SUBLATTICES OF A FREE LATTICE
BJARNI JONSSON

Introduction. Professor R. A. Dean has proved (1, Theorem 3) that a
completely free lattice generated by a countable partially ordered set is
isomorphic to a sublattice of a free lattice. In particular, it follows that a
free product of countably many countable chains can be isomorphically
embedded in a free lattice. Generalizing this we show (2.1) that the class of
all lattices that can be isomorphically embedded in free lattices is closed
under the operation of forming free lattice-products with arbitrarily many
factors. We also prove (2.4) that this class is closed under the operation of
forming simply ordered sums with denumerably many summands. Finally
we show (2.7) that every finite dimensional sublattice of a free lattice is finite.

The first theorem mentioned above is based on a result (1.3) of a rather
general nature concerning free products of algebraic systems. It is perhaps
worth noting that the amalgamation property considered there has plaved a
role in the investigations of other embedding problems in universal algebra.
Compare in this connection Fraissé (2) and Jénsson (3).

1. A theorem in universal algebra. We consider a class K of algebras,
or algebraic systems, A = (A4, Fo, F1, ..., Ft, .. .)ica, where 4 is a non-empty
set, a is a finite or infinite ordinal and, for each & < «, F; is an operation of
some finite rank ug over 4, that is, F¢is a function on .1*¢ to 4. The ordinal «
and the natural numbers u; are assumed to be the same for all members
of K. Actually we shall identify the algebra A with its underlyving set .I.
Assuming the notions of isomorphism, homomorphism, and subalgebra to
be known, we recall the definitions of a free K-algebra and of a free K-product.

We say that 4 is a free K-algebra generated by X if and only if 4 € K,
X C 4, A is generated by X, and for any mapping f of X into an algebra
B € K there exists a homomorphism g of /A into B such that g(x) = f(x) for
all x € X.

We say that 4 is a free K-algebra if and only if there exists a set X such
that 4 is a free K-algebra generated by X.

We say that 4 is a free K-product of A, 7 € I, if and only if 4 ¢ K, I is
a non-empty set, 4; € K and 4, is a subalgebra of 4 for all 7 ¢ I, .l is
generated by the set \U; 4, and for any homomorphisms f; of the algebras
A, into an algebra B € K there exists a homomorphism g of 4 into B such
that g(x) = f:;(x) whenever z € [ and x € 4,.
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(The free K-product just defined might be properly called an inner free
K-product. An outer free K-product of algebras B, € K, 7 € I, would consist
of an algebra 4 € K together with isomorphisms of the algebras B; into A4,
such that 4 is an inner free K-product of the images 4 ; of the algebras B,.)

To insure the existence of free K-algebras and of free K-products we shall
assume that K is a non-trivial equational class in the wider sense, that is, K
is the class of all models of some finite or infinite set of equations, and there
exists an algebra 4 € K having at least two elements. We also assume that
K has the following property:

Definition 1.1. A class K of algebraic systems is said to have the embedding
property if and only if for any 4, B € K there exists C € K such that -1 and
B are isomorphic to subsystems of C.

These assumptions are somewhat stronger than is necessary, but they are
sufficiently general for the present purpose.

Under these assumptions concerning K we have:

For any non-empty set X there exists an algebra 4 such that 4 is a free
K-algebra generated by X.

Suppose 4 is a {ree K-algebra generated by X, and f is a one-to-one mapping
of X onto a subset ¥ of an algebra B. Then B is a free K-algebra generated
by Y if and only if there exists an isomorphism g of 4 onto B such that
g(x) = f(x) for all x € X.

If I is a non-empty set and if B; € K for each ¢ € I, then there exist an
algebra 4 and isomorphisms of all the algebras B; onto subalgebras A ; of A
such that 4 is a free K-product of 4, 7 € I.

Suppose A is a free K-product of 4,7 € I, and for each ¢ € I suppose f;
is an isomorphism of 4; onto a subalgebra B; of an algebra B. Then B is a
free K-product of B;, ¢ € I, if and only if there exists an isomorphism g of
A onto B such that g(x) = f;(x) whenever + € I and x € 4,.

Suppose with the elements ¢z of a non-empty set I there are associated
pairwise disjoint, non-empty subsets X; of an algebra 4, let X = \U,;,X,,
and for each 7 € I let 4, be the subalgebra of .4, which is generated by X .
Then A is a free K-algebra generated by X if and only if 4 is a free K-product
of A;, 7 € I, and for each 7 € I, 4, is a free K-algebra generated by X,.

We now introduce the amalgamation property mentioned in the intro-
duction.

Definition 1.2. A class K of algebraic systems is said to have the amalgamation
property if and only if the following conditions are satisfied:

If 4, By, B; € K and if fy and f; are isomorphisms of 4 into B, and into
Bj, respectively, then there exist C € K and isomorphisms g, and g; of By
and of By, respectively, into C, such that g¢fo(x) = gifi(x) whenever x € 4.

TurEOREM 1.3. Suppose the class K of algebraic systems is non-trivial and
equational in the wider sense, and assume that K has the embedding property
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and the amalgamation property. If A is a free K-product of A, 1 € I, if B; is
a subalgebra of A ; for each i € I, and if B is the subalgebra of A that is generated
by the set \J 1B, then B is a free K-product of B;, 1 € I.

Proof. For convenience we assume that [ is the set of all ordinals ¢ < «,
where « is some fixed ordinal. There exist C ¢ K and isomorphisms f; of B
onto subalgebras C¢ of C for all £ < «, such that C is a free K-product of
C:, £ < a. Consequently there exists a homomorphism % of C into B such
that 2(x) = fi~'(x) whenever § < « and x € C: Since B is generated by the
union of the algebras B, & must actually map C onto B. The proof will
therefore be complete if we prove that % is one-to-one.

We shall show that there exists an increasing sequence of algebras D, = C,
Dy, Ds, ..., D, in K and a sequence of functions go, g1,...,85...,% <a,
such that the following conditions hold for each ¢ < a:

(1) g: maps A; isomorphically into Dgy;.
(2) g:(y) = fe(y) whenever y € Be.

In fact, suppose 0 < A < @, and suppose D; has been defined for all § < A,
and g: has been defined for all # with £ + 1 < X in such a way that (1) and
(2) hold whenever ¢ + 1 < X. If X\ is a limit ordinal, then we let D, be the
union of the algebras D, with u < A\. Thus D¢ is defined for all £ <X + 1.
Since the conditions ¢ +1 <X 4+ 1 and ¢§ + 1 < X\ are equivalent, we see
that g is defined and that (1) and (2) hold whenever § + 1 < X + 1. If A is
not a limit ordinal, say X = u 4+ 1, then f, maps B, isomorphically into
D, (because C is a subalgebra of D,), and the identity automorphism of B,
maps B, isomorphically into 4,. By the amalgamation property this implies
that there exist D\ € K, an isomorphism g, of 4, into D,, and an isomor-
phism k, of D, into D, such that g.(x) = k.f.(x) for all x € B,. We may
assume that Dy is an extension of D,, and that &, is the identity automor-
phism of D,, so that g,(x) = f.(x) for all x € B,. Thus D has been selected
for all £ < N + 1 and g; has been selected for all & with £ +1 < X + 1, and
the conditions (1) and (2) hold whenever £ + 1 < A 4+ 1. An easy induction
now establishes the existence of all the required algebras D; and functions g;.

Each of the algebras D¢y with ¢ < « is a subalgebra of D,, and therefore
g maps A isomorphically into D,. Since 4 is a free K-product of 4, ¢ < «,
it follows that there exists a homomorphism g of 4 into D, such that g(y) =g:(¥)
whenever § < @ and ¥ € 4. In particular, if x € C¢, then v = [~ 1(x) = k(x)
belongs to B; and therefore g(y) = g:(y) = f:(y) = x. Thus gh(x) = x
whenever x belongs to one of the algebras C;, whence it follows that gh(x) = x
for all x € C. This shows that % is one-to-one, and the proof is complete.

CoRrROLLARY 1.4. Suppose the class K of algebraic systems is non-trivial and
15 equational in the wider sense, and assume that K has the embedding property
and the amalgamation property. If A is a free K-product of 4, 1 € I, and if for
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each © € I, A, is tsomorphic to a subalgebra of a free K-algebra with m, genera-
tors, then A s isomorphic to a subalgebra of a free K-algebra with

Z m;

iel

generators.

Proof. Let
m = Z m,»,
i€l
and let F be a free K-algebra generated by a set X with m elements. Then
X = UXi
iel
where the sets X ; are pairwise disjoint and X; has m; elements. If for each
i € I, F; is the subalgebra of F that is generated by X then F is a free
K-product of F;, ¢ € I. Furthermore, F; is a free K-algebra generated by X,
whence it follows that .4, is isomorphic to a subalgebra B; of F,. If B is the
subalgebra of F that is generated by the set
U Biy
iel
then we infer by (1.3) that B is a free K-product of B;, ¢ € I. Consequently
A is isomorphic to B.

An example shows that the amalgamation property cannot be dropped
from the hypothesis of (1.3) and (1.4). Let K be the class of all systems
consisting of a group G together with a homomorphism « of G into its centre.
That is, in addition to the group axioms the systems in K satisfy the con-
ditions

a(wy) = a@a(y), al)y = yalx).

Regarded as a group, a free K-system F generated by a set X is a direct
product of a free group Fy generated by X and a free Abelian group F; gener-
ated by the set of all elements of the form &*(x) withx € Xandk =1,2,3,....
Since two elements of a free group commute if and only if they are powers
of the same element, it follows that two elements a¢ and & of F commute if
and only if ¢ = #?» and b = u'w where u € Iy, v, w € Fy, and p and ¢ are
integers. From this we infer that every free K-system F has the following
property: If a,b € F, and ab = ba, then there exist integers p and ¢, not
both zero, such that a%=? is in the centre of F. It obviously follows that
every subsystem of a free system also has this property.

Let G be a free K-product of Gy and G, where Gy is a free K-system gener-
ated by a one-element set {x} and G is a free Abelian group generated by
an infinite set {vo, 20, ¥1, 21, . . -} together with the endomorphism « that
takes y; into y,;+1 and z; into 2;41. Letting Ao, By, A1, and B; be the sub-
groups of G generated by the sets {x}, {*(x) |k =1,2,...}, {vo 20}, and
{v1, 21, Y2, 22, . . .§, respectively, and using * and X to denote free group-
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products and direct products, we find that Gy = 4, X Boand G; = A X By,
and therefore G = (4ox4,) X By X B;. It follows that no element of .,
except the identity belongs to the centre of G, because no other element
commutes with x. Consequently y¢%2,7? does not belong to the centre of G
unless p = ¢ = 0, and since y¢3o = 20y this shows that G is not isomorphic
to a subsystem of a free K-system. Inasmuch as Gy is a free K-system and G,
is isomorphic to the centre of a free K-system, it follows that the conclusion
of (1.4) fails for the class K.

Observing that in the proof of (1.4) the only use made of the amalgamation
property was through (1.3), we infer that the above class K must also violate
the conclusion of (1.3). An even simpler example of a non-trivial equational
class, having the embedding property but not satisfying the conclusion of
(1.3), is the class K of all groups G such that a??* = b%? for all a, b € G.
Since there exist non-Abelian groups having this property (for example, the
group of all permutations of a three-element set), a {ree K-algebra with two
generators or, equivalently, a free K-product of two infinite cyclic groups,
cannot be Abelian. If 4 is a free K-algebra generated by a two-element set
{ay, a1}, and therefore the free K-product of the infinite cyclic groups .l and
A, generated by the sets {ao} and {a,}, then the subgroup B of .1 generated
by {ae? a:?} is Abelian, and is therefore not a free K-product of the subgroups
generated by {ao*} and {a:?}.

2. Sublattices of a free lattice. We begin by applying the results of
the preceding section to lattices. The class K of all lattices is non-trivial and
equational. The direct product of two lattices is therefore a lattice, and since
every lattice has a one-element sublattice it follows that K has the embedding
property. In Jénsson (3), in the proof of Theorem 3.5, it is shown that K
has an amalgamation property that is stronger than the one considered
here. Using (1.4) we therefore obtain:

THEOREM 2.1. If A is a free lattice-product of Ay, ¢ € I, and if for each i = I,
A 1s 1somorphic to a sublattice of a free lattice with m,; generators, then .1 is
isomorphic to a sublattice of a free lattice with

Z My
el

generators.

COROLLARY 2.2. If 4 4s a free lattice-product of A1, ¢ € I, and if each .1,
is a demumerable chain, then A is isomorphic to a sublattice of a free lattice
with m gemerators, where m is the cardinal of I in case I is non-denumerable,
and m = 3 in case I is denumerable.

LemMa 2.3. Suppose m s an infinite cardinal and F is a free lattice with m
generators. If a,b € F and b < a, then the lattice quotient a/b contains, as a
sublattice, a free lattice with m generators.

https://doi.org/10.4153/CJM-1961-021-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-021-0

SUBLATTICES OF A FREE LATTICE 261

Proof. If X is the set of generators of F, then there exists a finite subset ¥V
of X such that @ and b belong to the sublattice F' of X, which is generated
by Y. The sublattice F”’ of F, which is generated by the set Z = X — V,
can be mapped homomorphically into ¢/ by a function f such that
f(x) = b 4+ ax whenever x € Z. We shall show that f is an isomorphism.

Since F is a free lattice-product of F’ and F”, it follows from 1.3 that the
lattice D generated by @, b, and Z is a free lattice-product of F'' and of the
two-element lattice £ = {a, b}. Letting F be a lattice obtained by adjoining
a zero element 0 and a unit element 1 to F”’ we map E and F" into F by
mapping e into 1, b into 0, and each element of F' into itself. These iso-
morphisms have a common extension g which is a homomorphism of D into
F. Since f is a homomorphism of F’" into D, gf is a homomorphism of F” into
F. Furthermore, gf(x) = g(b +ax) = 0 + 1x = x for all x € Z, and there-
fore gf(x) = x for all x € F"’. Consequently f is an isomorphism of F’ into
a/b, and the proof is complete.

Given two non-empty subsets B and C of a partially ordered set A4, we shall
write B < C if and only if either B = C or else b < ¢ for all b € B and
¢ € C. It is obvious that the non-empty subsets of a partially ordered set
form, under this relation, another partially ordered set.

THEOREM 2.4. If m > 3, and if the lattice A is the union of a denumerable
chain A of sublattices each of which is isomorphic to a sublattice of a free lattice
with m generators, then A is isomorphic to a sublattice of a free lattice with m
generators.

Proof. Since a free lattice with three generators contains as a sublattice
a free lattice with infinitely many generators, we may assume that m is
infinite.

Let F be a free lattice with m generators and let & be the family of all
quotients a/b with @, € F and b < a. Then A is a partially ordered set.
Furthermore, for any two quotients a/b and ¢/d in F, if a/b < ¢/d, that
is, if 8 < a < d <, then it follows by 2.3 that there exist x,y € F such
that ¢ <y < x < d and therefore

a/b < x/y < c/d.

Consequently, if % is a maximal chain in %, then € is dense-in-itself, and
o is therefore order-isomorphic to a subchain ¢” of €. By (2.3) and the
hyvpothesis, each of the lattices B € %7 is isomorphic to a sublattice B’ of
the corresponding quotient in ¢”, and we conclude that the union A’ of these
lattices B’ is a sublattice of F, and that A is isomorphic to A4’.

THEOREM 2.5. Suppose A is a lattice with a zero element O and a unit element
1, and assume that B and C are sublattices of A such that

BN\C=¢and B\UC=A — {0, 1},
b4+c=1 and bc = 0 whenever b € B and ¢ € C.
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If B and C are isomorphic to sublattices of a free lattice with m generators, where
m > 3, then so is A.

Proof. We may assume that m is infinite. If F is a free lattice with m
generators, then F is not modular, and hence there exist a, b, ¢ € F such that

(1) ac <b<a<bd-+ec

We can further assume that a is additively irreducible. In fact, by (2.3) the
lattice quotient a/b contains as a sublattice a free lattice F’ with m generators,
and F’ contains an element o’ that is multiplicatively reducible (in F' and
therefore also in F), and consequently a’ is additively irreducible. Further-
more, b < a’ < a and hence a’c < ac < b. Thus (1) holds with a replaced
by a’. We henceforth assume that a is additively irreducible.

Again using (2.3), we select an additively irreducible element d € /I© with
¢ <d<b+c and we show that

(2) ad <b+ad <a<b+eg ad <c¢c+ad <d <b+c

Since ¢ < d < b + ¢, it follows that b € d and therefore ad < b + ad. Also
b 4+ ad < @, and an equality would imply that a = ad (because a is additively
irreducible and & < a). From this we could infer that ¢ < d, hence b 4+ ¢ <
a + ¢ < d, contrary to our choice of d. Thus b 4+ ad < a. The inequality
a < b + cis part of our hypothesis (1). Since b < a < b + ¢, we have ¢ € a,
hence ad < ¢ + ad. Furthermore ¢ + ad < d, and equality is excluded
because it would imply that d = ad, hence ¢ < d < a. The last inequality
in (2) holds because of our choice of d.

By (2.3) the lattice quotients a/(b 4+ ad) and d/(c + ad) contain free
lattices F, and Fy with m generators, and by hypothesis it follows that there
exist functions f and g mapping B and C isomorphically into F; and I,
respectively. Observing that x +y = b 4+ ¢ and xy = ad whenever x & F;
and y € Fy, we obtain the desired isomorphism % of 1 into F by letting
h{x) = f(x) for all x € B, h(x) = g(x) for all x < C, h(0) = ad, and
(1) =b 4+

In proving our last result we need the observation that a free lattice, and
hence every sublattice of a free lattice, satisfies a special case of the distri-
butive law.

LemMA 2.6. Suppose F is a free lattice and u, a, b, c ¢ F.
Q) If u=ab = ac, then u = a(b + ¢).
i) Ifu=a+b=a-+c then u =a + bc.

Proof. By Whitman (4, Theorem 2, Corollary 2), the canonical representation

of u,
u = H Uy

i<n

has the property that if
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u = H Vi
j<m
then each of the elements u; contains one of the elements »,. Under the
hypothesis of (i) it follows that each of the elements u; either contains a or
else contains both & and ¢, and in either case we therefore have a (b + ¢) < #;.
Consequently a (b + ¢) < u. The opposite inclusion is obvious, and (ii) follows
by duality.

THEOREM 2.7. Every finite dimensional sublattice of a free lattice is finite.

Proof. We shall actually prove the stronger statement that every finite
dimensional lattice 4 which satisfies the condition (i) of (2.6) is finite. Assuming
that this holds for all lower dimensional cases, consider the case when the
dimension of 4 is n.

Let M be the set of all the atoms of 1, choosea € M,andlet NV = M — {a}.
Then ab = 0 for all & € N, and letting

c= b
beN
we infer from (2.61) together with the finiteness of the dimension of .
that ac = 0. Therefore ¢ # 1, and by the inductive hypothesis the quotient
¢/0 must be finite. In particular this shows that N is finite, and therefore M
is finite. Since, by the inductive hypothesis, all the quotients 1/6 with 8 € M
are finite, and since every member of 4 except the element 0 belongs to at
least one of these quotients, we conclude that 4 must be finite.

Analysing the proof of the last theorem we can actually find an upper
bound for the number of elements in an # dimensional sublattice 4 of a free
lattice. We first prove by induction that 4 has at most #» atoms. We simply
observe that, in the notation used above, the atoms of the lattice quotient
¢/0 are precisely the elements of N, and infer by the inductive hypothesis
that V has at most # — 1 elements. A second induction proves that 4 has
at most 2-(n!) elements. For each element of A4, except the element 0, is
contained in one of the quotients 1/b with & € M, and the fact that 0 belongs
to none of these quotients is more than made up for since 1 belongs to all
the quotients. Actually these estimates can be considerably improved. For
instance, if # = 3, then 4 has at most 8 elements, and if » > 3, then .1 has
at most # — 1 atoms.

Finally, Professor R. Dilworth has observed that by a slight modification
of our proof it can be shown that if a sublattice 4 of a free lattice satisfies
the double chain condition, then A is finite. The set of all lattice quotients
a/b of 4, ordered by set-inclusion, satisfies the minimal condition, and one
need therefore only consider the case in which 4 has the additional property
that every quotient properly contained in A4 is finite. Under this assumption
the finiteness of A follows as in the proof of (2.7).

https://doi.org/10.4153/CJM-1961-021-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-021-0

264 BJARNI JONSSON

REFERENCES

p—

. R. A. Dean, Sublattices of free lattices.

2. R. Fraisse, Sur l'extension aux relations de quelques propriétés des ordres, Ann. Sci. Ecole
Norm. Sup. (3), 71 (1954), 363-388.

3. B. J6nsson, Universal relational systems, Math. Scand., 4 (1956), 193-208.

P. M. Whitman, Free lattices I, Ann. Math. (2), 42 (1941), 325-330.

P. M. Whitman, Free lattices I1I, Ann. Math. (2), 43 (1942), 104-115.

el o

University of Minnesota

https://doi.org/10.4153/CJM-1961-021-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-021-0

