are less than about

1/30 +then the stronger conclusion

(1.1) o = lim inf r'k/2 log M(r, f) >0
e
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holds, where M(r, f) is the maximum modulus of f . The proof employs a
differential inequality due to Carleman. Denjoy himself had shown earlier

that if f is of finite order U and all asymptotic curves are half-lines

then the number of asymptotic functions of order less than l/(2+u_l] is
no more than 2u ; see [3] for details. In this note we show that the

proof of the "regularity" version of the Denjoy-Carleman-Ahlfors theorem
due to Heins [5] can be adapted to bear on the foregoing conjecture. We

shall prove:

(1.2) If f <is an entire function having k distinet asymptotic
functions of order less than % then (1.1) holds. Moreover,
if o <o | then f has order %k .

2. A lemma

It is apparent that we may assume that the asymptotic curves are not
self-intersecting and also that they are composed of straight line
segments, with only finitely many segments between any two of their points.

Let us call such curves segmental.
Suppose that Fl and F2 are two segmental curves joining O to o

which are either identical or else intersect in the finite plane only at

0 . In either case the complement of Pl v T contains an unbounded,

2

simply-connected domain  with 23Q = Fl v F2 . Given R >0 1let Q(R)

be the component of £ n A(R) which has 0 as a boundary point, and for
each r € (0, R) let 6(r) bve the angular measure of Q(R) n C(r) ; here
A(r) 1is the open disc centred at 0 with radius » , and C(r) is its

boundary. Suppose that u(2) 1is a subharmonic function in Q(R) which

satisfies, for each z € 9(R) n (Fl v F2) s
(2.1) lim sup u(g) =< ¢(lz|) .
Cra
where ¢ is increasing and continuously differentiable on (0, R] . The

upper limit in (2.1) is to be taken as  approaches 2z from within
Q(R) . We shall show that, for each r € (0, R) ,
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R
(2.2) olr, R) = 6(r) + 6 j ¢'<t>exp[-nf

r L r

t
ds/s6(s) {dt

R
+ 60(R, R)exp{-m I

{ r

ds/se(s)} R

where
o(t, R) = sup{u(z) : 2 € Q(R) n C(2)} .

Given r € (0, R) let 2, € Sr =Q(R) nC(r) . For t € (r, R) 1let

Cl(t) be an arc of §, which is not separated from 3, by any other arc

0

of S, . Ci(t) cuts (R) into two subdomains, Ql(t) containing 2y s

and Qi(t) . If there is an arc of S, remaining in Ql(t) let Cé(t)

be one which is not separated from =2 by any of the others, let Qz(t)

0

be the subdomain of Ql(t) cut off by C2(t) which contains Zq and let

Qé(t) be the other. And so on. After a finite number (m = m(t) say) of
steps we arrive at a domain Q(¢) = Qm(t) C A(t) , m domains
Qi(t), cees Qé(t) and m arcs Cl(t), cees Ch(t) . These domains and

arcs are mutually disjoint and their union is §(R) . Since Q(¢) is the

unique component of Q(R) n A(t)- which contains z, we have Q(t) < 2(s)

for all r <t <=8 <R ; thus if 3.(%) = {|z] > ¢t} n aﬂé(t) ,

=1, ..., m,and 3(¢) = Uai(t) then 3(t) 2 3(s) for r» <t <s <R.

It is clear that

wlzy, 3;(), AR} = wlzy, C;(2), 2(2))

0’ zo’

for 1 =<1 =<m(t) , wvhere w represents harmonic measure, and so

t

(
(2.3) w(z., 3(t), QR)) <6 expt-n I d=/s6(s)

0’
r

from (for example) Kennedy [6, Lemma 4]. Given r’ € (r, R) and a

positive integer N let tj =pr' + j(R-r')/N , 0=j <N, and consider
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N
hy(z) = ¢(r') + ¥ {¢(tj]-¢(tj_l)}w(z, B[tj_l], Q(R))

J=1
+ o(R, R)u(z, 3(R) n C(R), R(R)) .

hN is harmonic in §(R) . Moreover if 2z € I(R) then

hN(z) > 1im sup u(Z) . This is clear from the hypotheses of (1.2) if
Tz

|z| = 2" or |z| = R, while otherwise z € a(ti-l) - B(ti) for exactly
one % and therefore
Z

hN(z) zZ ¢(r') + ¥ (¢(tj)‘¢(tj_l)) = ¢(ti) z ¢o(]z]) .

J=1

Allowing N >~ , »r' + » | after taking account of (2.3) we deduce (2.2).

3. Proof of the result

The first concern is to show that any two of the asymptotic curves are
ultimately non-intersecting. Suppose this is not the case, that Yl and
Y2 are two asymptotic curves with points of intersection 2z, > o Yl
and Y2 determine a sequence of bounded domains Dn , the union of the
boundaries of which is Yl vy, - Let wl and w2 be the asymptotic
functions associated with Y, and Y, and let W(z) = wl(z) - w2(z) .

Since Yl and y2 intersect at zn + o , W 1is not constant. Let

v(2) = log| [f(2)-}(v, (s)4,(2))]%-4w(2)°| ,

so that v(2) is subharmonic. Under the hypotheses of (1.2) there is a

constant Kl > 0 such that v(z) = 1og+lW(z)| + Kl for all 3 on Y,

end Y, . We apply (2.2) with rl =T, = Y, s u(z) = uR(z) - the

2
I3 3 I 3 +
harmonic function in Q(R) with boundary values 1log |W(z)| - and
+
¢(t) = tPTE o K2 , vhere p <% is the order of W , and € and K2 are

positive with p + € < % . This gives

up(z) = 6V[Z[/F log M(R, W) + 1+10(p+e) |z|°*€

1-2(p+e)
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using O(s) = 2w . Since, for each fixed n ., E% S Q(R) for all large R

we deduce that

v(z) = 1+10(p+e) |z|p+8 + 0(1)

- 1-2(p+e)
for all 2 in UDn . It follows that the subharmonic function

log+|W(8)| + Kl , 2 FUDn ,

V(z) = .
max{log |W(z)|+Kl, v(z)} , =z ¢ UDn ,

has order p at most. Now Denjoy [2] has shown that if u is subharmonic
of order u € [0, 1) and
A(r, u) = inf{u(z) : |2| =r} , B(r, w) = max{u(z) : |z| = r} ,

then, given u' € (u, 1) ,
’ -u'-1 -p'
{A(r, u) - cos m™u'B(r, u)}r dr > K(n')x © Blx, u)
x

for all z > 0 . Here KX(u') is a positive constant. Since every circle

about the origin intersects Yy and Y2 we have

A(r, V) < log Mr, W) + K, for all r . Thus if o' € (p, ¥) then

2_, -p'-1
{108 m(r, W) - cos“mp'B(r, V)}r dr >0
x

for all large & , vhere m(r, W) is the minimum modulus of ¥ . It
follows that, for a sequence Rn >

B(R,, V) < sec’np’ log m(R , W) < (2-n) log m(R_, W)

for some N > 0 , since p' <% . The circle Iz| = Rh intersects one of

the domains, DN say, formed by Yl and Y2 and so there is an arc of it

in DN ,

account of the definition of V we deduce that since W is uniformly

Y say, joining a point of Yl to a point of Y2 . Taking

large on Y either

(3.1) f(z) - %@nl(z)+w2(z)) = W(z)(%+o(1)) (z €v)
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or the same except for a minus sign on the right. In either case a
contradiction arises - in the case of (3.1) for instance take 2z to be the

end-point of the arc on Y2 . We conclude that the asymptotic curves are

ultimately non-intersecting and therefore may be altered near the origin so
as to be intersecting only at 0 . For the remainder of the proof we

suppose this done.

Let w.,, ..., W

1 be the asymptotic functions with corresponding

k
asymptotic curves Yl’ ey Yk in clockwise order, let Qi be the
unbounded simply-connected domain between Yi and Yi+l (Yk+l = Yl) and
let ei(t) be the angular measure of Qi n C(t) . Let

W (2) = w.(2) - v, . (2) @dk+l =z wl) , let

v;(2) = log| [F(2)-4(w;(2) o, (2))] %40, ()

7

and let

o,(t) = max{vi(z) tz2 €Q. 0 ()}

For each % there is a constant Ki > 0 such that
+
< .
vi(z) < log IWi(z)| + K, on y, and Y., . We apply (2.2) with
Fl = Y. o, F2 = Y4 o Q= Qi and wu(2z) the harmonic function in §(R)

with boundary values log+|Wi(z)| on T. and F2 and oi(R) on

1
MN(R) n C(R) . With ¢ as above we deduce that, for all large R ,

[ (R
(3.2) o (r) < 6Ui(R)exp1—wf ds/s6(s)} + O(r"'F)
{ r
It follows that 1lim inf R_%oi(R) >0 . PFor if this were not so the first

term on the right of (3.2) would tend to zero as R > ® through a sequence
+

of values and we should thus arrive at oi(P) = O(PD E) for each € > 0 ;

hence

[1og+|Wi(z)| + K, , 2k Q.
v,(3) = l

s

max{log+[Wi(z)|+Ki, vi(z)} , 2 €Q
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would have order P and just as before this leads to a contradiction when

p < % , provided Wi is not constant. If Wi is constant then the

earlier argument is inapplicable; however, it is easy to see that vi is
bounded in @, (take ¢ constant in (2.2)). But then f(z) - w (z) is
bounded in Qi and has distinct limits on Y; and Yie ? which violates

the Phragmén-Lindelof principle [1, p. 3] and again we arrive at a
contradiction. We rearrange (3.2) to give
R

(3.3) (1+o(1))o,(r) = o, (Rexp{-m f ds/s6.(s)

L r 1
This is the equivalent of Heins' (2.2) and (3.2) [5]. The remainder of the
proof simply reproduces Heins' arguments and we content ourselves to
demonstrate this only so far as proving (1.1), which can be gquickly done.

As we have noticed Oi(r) >0 for all large r and so, from (3.3},

k R |k 1 ds k
(1+0(1)) T:T 0,(r) < exp{-m f Z:e.(s) e T_T'ci(R) .
\ r {1 7 ) 1

k
Applying Holder's inequality to the identity k = Z:GES;% we obtain
1

6;1 > k2/2ﬂ and hence

-

2,k 2,k
(o)) * 2T T o, s 8% /2T T o ()
1 1

2 k
-k
From this it follows that 1lim inf{R /2 [ | Oi(R)} > 0 which implies
1

(1.1).
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