
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This d e p a r t m e n t w e l c o m e s sho r t notes and p r o b l e m s 
be l ieved to be new. C o n t r i b u t o r s should inc lude so lu t ions 
w h e r e known, or background m a t e r i a l in c a s e the p r o b l e m i s 
unso lved . Send a l l c o m m u n i c a t i o n s concern ing th is d e p a r t m e n t 
t o I . G . Connell , D e p a r t m e n t of M a t h e m a t i c s , McGi l l Un ive r s i t y , 
M o n t r e a l , P . Q . 

R E L L I C H ' S EMBEDDING THEOREM 
F O R A "SPINY URCHIN" 

Colin Clark* 

2 
F r o m the p lane R we r e m o v e the union of the s e t s 

S (k = 1, 2, . . . ) defined as follows (using the nota t ion 

z = x + iy) : 

-k 
S = { z : a r g z = mr2 for s o m e in t ege r n ; | z | > k } . 

K 

The r e m a i n i n g connected open se t f\ we ca l l the spiny u r c h i n . 

The e igenva lue p r o b l e m 

-Au = Xu on Q 

u = - 0- on a f i 

ha s a d i s c r e t e s p e c t r u m ! This i s a consequence of the t h e o r e m 
to follow, which i s R e l l i c h ' s t h e o r e m [3] for ft . Note that 

— 2 
the spiny u r c h i n i s too i r r e g u l a r ( e . g . J £ = R ) to sat isfy the 
h y p o t h e s e s of our p r e v i o u s ex tens ion of R e l l i c h ' s t h e o r e m [ l ] . 
We do not know if R e l l i c h ' s t h e o r e m can fail for s o m e quas i -
bounded r e g i o n [Q i s quasibounded if d is t (x , dÇl) -*- 0 as 
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x ( e ^ ) "* °o]î we g u e s s that it m a y fai l for e x a m p l e in the c a s e 
that 9W. c o n s i s t s only of i so l a t ed p o i n t s . 

T H E O R E M . Le t 0 be the spiny u r c h i n . Then the embedding 
1 
o 

m a p H" (Q ) -* L (Q ) i s c o m p a c t . 

P roof . We r e f e r to [ l ] for de f in i t ions , and a l so for p a r t 
of the proof . 

In t roduce the s e t s 

- k - k 
O = { Z : J T T 2 < a r g Z < (j + 1)TT2 ; k < | z | < k + l } for 

j , k = 0, 1, 2, . . . . Then 

oo 2 

k=0 j=0 J k 

Let (p € C (Çl) and le t z be g iven in Q , say z e j i . 
o jk 

ie 
F o r s i m p l i c i t y suppose j = 0. Then, with z = r e , 

a r g z çs 

\<P(*)\2 = 1 / | f ( r f e ) d e | 2 

a r g Z 8« 2 
< a r g z J o | g ^ ( r , 9) | d6 

^ l " k f2~ * 2, ,2 ^ 
< 2 TT / r I v<p d e 

- k 
< 2 1 ~ \ ( k + i ) 2 f2 * \vcp\2 de . 
- J 0 

By i n t e g r a t i o n ove r iZ we have 

-k - k 
L U ( z ) | 2 d z < Z^Kik+i)2 f2 * fk+1 f 2 ^ | V ç , ( r , e ) | 2 d 9 r d r d e 

J n 0 k - Jo \ J o i 

= Z ^ V f k + l ) 2 / | v , p ( z ) | 2 dz. 
S ' 0 k 
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T h e s a m e i n e q u a l i t y h o l d s f o r a n y f: . 

Now if O d e n o t e s f ? 0 [ | z | > R ] , t h e n f o r p o s i t i v e 
R 

i n t e g e r s R, Ç1•_ i s c o n t a i n e d i n t h e u n i o n of Çl ' s w i t h k > R . 
R jk — 

B y s u m m i n g t he a b o v e i n e q u a l i t y o v e r a l l s u c h Q. , we o b t a i n 

J n | ^ ( z ) | 2 d z < Z T T 2 ^ 2 - 2 k ( k + l ) 2 Z 2 f | V < , ( z ) | 2 dz 

< { 2 T T 2 2 ° ° 2 " 2 k ( k + l ) 2 } j j ^ | V cp{z)\Z d z . 
R a , R 

S i n c e t h e e x p r e s s i o n i n b r a c k e t s a p p r o a c h e s z e r o a s R -> oo , 
t h e p r o o f m a y b e c o m p l e t e d a s i n T h e o r e m 3 of [ l ] , by u s i n g 
a w e l l - k n o w n c r i t e r i o n f o r c o m p a c t n e s s of a l i n e a r o p e r a t o r . 

N o t e t h a t t he p r o o f a p p l i e s to a w i d e c l a s s of o p e n s e t s 
found b y r e m o v i n g r a d i a l l i n e s e g m e n t s f r o m t h e p l a n e . 
S i m i l a r l y , o n e c o u l d r e m o v e p a r a l l e l l i n e s e g m e n t s . A l s o , i t 
i s p o s s i b l e to c o n s t r u c t s u c h s e t s i n h i g h e r d i m e n s i o n s . In a l l 

c a s e s i t i s e s s e n t i a l to b e a b l e to p a r t i t i o n t h e s p a c e R so 
t h a t a n i n e q u a l i t y of t h e f o r m 

L M 2 d x < C(R) f | v < ? | 2 d x , cpeC°°(Q) 
~~R " ^ R 

C(R) -> 0 as R -> oo 

can be obtained by a s u m m a t i o n . 

The t h e o r e m a l so holds for the s p a c e s W ( Q ) ; 
see [2] for r e l a t e d r e s u l t s . o 

Added in proof: In the pape r " C o m p a c t Sobolev embedd ings 

for unbounded d o m a i n s , n submi t ted to the Pac i f i c J o u r n a l of 

M a t h e m a t i c s , R. A d a m s has g e n e r a l i s e d the t h e o r e m above; he 

has a l so ver i f ied the con jec tu re that R e l l i c h ' s t h e o r e m can fail 

if d'-> * c o n s i s t s of i so la ted po in t s . 
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