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Introduction. In (4] an identity is given which relates the product of two Fourier
coefficients of a Hecke eigenform g of half-integral weight and level 4N with N odd and
squarefree to the integral of a Hecke eigenform f of even integral weight associated to g
under the Shimura correspondence along a geodesic period on the modular curve X (N).
This formula contains as a special case a refinement of a result of Waldspurger [6] about
special values of L-series attached to f at the central point.

The purpose of this note is to show that the restriction to N squarefree can be lifted

and that our identity in the more general case is essentially a consequence of results of
Waldspurger ([8, 9, 10]).

Notation. We let I'(1)=SL,(Z) operate on integral binary quadratic forms
[a, b, c}(x, y) = ax® + bxy + cy* by

(a, b, c]°<: g)(x, y)=|a, b, c](ax + By, yx + dy).

The symbol # denotes the upper half-plane.

The letters k and N denote positive integers, N is always assumed to be odd.
N

We write N’ || N if N’ | N and (N', N_’) =1

We let M, (N)(S::(N)) be the space of modular forms (cusp forms) of weight 2k on

the group I'h(N) and S5:¥(N) < S5 (N) be the subspace of cuspidal newforms.
For a prime p we denote by T,;(p) the Hecke operator acting on S, (N) by

o) S oo = 3, (som)+ (D ()@= ze0

(with the convention a(z) =0 if p 4 n). The Hecke operators leave S55*(N) stable.
14
For f, f' € S, (N) we write

, 1
) = ) T e
for the Petersson product of f and f'.
We let Si.12(N) be the subspace of cusp forms of weight k 4+ 1/2 on I'((4N) whose
nth Fourier coefficients at infinity vanish for (—1)*n =2, 3mod 4 ([5, 3]).

f@Ff @)y* 2dedy  (z=x+iy)
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For a prime p we write T, ,.(p) for the Hecke operator acting on S, ,,(N) given by

Tir1n(P) 2 c(n)q"

nz1,(-1)*n=0, 1(4)
N? (—1)kn _ N\?
= 3 (e + () (S e + (5) ptenlpd)a
nz1,(~1)n=0,1(4) pP pP P

(cf. [5], 81; [3], §3, Proposition and Remark, p. 46).
For g, g' € Sk+12(N) we denote by

1
[F(1): To(4N)] Jroamyse
the Petersson product of g and g'.

(8,8')= g(2)g’ @y " dxdy  (z=x+iy)

1. Statement of results. In [4] for every fundamental discriminant D with
(=1)*D >0 we defined a Shimura lifting £, mapping S, 12(N) to My (N) (to Sy (N) if
k=2 or if N is cubefree) and a Shintani lifting {7, mapping Sy (N) to Si.1(N), and &p
and {p were shown to be adjoint maps with respect to the Petersson products. Explicitly,
for

g= Z c(n)q" € Sk+1/2(N)

nz1,(—1)*n=0,1(4)

tog=3 (3 (3)aepintar)ar

nZ1 \d|n,(d,N)=1

one has

and for f € S5;"(N) a newform (the case we will be interested in) one has
Eof = (—l)lk/zlzk 2 re,n,p(f; Dl m)g™.
mZ1,(—1)*m=0,1(4)

Here for any positive integer A satisfying A=0,1mod 4 and D | A we have put

nolfs8)= 5 w0n@)] f@)06 1 )
Qean,sTo(N) Co
where qun A/To(N) is the set of Io(N)-classes of integral binary quadratic forms
Q =|a, b, c] with b>~4ac=A and N |a, and where C, is the image in Xo(N)(C)=
-b-VA

[o(N)| #UPYQ) of the semicircle a|z|*+b Rez+c=0 oriented from . to
— a
i;__A , if a #0 or of the vertical line b Re z + ¢ =0, oriented from Tc to i if b>0

a

and from ix to %C if b <0, if a =0. Furthermore, w,, is the genus character given by

0 if (a,b,¢,D)#1

w0 (% if (a,b,c, D)=1, where Q represents n, (n, D)=1.
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ReMARrK. In [4], p. 240 the factor (—1)*?12* is missing in the definition of ¢}, and
the orientation of C,, should be the opposite one for a =0, b <0.

Recall that for any positive integer N' with N'|| N we have an Atkin-Lehner
involution Wy on 8, (N) leaving S3;*(N) stable and defined by

Nz+B
Nz +N'd
Now let f be a normalized Hecke eigenform in S52%(N) with T (p)f = A, f for all
primes p, and let €, be the eigenvalues of f under W,- (p prime, p” || N). We shall impose

the assumption that £, =1 whenever v is even.
(=1)no
p v

Wi f = N'*(Nz + N’6)‘2"f( ) (B, 67, N6 —NB=N").

Let ny be an integer mod N such that ( )= g, for all primes p with p¥ || N.
We set

Sk+12(N; f, ng) = {g € Sk+1/2(N) l Tk+1/2(p)g = Apf for all primes p; the nth
Fourier coefficients of g at infinity vanish unless
nn, is a square mod N}

(cf. (2,6,8,3]). Note that if g=1 c(n)q" € Sis1n(N;f, no) and p*|N, then c(n)=0
whenever p | n. In fact, since p*| N it is well-known that A, = 0([1]), hence c(n) =0 for
p*| n. However, if p || n, then nny cannot be a square mod p?, since p 4 n, by assumption,
so ¢(n) =0 also in this case.

THEOREM. Let k=1 and let N be odd. Let f be a normalized Hecke eigenform in
S5%"(N), and let ny and S, ,1,(N; f, ny) be as above. Then:
(i) dimg S 1(N; f, no) = 1.
(ii) For any generator g = ( )Z o )c(n)q’l of Sg1n(N; f, ny) the formula
nZz1,(—1)*n=0,1(4
c(m)c(n) (—1)1*2igk
= r —ia(f;mn 2
&g | (i) @

(m, n e N; (—1)*m, (—=1)*n =0, 1 mod 4; (—1)*n a fundamental
discriminant; (—1)*nn, congruent to a square mod N)

holds, where 1, n.(~1y.(f; mn) is the cycle integral defined by (1).

As already mentioned above the proof of (i) strongly depends on resuits of
Waldspurger ([8,9, 10]). In certain cases (i) can also be derived from [6, Chap. 4] by
using an isomorphism between modular forms of half-integral weight and Jacobi modular
forms and then applying the “multiplicity 1" theorem proved in [7]. Assertion (ii) can be
deduced as in [4] using (i) and the fact that the Shimura liftings and the Shintani liftings
are adjoint maps with respect to the Petersson products.

For a fundamental discriminant D with (D, N) =1 let

LD, )= <§)a(n)n“(Res 5 0) 3)

nZ1
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D
be the L-series of F(z) = ¥, a(n)q" twisted with the quadratic character (;) Recall that
nz1 :

L(f, D, s) has a holomorphic continuation to C and that
L*(f, D, s) = 2m)*(ND*""L(s)L(f, D, )

satisfies the functional equation
L*(f, D, s)=(- 1)"( )L*(WNf D, 2k —s).

As in [4], letting m = n in (2) we can deduce a refined version of a result of Waldspurger
(8.

COROLLARY. Suppose that the hypotheses of the Theorem are satisfied. Let D be a
fundamental discriminant and suppose that (—1)D >0, (D, N)=1 and that Dn, is a
square modulo N. Then

C(IDI) vy\R—1)° (k ) x-12 L(f, D, k)
=2 IDI* " ———,
(8. 8) VY

where v(N) denotes the number of different prime divisors of N.

Of course, Corollaries 2-6 in (4] also have natural generalizations to the more
general situation here. However, we leave their explicit formulation to the reader.

2. Proofs.
ProrposiTiON. For all primes p and all fundamental discriminants D with (—1)*D >0
one has

E0Tu(p)f = TennP)EDf  (Vf € S5(N)). (4)

Proof of Proposition. We shall give the proof only for (D, N) =1, leaving the more
general case which is similar but more tedious to the reader. We may assume that f is a
normalized Hecke eigenform.

If p 4 N, then T (p) and T;.,(p) are hermitian, and since {5, and }, are adjoint maps
and {, commutes with the action of Hecke operators (immediate verification), identity
(4) is obvious in this case.

Next assume p | N. Then by definition of {} and T, ,,(p) we must show that

ren,o(f; DI mp?y = e v p(Tu(p)f; IDI M) (Vm 21 with (—1)*m = 0,1 (mod 4)).
According to Proposition 7 in [4]
ren,o(f; |D|. m) = a(|D| m)*="(f, fun.D.(=1ym) s

where «, is a constant dependmg only on N and k and fi n 4 -1ym(z) (MZ1,
(—1)*m =0, 1 mod 4; z € ¥) is the modular form (cusp form if N is cubefree or if k Z2)
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in My, (N) defined by
> wp(Q)0(z, 1) if k>1

Qean, |pjm

lim Y 0p(Q)0(z, DO DI i k=1

slo Qe€an, |p|m

fk.N,D.(—l)"m(Z) =

(cf. [4, §1]). In the following we will assume k 22 (the case k =1 is entirely similar). We
will distinguish two cases.

Case (i): p*| N. Then Ty (p)f = 0({1]), hence we must show

(s funp.(=1ymp2) =0. )
Since p?| N, the conditions b*> — 4ac = |D| mp®, N |a imply p*|a, p | b, hence
fen.p.(-1ympA(2) = 2 wp(p?a, pb, c)(p’az® + pbz + c)™
[a.b,clean, IDIM

where N' = N/p>.
Since p 4D, we have wp(p®a, pb,c)=wp(a, b,c); in fact, (a,b,c,D)=1 is
equivalent to (p’a, pb, ¢, D) =1, and if [a, b, c] represents n, then [p?a, pb, c] represents
2
pn.
Hence
fi.n.D.(~1ymp2(Z) = fi. N, . (- 1ym( PZ),

and since fis in 535" (N), (5) follows.
Case (ii): p || N. By [1] we have T,,(p)f = —p"“~'W, f, hence we have to show that

<f: fk,N,D,(——l)"mpz) = “P_k ( W.f, fk.N,D.(—l)"m>' (6)

If a, b, c € Z with b> — 4ac = |D| mp* and N | a, then it follows that p | b and either p? |a
or p || a and p | c. Hence setting N’ = N/p we have

fe.n o, (= 1ympx(2) = 2 wp(p’a, pb, c)(p?az? +pbz +c)7*

la,b.clean iDjm

+p* > wp(pa, pb, pc)(az® + bz + ¢)~*.
a,b,ceZ,N'|a.pta
b2—4ac=|D|m

As in case (i) the first sum equals fi n p.(-1ym(pz). Since wp(pa, pb, pc) =
<2>wD(a, b, ¢) the second sum equals
p
(D
p ; (fk,N’.D,(—l)"m(Z) — fi.n.D.(-1ym(2))

hence since f € S5;"(N) it follows that

(D
(f, fk,N,D,(—l)"mpz) =-p k(;) (f: fk.N,D,(—l)"m)-
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By definition

u/pfk,N,D,(-—l)"m(z) = 2 wD(Q°Wp)(Q°Wp)(7-: 1)_k-

QeaN, |ID|m

D
Since acting by W, is a permutation of gy, \p;,» and wp(QW,) = <—>wD(Q) for p + D we
conclude that p

D
Wpfk,N,D,(—l)km = (;)fk,N.D,(—l)“m:

and (6) follows, since W, is hermitian. This concludes the proof of the Proposition.
We now turn to the proof of the Theorem. Suppose that D is a fundamental
discriminant such that (—1)*D >0 and |D| n, is congruent to a square mod N. The above

Proposition and the definition of £}, then show that {3 fis in Si.1.(N; f, no).
__1\k
Let p be a prime with p”||N. If (D, N)=1, then from ((—1—)\,'1—0) =g, and
(-1)*Dng\ _ . . D . P :
~————) =1t follows that { — | = ¢,, and the same computations as in [4, p. 243] give
p P

ren,o(f; D?) = 2"V (=1){“*2m) =T (k) IDI*"'2L(f, D, k), (™)

where L(f, D, s) is the L-function defined for Re s >0 by (3) and v(N) is the number of
different prime factors of N. But according to [9, Theorem 4] there is a fundamental

discriminant D, with (-1)*Dy>0, ¢,= (%’) for all primes p with pY||N and
L(f, Dy, k) #0. Hence {5, f is a non-zero function in S;.1,(N; f, no), and it follows that
dimg Sg4+12(N; f, ng) 2 1. On the other hand, Waldspurger [10] kindly informs the author
that for N odd it follows from his Theorem 1, (ii) in [8, p. 378] and the explicit description
of the sets U, (e, f) ([8, p. 454]) that dim¢ S;11(N; f, ng) = 1.

Let us now prove the second assertion of the Theorem. Since f and {(_;y,g have the
same eigenvalues under all Hecke operators, §_;y,g is a cusp form and is a multiple of f
by the “multiplicity 1"’ theorem valid for S37"(N). Comparing the Fourier coefficients at g
we find that

Ei-18 = c(n)f. )
From what was proved above,

Eé-vpnf = B

for some B, =C.
Now

Bc(m) = coefficient of g™ in &&qyenf = (— )2, . _yya(f; mn).
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On the other hand
Bnc(m)(g, 8) = c(m){Ll1ynf, &)
= C(m)ﬂ(—n“ng)
= c(m)c(n){f, f),

where in the last line we have used (8). Comparing these two formulas we obtain (2).
The Corollary to the Theorem, of course, follows from (7).
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