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Some Factorizations

in Universal Enveloping Algebras
of Three Dimensional Lie Algebras
and Generalizations

This paper is dedicated to Robert V. Moody on the occasion of his 60th birthday

Stephen Berman, Jun Morita and Yoji Yoshii

Abstract. 'We introduce the notion of Lie algebras with plus-minus pairs as well as regular plus-minus
pairs. These notions deal with certain factorizations in universal enveloping algebras. We show that
many important Lie algebras have such pairs and we classify, and give a full treatment of, the three
dimensional Lie algebras with plus-minus pairs.

1 Introduction

All of our algebras will be over a field F of characteristic zero. We begin by recalling
the well known fact that if L is a Kac-Moody Lie algebra with the usual Chevalley
generators {e;, f; | 1 < i < I} satisfying L = [L, L] and ! is finite, then every L-
module on which the elements e;, f;, 1 < i < [ act locally nilpotently is integrable in
the sense that the elements h; = [e;, f;], 1 < i < [ are simultaneously diagonalizable.
(¢f. [10] Ex. 6.31, p. 585, or [11]). In other words, every weakly integrable module
for such an algebra is integrable. The usual proof of this fact uses that the three
dimensional Lie algebra with basis ¢;, f;, h; is isomorphic to the Lie algebra sl, (so g
is generated by sl,-triples) together with the result which says that if V' is any module
for sl, on which the standard generators e, f of sl, act locally nilpotently then the
element h = [e, f] is diagonalizable on V. One can see this last fact as follows.
We denote by M(W) the maximal integrable submodule of an sl,-module W. In
general, M( W/M(W)) = 0 for all sl,-modules W. If a vector v of an sl,-module W
satisfies that fv = 0, e"v # 0 and e""'v = 0, then we obtain h(e"v) = n(e"v), since
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fe" =e"f —ne"'(h+n—1)and
h(e"v) = (ef — fe)e"v
=efe'v
= e(e”f —ne" Yh+n-— 1)) v
=—ne"(h+n—1)
=-—-nh—-—n—-1)"
= —nh(e"v) + n(n + 1)e"v.

This implies that M (V') is nontrivial for every nonzero sl,-module V' on which the
elements e and f are locally nilpotent operators. Therefore, M(V) = V for such an
sl,-module V, that is, V is integrable.

We want to indicate another approach to the above fact about sl,-modules which
uses a factorization in the universal enveloping algebra. This method appears to be
new and was the starting point of this paper. For any Lie algebra g we let U(g) denote
its universal enveloping algebra. Then one knows that for the algebra sl, = Fe® Fh &
Ff we have the factorization

(1) U(sly) = U(Fe) U(Ff) U(Fe).

Using this it is easy to see that if V' is an sl,-module on which both e and f act locally
nilpotently then any vector v € V generates a finite dimensional submodule. Thus h
acts semisimply on this submodule and so we obtain / acts semisimply on V. Also,
the proof of the factorization (1) is quite straightforward and follows easily from the
following formula in U (sl,):

—it leifj+1ek+

Q) ffidy=I1F1

kel o
1 T R (G — i+ 1) e,

j+1
foralli > 0, j,k > 0. This formula can be established using the following: for any
k > 0 we have
(Ak) fefk _ %efkﬂ + ﬁfk+le+ kfk,
(By) fkef _ ﬁefkﬂ + %fk+le+kfk,
which is proved using fe' = ¢ f —ie'~!(h+i — 1) fori > 1 and induction.
Next let $ be the three dimensional Heisenberg Lie algebra with a basis x, y, z
satisfying [x, y] = z, [x,z] = [y,z] = 0. Then, in U($), we obtain the following

factorization
3) U(9) = U(Fx) U(Fy) U (Fx).
The proof of this is much like the s, case. It follows easily from the following formula
inU(9)
i, 7k j_i+1i j+1, .k i i—1, j+1 k+1
(4) y(x'yIx") = —/———x'pT X+ ——x Ty

j+1 j+1

foralli > 0, j, k > 0. Note that (4) is proved by establishing for any k > 0 we have
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k+1 +

(A]) yxyk = %xy sy,

I k _ k+1 kL k+1
By yxy = g0 t g%

which in turn is proved using yx' = x'y — ix'~'z for i > 1 and induction. Thus,
the picture is similar for both algebras sl, and $ in that they both have a pair of
subalgebras P, M satisfying P + M is not the whole algebra and U(P) U(M) U(P) is
the whole enveloping algebra. This prompts the following definition which singles
out those Lie algebras having this type of factorization in their universal enveloping
algebras.

Definition 1.1 (i) A Lie algebra L is said to have a plus-minus pair if it has two
subalgebras P, M satisfying P + M # L and

UL) =U@P)UMM)U(P).

In this case we say L has a plus-minus pair (P, M).

(ii) Let (P, M) be a plus-minus pair of L. We say this is a regular plus-minus pair if
PN M = (0) and there is an automorphism o of L of order two satisfying o(P) = M.
Note that in this case we then have U(L) = U(P)U(M) U(P) = U(M) U(P) U(M).

It is clear that both Lie algebras sl, and $ have regular plus-minus pairs. Moreover
if L is any three dimensional Lie algebra with a plus-minus pair (P, M) then each
of P and M must be one dimensional. Indeed, P + M cannot be 3 dimensional as
P+M = L. Thus, P+M is two dimensional and so if one of P, M is 2 dimensional then
P+M is asubalgebra of L and so U(P+M) # U(L) but U(P) U(M) U(P) C U(P+M)
so (P, M) cannot be a plus-minus pair. Letting P = Fx, M = Fy we have that

(5) UL) = Y Fx'yls.

i,j.k>0

Moreover, the following result, which extends the situation discussed in the sl, case,
is quite clear. Let L be a three dimensional Lie algebra with a plus-minus pair (P, M)
where P = Fx, M = Fy. Let V be any L-module on which the action of the elements
x, y islocally finite. Then any finitely generated submodule of V' is finite dimensional.
Thus, one is led to ask just which three dimensional Lie algebras have plus-minus
pairs.

In Section 2 we will extend the methods used in the proofs for the sl, and $ cases
above and show that any three dimensional Lie algebra which is generated by two
elements has a plus-minus pair. Then we go on to see that there are only two isomor-
phism classes of three dimensional Lie algebras which do not have plus-minus pairs.
We also go on to study, when the base field F is algebraically closed, which of these
algebras have regular plus-minus pairs and are able to give a complete list of these.
Here we use some results from [6]. In the third and final section of this paper we
go on to investigate plus-minus pairs, or similar factorizations, in the universal en-
veloping algebras, of Borcherds Lie algebras as well as in some Z"-graded Lie algebras
which satisfy some extra conditions.

Thanks go to the referee for simplifying the proof of Theorem 2.3 and other help-
ful comments.
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2 Three Dimensional Case

In this section we begin by showing a three dimensional Lie algebra has a plus-minus
pair if and only if it is generated by two elements. We then go on to investigate some
special cases as well as regular plus-minus pairs when the base field is algebraically
closed.

Throughout we let L be a three dimensional Lie algebra unless mentioned oth-
erwise. If (P, M) is a plus-minus pair for L then we know that each of P, M is one
dimensional so we let P = Fx, M = Fy. If x and y do not generate L then it must be
that P + M is a proper subalgebra of L and so since U(P) UM)U(P) C U(P + M)
we get a contradiction. Thus L is generated by x and y so is two-generated. We want
to establish the converse of the above result.

We define subspaces Uy for k > 0 of U(L) by saying

(6) Uy = Z (Fxy™ + Fy"'x + Fy™).

0<m<k

Notice that Uy = Fx + F1 and that U, C Uy, forall k > 0.

Lemma 2.1 Let L be an arbitrary three-dimensional Lie algebra and x, y any two
elements of L. For k > 0 the following statements hold,

(Ap) yxyt = Lxyk + LyMlx mod U,
(Be) yrxy = Hayk T+ K yMx mod U,

(Cx) yUr C Ugsr, Uy C Upsr.

Proof We prove this by induction on k noting that for k = 0 both (Ay) and (By) are
clear. Next, we show (Ay), . .. , (Ax), (Bo), . . . , (Bx) imply (Cy). Indeed, by definition
we have that

yU = Z (Eyxy™ + Fy™!'x + Fy™?)
0<m<k

and so by (Ay), . .. , (Ax) we get that this is contained in Ujy;. Similarly we have

Uy = Z (Exy™™" + Fy™xy + Fy™)

0<m<k

and so by (By), . .. , (Bx) we get this is contained in Uy;. Hence (Cy) holds.

Next we show that (Ag), (Bx), (Cx) imply (Ag+1), (Ber1). We assume k > 1 as
when k = 0 the fact that L is three dimensional implies that (A;) and (B;) hold. Now
yxy®1 = (yxy*)y so that (Ag) implies that the difference

k 1
k+1 k+1 k+1
X - ——x + — X € Uypy.
¥y (k+1 k+1” )y 4

But (Cy) implies that Uyy C Ui so we get that

k 1
P = (o ™)y med Ui
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Similarly, using (Bx) and (Cy) we get that

1 k+1 k k+1
Yy = y<k+1 Tk x) mod U

Thus, we finally get

k 1 k
k1l k+2
1 a0 Tae

yxy K2x  mod Uy,

which implies that

k(k+2) k+1 k k+2 k
k+127 1 T

)2 y 2x  mod Up,.
Therefore, we obtain

k+1 1
k+1 = k+2 zy x mod Uk+17

+
Xy k+2y k+

and we see that (A1) holds.
Using a similar type of argument we have that

Y lxy = y(y*xy)

1 k
_y(k+1 k+1+_yk+1x) mod Uk+l

k+1
— 1 k+1 k k+2
=Y 1) X mod Ujy
1 k k+1 1 k+1 k
= + d U,
k+1(k+1xy k+1” x)y e mod Uk
k k+2 1 k+1 k k+2

= mxy + my Xy + my x mod Uk+l

Kk+2) k
k+12) 7= (k+1)2y A

Therefore, we obtain

y 2x mod Up.

1 1
k+1 — k+2 k+2
yo k+2xy k+2y * o mod Bk
and we see that (By;) holds. This completes our induction. [ |

We apply this lemma in proving the following theorem.

Theorem 2.2 Let L be a three dimensional Lie algebra. Then L has a plus-minus pair
if and only if L is two generated. Moreover, if x and y generate L then (P, M) is a plus-
minus pair for L where P = Fx, M = Fy.
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Proof We need only show L has a plus-minus pair if L is generated by two elements
x, y. Let z = [x, y]. Now we want to show U(L) = E:gj,kzo Fxi'yixk, Put X =
Zi,j.,k>0 inijk C U(L) and let Ui be defined as above. Clearly xX C X, Xx C X
and Uy C X for all k > 0. We claim

y(xlymx") € X,

z(xgy’”x”) € X.
and show this by induction on ¢. If £ = 0, then we see y(y™x") € X and using (A,,)
we get

Z(y"x") = (xy — yx)(y"x")
— xmerlxn _ yxymxn

€ Fxy™!'x" + (Fxy™"' + Fy™'x + U, )x" C X.
Let £ > 0. Then, we obtain, using our inductive assumption, that

y(xéymxn) — (xy _ Z)(xé—lymxn)
cexX+XCX
and, letting [z,x] = ax + by + cz for a,b,c € F, we also get using our inductive
assumption that
z(xéy’”x”) = (xz+ax+by+ cz)(xé_ly’”x”
cxX+X+X+XCX.

Hence, yX C X. Since X is a left ideal of U(L) containing 1, we obtain X = U(L).
Therefore, (P, M) with P = Fx and M = Fy is a plus-minus pair for L. [ ]

If our three dimensional Lie algebra L is abelian it clearly does not have a plus-
minus pair. Also, we let g be the three dimensional Lie algebra with basis x, y, z
satisfying

[x,y] =0, |[x,z] =x, [y,2] =y.

Then for any elements a, b, ¢, a, 3, € F we have the very special identity
[ax + by + cz,ax + By + vz] = y(ax + by + cz) — c(ax + By + vz).

This clearly implies that g is not two generated so does not have a plus-minus pair.
Our next result shows that these are the only two kinds of three dimensional Lie
algebras which do not have plus-minus pairs.

Theorem 2.3 Let L be a three dimensional Lie algebra which is not two generated. Then
L is either abelian or is isomorphic to the algebra g above.
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Proof Assume L is not abelian. Choose a 1-dimensional subspace Fz of L which is
not an ideal. Every 2-dimensional subspace of L is a subalgebra. Hence there exist x,
y in L such that {x, y, z} is a basis of L and [z, x] = ax, [z, y] = by for some a, bin F.
As [z,x + y] belongs to Fx + Fy and F(x + y) + Fz, we must have a = b. As Fz is not
an ideal, a is not 0. We may assume that a = 1. As [x, y] = [x + z, y] — y belongs to
Fx+ Fy and F(x + z) + Fy, we deduce that [x, y] is in Fy. Similarly, it is in Fx. Hence
[x, y] = 0 and L is isomorphic to g. [ |

The special casewhen L = L_; &Ly L, is a three graded Lie algebra of dimension
three with a plus-minus pair will be used in the final section of this work so will be
discussed now. Put L; = Fx, L_; = Fy, Ly = Fz. We can assume first that [x, y] is
either 0 or z. Suppose [x, y] = 0. If [x,z] = [y,z] = 0, then L is abelian so has no
plus-minus pair. If [x, z] = 0and [y, z] # 0, then we can also suppose [z, y] = y and
hence, P = F(x + y) and M = Fz give a plus minus pair. If [x,z] # 0 and [y, z] =0,
then we can suppose [z,x] = x and hence, again P = F(x + y) and M = Fz becomes
a plus-minus pair. If [x,z] = ax and [y, z] = by with ab # 0, then we can suppose
a = 1. In this case, P = F(x + y) and M = Fz give a plus-minus pair when b # 1.
Otherwise we have [x,z] = x and [y,z] = y and there is no plus-minus pair. Next
we suppose [x, y] = z. If [x,z] = [y,z] = 0, then L is a Heisenberg Lie algebra, and
hence, L has a plus-minus pair. If [x,z] = axand [y,z] = by witha # 0 or b # 0,
then0 = [z,z] = [[x, )/LZ] = [[x,z],y} + [x, Ly, z]] =alx, y]+blx, y] = (a+b)z
anda+b =0.Putx’ =x,y' = =2y/a,z’ = —2z/a. Then, [x',y'] = —2[x,y]/a =
—2z/a=72',[2",x'] = —[x',2'] = 2[x,z]/a=2x =2x"and [2/, y'] = —[y',2] =
—4[y,z]/(a®) = 4y/a = —2y’. This means that L is isomorphic to sl,. Therefore we
obtain the following result which gives a characterization of sl, and 9.

Proposition 2.4 Let L = L, & Ly & L_, be a three graded Lie algebra of dimension
three withdim Ly, = dim Ly = 1.

(1) IfL has a plus-minus pair, then L is isomorphic to one of st, $ and K(a, b), where
K(a,b) = Fx ® Fy @ Fz is the Lie algebra having the relations: [x,y] = 0,
[x,z] = ax, [y,z] = by witha # b.

(2) IfL has (Ly, L_y) for a plus-minus pair, then L is isomorphic to either sl, or 9.

Remark 1f a = b is non-zero then we have K(a, b) = K(a,a) ~ K(1,1) and this is
nothing but our algebra g of Theorem 2.3 which does not have a plus-minus pair.

Next we will briefly discuss isomorphism classes among the Lie algebras K(a, b).
For this we will freely use the classification in Jacobson’s book [6] on page 12 where
he classifies the three dimensional Lie algebras having a two dimensional derived
algebra. This is listed there as (d) of his general classification. We have K(0,¢) ~
K(c,0) ~ K(0,1) for nonzero ¢ € F. Thus if a or b is 0 then K(a,b) ~ K(0,1).
Next we suppose that both a, b are nonzero. Then, we also see K(a, b) ~ K(a/b, 1).
The only isomorphisms between the algebras K(c, 1) for ¢ non-zero are K(c,1) =~
K(1/c,1) and none of these are isomorphic to K(0, ¢). Thus, the isomorphism classes
of the Lie algebras K(a, b), having plus-minus pairs, are parametrized by the set

BF) = {{u,u”"} |ue Fu#0,1} U{{0}}.
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Here the isomorphism class of K(0,a) corresponds to {0} while that of K(a, 1) to
{a,a™'} ={a=',a} foraec F,a #0.

We next assume that F is an algebraically closed field of characteristic 0, and will
study the three dimensional Lie algebras over F having a regular plus-minus pair. Let
L be such an algebra and let (P, M) be a regular plus-minus pair of L. Then we can
choose nonzero elements x € P and y € M as well as an involutive automorphism
o of L such that [x,y] # 0 and o(x) = y. Putz = [x,y], and set u = x + y and
v =x—y. LetL; = Fu (the 1-eigenspace of 0) and L_; = Fv@®Fz (the —1-eigenspace
of o). Then, [u,v] = [x+y,x—y] = —2[x, y] = —2z. We write [z,x] = ax+by+cz.
Then we obtain [z, y] = —o([z,x]) = —o(ax+ by + cz) = —bx — ay + cz and so the
Jacobi identity implies [bx + ay — cz,x] + [ax + by + cz, y] = 0. Therefore,

{—az—clax+by+cz)} +{az+c(=bx—ay+cz)} =0
and c¢(a + b)x + c(a + b)y = 0, which impliesc = 0ora+ b = 0.
Casel c=0.

In this case, we have [x, y] = z, [z, x] = ax + by, [z, y] = —bx — ay. We write the
matrix of ad(z) restricted to the space Fx @ Fy as

a —b
adz-(b —a)'

Then, its characteristic polynomial is t* — a” + b*. Hence, ad z |pxgry is similar to one

of
A0 0 1
(0 5) = (o)

where A = (a> — b*)'/2. If A # 0, that is a> — b* # 0, then we have certain elements
x',y" € Fx® Fy such that [z/,x'] = X'x/, [2/,y'] = =Xy’ withz/ =[x/, y'] # 0
and A\’ # 0. This means that L ~ sl,. If a = b = 0, then we see L ~ . Now we
suppose a = b # 0. Thus, we have [z,u] = 0, [z,v] = 2au, [u,v] = —2z. Put
p=(—a)/* andsetz’ = z/p, u' = pu, v/ = v/(2u*). Then,
v, u'l = [v,ul/Qu) = z/p =2/,
[VI,Z/] - (_a)u/(ﬂ'?’) - Mlv
[u',z'] = 0.

As is easy to check, again from Jacobson’s book, [6], on page 12 under heading (d)
one finds our algebra here is just the one with & = 1 and we have

o) =—v, ocWw)=u', o()=-7".

We denote this algebra by L(aw = 1).
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Next we suppose a = —b # 0. Thus, we have [z,v] = 0, [z,u] = 2av, [u,v] =
—2z. Putv = a'/4 and setz/ = z/v, u' = —u/(2v?), v = vv. Then,
(w',v'] = —[u,v]/Qv) = z/Jv =7/,
(W', 2'] = —[u,z]/(20°) =vv =",
v',z']=0.

Here we have once again that our algebra is just L(ae = 1) and

o Y=u', ov)=—v, o()=-2".

Case2 c¢#0,a+b=0.

In this case, we have [x,y] = z, [z,x] = [z,y] = ax — ay + cz, and hence
[u,v] = =2z, [z,u] = 2av + 2cz4, [z,v] = 0. Setu’ = —u/(2¢c), v/ = v, 2’ = 2.
Then,

[ulavl] = —[M, V]/2 =z= ZI)
(u',2'] = —[u,2]/(2¢) = av/c+z = av' /(c*) + z,
[v',z'] =0.

This time we get that our algebra is the one from [6] page 12 having 3 = a/c?, which
we denote as L(3 = a/cz), and so have

o Y=u', oW)=—v, o()=-2

!/

With the notation developed above we see that the preceding arguments, together
with the results in [6] about isomorphisms between these algebras, establish the fol-
lowing result.

Theorem 2.5 Let F be an algebraically closed field of characteristic 0. Let L be a three
dimensional Lie algebra with a regular plus-minus pair. Then L is isomorphic to one of
sly, 9, L(a = 1) or L(B = r) for any r in F. Moreover no two distinct algebras in this
list are isomorphic.

Remark Finally we want to point out that the Lie algebra K(u, 1) with u € F is
isomorphic to L(a = 1) if u = —1, and is isomorphic to L( = —ﬁ) ifu #
—1. As a consequence of our work we see that a three dimensional three graded Lie
algebra has a regular plus-minus pair or no plus-minus pair at all.

3 Plus-Minus Pairs in Some General Classes of Lie Algebras

In this section we will show that Borcherds Lie algebras have plus-minus pairs. Since
these generalize the well-known Kac-Moody Lie algebras our results apply to these
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as well. We next go on to investigate Z"-graded Lie algebras and see that with cer-
tain other assumptions these also have plus-minus pairs. Our method is to estab-
lish slightly more general factorization results in the universal enveloping algebras of
these Lie algebras and then show how this gives rise to plus-minus pairs. The tech-
niques are quite general and no doubt apply to other situations as well.

Let g be a rank [ Borcherds Lie algebra over F with the standard Cartan subalgebra
b and Chevalley generators {ej, ... e, fi,..., fi}, and let g’ = [g, g] the derived
subalgebra of g. Puth’ = hNg’, and take a complementh’’ of h’ in h with b = b’/ @b,
Then, g = b"’ @ g’. Let g, be the subalgebra of g generated by ey, ... , ¢, and g_ the
subalgebra of g generated by f1,... , fi (¢f- [4], [7], [8], [9], [10], [12]).

Proposition 3.1 Let g be a rank | Borcherds Lie algebra, and let TU | = {1,2,...,1}
be a partition of {1,2, ... , 1} into disjoint subsets. Then,

U@ = (TJue) utumue) ([TED).
il i€J

Proof Let g. be the standard homogeneous complementary subalgebra of Fe; in g,

and ¢’ the standard homogeneous complementary subalgebra of Ff; in g_. For each

k=1,...,1weput hy = [e, fr] and by = Fhyyy @ --- & Fhy, and we set [y =

IN{l,... ,k}and Jy = JN{1,..., k}. We make free use of the PBW Theorem as

well as the fact that Fe; & Ff; & Fh; is either sl, or $ so has a regular plus-minus pair.
If1 € I, then

U(g) = U(g-) U(H) U(g,)
=U(s")UFR)UWM") U(hy) U(Fhy)U (Fer)U(g})
=U(L)U®") U(by) U(Ff) U(Fhy)U (Fer)U (g})
=U(s")U®"") U(by) U(Fey) U(Ff)U (Fer)U(a})
= U(Fe))U(s") U(b"") U(by) U(Ffi)U (Fey)U(a})
= U(Fe))U(g-)U(H"") U(H)U(g.).

In the other case when 1 € J by using the same type of argument we have
U(g) = U(g-)UMD") UD1)U(a+) U(Ff).

If we began with

U@ = (TJure)) Ut um umo Ue) (TTUE),

i€l J€Jk

then, again using the same method, we can obtain

(@ = ([T vtke) U@ U U U ( T vEy).

1€ j€]k+1
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Thus after several applications of this process we reach the stated result. ]

We next see that this gives the desired plus-minus pair.

Corollary 3.2 Let g be a Borcherds Lie algebra of finite rank. Then,

U(g) = U(g)U(g)U DU (g4).

Hence, Borcherds Lie algebras have plus-minus pairs. In particular, perfect Kac-Moody
Lie algebras or, more generally, perfect Borcherds Lie algebras have regular plus-minus
pairs.

Proof We just take one of I and ] to be empty. This leads to the result. Then, for
example, let P = )"/ & g, and M = g_. This gives a plus-minus pair. [

We next generalize the previous discussion by considering Z"-graded Lie algebras.
Thus, let Q = }_, Za; be a free abelian group of rank n generated by ay, . .. , ay,
and let g = @aeo 0o be a Lie algebra graded by Q. Put A = {a € Q| g, # 0}. We
also assume that Zay N A = {0,+0 }, and that L = g, D [8a,> §—a,] D G—q, is2
subalgebra with a plus-minus pair (g,,,3—q,) in L. (Thus, if L is three dimensional
Proposition 2.4 implies L is isomorphic to either sl, or £.) We also suppose that there
exists a complementary subalgebra g of [gq,, §—q,] in go with @ = [Ga,, G—a, ] B -
An element o = E?Zl cia; € Qis called positive (resp. negative), that is a > 0 (resp.
a < 0), if there is an index i satisfying ¢; > 0 (resp. ¢; < 0) and ¢jy1 = ¢4z =

c=¢ =0.PutA;, ={a€eA|la>0}and A_ = {a € A | a < 0}. Let
g+ = @aeAi 0o and gy = @aeAi\{al} 0a- Then, g1 = g1q, @ ¢), and we see
that g1, @ gQF are subalgebras. In this situation we have the following result.

Proposition 3.3 Let § = €D, 9a be a graded Lie algebra with the extra conditions
as above. Then,

U(g) = U(8a,) U(6-)U(8)U(8+).

Moreover, letting P = g, & g and M = §_ gives a plus-minus pair for g.

Proof Using our assumptions we see that

U(g) = U(g-)U(g0) U(g+)
= U(8)U(8-a)U (80U ([80,, 8-, DU (80,) U(g})
=U(8L)U(89) U(8-0,)U([80ay,8-0,1) U(8a,) U(g3)
= U(8")U(89) U(8a,)U(8-0,) U(8a,) U(g})
= U(82,)U(8") U(89)U(8-0,) U(8a,) U(g})
= U(8)U(82) U(8-0,)U(80)U(84,) U(g%)
= U(8a,)U(8-) U(gp)U (g+). u

https://doi.org/10.4153/CMB-2002-053-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2002-053-4

536 Stephen Berman, Jun Morita and Yoji Yoshii
Remark It can be seen that many EALA’s and some of the root-graded Lie algebras
(cf. [1], [2], [3], [13]) satisfy the hypothesis of Proposition 3.3.
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