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Homotopy Classification of Projections in
the Corona Algebra of a Non-simple
C*-algebra

Lawrence G. Brown and Hyun Ho Lee

Abstract. 'We study projections in the corona algebra of C(X) ® K, where K is the C*-algebra of com-
pact operators on a separable infinite dimensional Hilbert space and X = [0, 1], [0, 00), (—0c0, 00),
or [0, 1]/{0,1}. Using BDF’s essential codimension, we determine conditions for a projection in the
corona algebra to be liftable to a projection in the multiplier algebra. We also determine the condi-
tions for two projections to be equal in Ky, Murray—von Neumann equivalent, unitarily equivalent, or
homotopic. In light of these characterizations, we construct examples showing that the equivalence
notions above are all distinct.

1 Introduction

Our goal is to study projections in the corona algebra of a non-simple stable rank
one C*-algebra. The work presented here originated from a lifting problem: Let
A be a C*-algebra and D a closed ideal of A. We are interested in whether every
unitary in A/D is liftable to a partial isometry in A. It happens whenever D has an
approximate identity of projections, a weaker condition than real rank zero. We are
concerned with the case where D has stable rank one. It might not be possible in
general, but constructing an explicit counter-example is not trivial. One solution is
to find a stable, projectionless, stable rank one algebra D such that Ky(D) is non-
trivial, and then consider an extension of D by C(T) that comes from a unitary u in
the corona algebra of D with non-trivial K -class. i.e.,

0—D—A—C(T)—0

We can observe that u cannot be lifted to a unitary (if so, [u] = 0, which is a contra-
diction) nor can it be lifted to a partial isometry, because there are no any non-zero
projections available to be the defect projections of a partial isometry.

If we denote the C*-algebra of compact operators on a separable infinite dimen-
sional Hilbert space by K, the cone and suspension of K are (stably) projectionless,
but their Ky-groups are trivial. Let I be the cone or suspension of K and suppose
that we have a projection p in the corona algebra of I, denoted by C(I), which does
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not lift (stably), but its Ky-class does lift. If a is a self adjoint element that lifts p in
the multiplier algebra M(I), we take Dy to be the C*-algebra generated by a and I so
that the quotient Dy/I is isomorphic to C. Then the Busby invariant is determined
by sending 1 to p, and we have the commutative diagram

J

0 I Do C 0
| | v
0 I M(I) e 0.

By the long exact sequence, we have

Ko) —— KoDy) —— Ko(© —2s k(1)

! L |

Ko(I) — Ko(M(I)) — Ko(C(I)) SN Ki(D).

Since 9y([plo) = 0, g: Ko(€C) — K;(I) becomes trivial. Thus Ky(Dy) = Ky(C). In
particular, Ko(Dp) is non-trivial. The facts that p and also any finite sum p & --- @ p
do not lift imply that Dy is stably projectionless. This leads us to the question: when
does such a projection p in the corona algebra of I exist?

As a corollary we can obtain a stably projectionless, stable rank one C*-algebra D
from Dy such that its Ky-group is non-trivial, which is also of independent interest.
Note that D is not simple from our construction. There is a rather substantial liter-
ature on simple, stably projectionless C*-algebras with K-groups equal to K;(C) or
trivial K-groups [9,10,[14,[16]]. In Elliott’s classification program these algebras have
played important roles since the Jiang-Su algebra appeared. But interest is growing in
non-simple C*-algebras that absorb a stably projectionless, (strongly) self-absorbing
C*-algebra. We hope that our construction is worthwhile to those interested in clas-
sification.

Let I be of the form C(X)®K where X = [0, 1], [0, 00), (—o0, 00) or [0,1] /{0, 1}.
In what follows we represent an element f in the corona algebra of I by finite par-
titions and operator valued functions on the subintervals that agree modulo com-
pacts at partition points. This approach is proven to be useful when f is a projection
since the functions on the subintervals can be taken to be projection-valued. Thus
a projection in the corona algebra of I is locally liftable in the above sense and their
transitions are described by pairs of projections in B(H) whose difference is com-
pact. Further, we can quantify the transitions using the essential codimension. This
quantification allows us not only to solve lifting problems but also to give conditions
for homotopy equivalence, unitary equivalence, Murray—von Neumann equivalence,
and Kj-equivalence of two projections in the corona algebra.

This paper is arranged as follows. In Section[2l we review the notion of essential
codimension of two projections in B(H) and derive some facts that will be needed
later. (In fact, the definition of essential codimension was given in [3]], and some
properties were provided without proofs in [1]]. Here we review the definition and
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provide complete proofs of its properties.) In Section Bl we give a necessary and suf-
ficient condition for the liftability of a projection in the corona algebra of I. In Sec-
tion [, we give criteria for homotopy equivalence ~, unitary equivalence ~,, and
Murray—von Neumann equivalence ~ of two projections p, q in C(I) ® M, for some
n. In addition, we determine the condition for the liftability of the Kj-class of a pro-
jection; i.e., we clarify when it becomes trivial in Ky. Then we construct a projection
that does not lift but whose Ky-class does lift if, applicable. Also, we construct ex-
amples such that [p]o = [qloin Ko but p ~ g, p ~ gbut p ~, g, and p ~, qbut
p ~n q. Section[Alis an appendix that reviews some rudiments of continuous fields
of Hilbert spaces and proves some results that are crucial ingredients for the above.

2 Essential Codimension

Throughout the article H denotes a separable infinite dimensional Hilbert space, K
the C*-algebra of compact operators on H, and B(H) the C*-algebra of bounded
operators on H.

Definition 2.1 ([3]) When p, q are projections in B(H) such that p — q € K, we
define the essential codimension of p and g, which will be denoted as [p:g]. If p and
q have infinite rank, let V, W be isometries such that VV* = g WW* = p. Then

(pra] = Ind(V*W) if p, g have infinite rank,
p N rank(p) — rank(q) if p, g have finite rank.

Note that [p:q] is independent of the choice of V and W. In fact, if we have
isometries V, V; such that V,V{ = gand V,V; = ¢, then U = V}V, is a unitary
and UV;W = VIW. It follows that Ind(V;W) = Ind(V;W). The other case is
proved similarly.

Proposition 2.2 |[:] has the following properties:

(1) if po < pi1, then [p1:pa] is the usual codimension of p, in py, which is
rank(p; — p2);

(i) [pr:p2]l =—[p2:p1l;

(iii) [p1:ps3] = [pr:p2] + [p2:p3l;

(iv) [p1+pi:p2+p3l = [p1:p2]l + [pg: ps] when sensible.

Proof For (i), let V; be the isometries corresponding to p; for i = 1,2. Then V}V,
is a co-isometry, because p,p; = p,. Hence,
Ind(V5V)) = dimker(V; V) = rank(1 — (V3 V1)*V; Vi) = Te(V] (p1 — p2)V7)
= Tr(p1 — p2) = rank(p; — p2)

if p and g are infinite rank, where Tr: L'(H) — C is the usual trace map.

(ii) is evident from the definition.

For (iii), if the p;’s have finite rank, it is easy. If the p;’s have infinite rank, we
choose isometries such that V;V;* = p;. Then V;V,V;V, — ViV, € K, and therefore
Ind(V}Vy) = Ind(V3V,V5Vy) = Ind(V5V3,) + Ind(V5 V7).
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Finally, note that p; + p! is a projection if and only if p; and p/ have orthogonal
ranges or p;p/ = 0. If both p; and p/ have finite rank, then

rank(p; + p!) = rank(p;) + rank(p!) for i=1,2,

and (iv) is obvious. If p; has infinite rank and p! has finite rank, then p; + p/ — p; € K
fori =1,2:

[p1+pi:p2+p3l = [p1+ pi: pal + [pr:pal + [pa: pa + p)]
= rank(p{) + [p1: p2] — rank(p})
= [p1:p2] + [p1:p3l.

If both p; and p/ have infinite rank, note that p{p,, pip1 € K. fU: H - H® H
is a unitary, then V. = [V} V/]Uand W = [V, V]| U are suitable isometries
for p; + pi and p, + pj}, where V; and V/ are isometries such that V;V* = p; and
V!V!* = plfori=1,2.50

[pr+ pi:p2+ p3] = Ind(V*W) = Ind(U*(V{V, & (V])*V;)U)
= Ind(V,V, ® (V))*V;) = Ind(V|V;) + Ind((V|)*V;)
= [p1:p2l +[p1:p3l- n

Lemma 2.3 Let p and q be projections in B(H) such that p — q € K. If there is a
unitary U € 1+K such that UpU* = g, then [p: q] = 0. In particular, if ||p—ql|| < 1,
then [p:q] = 0.

Proof If the ranges of p and g are finite dimensional, rank(p) = rank(UpU*) =
rank(q). Now assume that p and g are infinite dimensional and let W be an isometry
such that WW* = p. Then V = UW is an isometry such that VV* = q.

[p:q] = Ind(V*W) = Ind(W*U*W) = Ind(W*W + compact) = Ind(I) = 0.

Now if ||[p — g]| < 1, we can takea = (1 — gq)(1 — p) + qp € 1 + K. Since aa* =
atfa=1-(p—¢q?e€l+K,

la*a—1] = lp—ql* <1, Jlaa” =1l =p—ql* <1.
Moreover, ap = qp = qa. Hence, a is an invertible element and U = a(a*a)~? €
1 + K is a unitary such that U pU™* = q. ]

If a pair of projections p, g such that p — g € K is given, we can diagonalize p — g
by the spectral theorem. Let E5(T) be the eigenspace of an operator T correspond-
ing to the eigenvalue A. Then we can characterize [p:q] in terms of E;(p — gq) and
E_1(p — q). Though this could be done by a direct method, here we take a more
complicated approach based on the classification of pairs of projections that was first
given by Dixmier [6], and Krein, Kranosel'skii, and Mil'man [11], independently.
The virtue of this approach is that we can also obtain information about other eigen-
values that will be crucial for proving Corollary 2.6l
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Proposition 2.4 [p:q] = dimE(p —q) —dimE_;(p — q)-

Proof Let M and N be the ranges of p and g respectively, and let H;; = M N N,
H10 = MQNL,HOI = MJ_ON, HOO = MLQNL, andHO = (HO()EBHI()@H(HEBHH)L.
It is possible to identify both Hy N M and Hy N M+ with L?(X) for some measure
space X in such a way that p|y,, which is denoted by py, and g|y,, which is denoted
by qo, are given by

(10 [ cos’¢p  cospsing
po= (O O) and g0 = (cos¢sin¢ sin® ¢ ’

where ¢ is a measurable function on X such that 0 < ¢(x) < 7 for x € X. Here
po and gy operate on L*(X) @ L*(X), and the matrices are operator matrices, whose
entries are multiplication operators.

If we denote p|y,, by p11 and plu,, by pio, then p = p1; + pio + po. Similarly,
q = q11 Y901 +qo- NOWP—q = Pio—qo1+pPo—q0 € Klmphes that Po—qo € K(Hy)
and p1o — qo1 € K(Hyo @ Hop). Then since

_ sin® ¢ — Cos ¢ sin ¢
Po—4d0= <cos¢sin¢ —sin’ ¢ ) € K(Ho),

X is a discrete space {x,} and ¢(x,,) — 0 as n — oo. Therefore

= cos P(x,) sin ¢(x;,)
V-9 (- sing(x,)  cos qs(xn)) € 1+ K(Ho).

Since U is unitary and U* poU = qq, [po : go] = 0 by Lemma[2.3l On the other hand,
P10 — 901 € K(Hjo @ Hopy) means rank(pjo) and rank(qo, ) are finite, and

[P10:qo1] = rank(pio) — rank(qe;) = dim(E,(p — q)) — dim(E_(p — q)).

Since [p:g] = [po:qol+[p10:qo1]1+[p11 : g ] by Proposition2.2} [p: gl = [pio:qm ],
and the result follows. |

Remark 2.5 (i) [p:q] is the number of +1’s minus the number of —1’s in the
diagonalization of (p — q).

(ii) The other non-zero points in the spectrum of p — g come from py — qo. They
are sin ¢(x,) and — sin ¢(x,). Note that this part of the spectrum is symmetric
about 0 (even considering multiplicity); i.e., dim Ex(p — q) = dimE_x(p — q)
for0 < A< 1.

Corollary 2.6 Suppose projections p;,q, € B(H) are defined for each t in an interval.
Then [p; : q¢] is constant if p; — q, is norm continuous in K

Proof Fix a point t; we are going to show that there is a § > 0 such that whenever
|t —s| < &, wehave [ps:qs] = [pr:q:].

Let Ay = p; — q;. Since A; is compact, its spectrum o(A;) is discrete. So we
can take a neighborhood U = U_; U Uy U U, containing o(A;), where the U;’s
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are disjoint open disks centered at i such that the distance between them is positive.
Choose a positive number R such that .1, the circles of radius R centered at &1, are
contained in Uy, and 0(A1)NU4; C V4, the interior of 4. By the semicontinuity
of spectrum, there is a & > 0 such that o(p; — g;) C V_1 U Uy U V; for |s — t] < 6.
Now set A; = ps; — gs. By the Riesz functional calculus we have projections

1 1
= — / (z—A)7'dz and s = 7/ (z—Ai)"dz
271 - 211 o1

for i = 1,2. Moreover, if we take § small enough, we also have ||r; — ;|| < 1 and
ls1 = s2|| < 1. Then rank(r;) = rank(r,) and rank(s;) = rank(s,) by Lemma[2.3]
Note that
rank(s;) = Z dim E_\(4A;) + dim E_, (A;).
1—R<A<1
Similarly,
rank(r;) = Y dimEx(4)) + dim Ey (4)).
1—R<A<1

So Remark[2.5(ii) implies that

[p1:q1] = dimE;(A;) — dimE_;(A,)
= rank(r;) — rank(s;) = rank(r,) — rank(s;)

= dlmEl (Az) — dlmE_l(Az) = [pzlqz]. |

Now we want to prove the most important property of the essential codimension.

Theorem 2.7 Let p and q be projections in B(H) such that p — q € K. There is a
unitary U in 1 + K such that U pU* = qif and only if [p:q] = 0.

Proof One direction is proved by Lemma[2.3]

For the other direction, suppose that [p:g] = 0. Using the notation in the the
proof of Proposition[2.4, we know that p, and g are unitarily equivalent by a unitary
Up. In addition, from [p:g] = rank(pjo) — rank(qe;) = 0, there is a unitary W in
B(Hj @ Hyy) such that W p;oW* = go1. Now we have a unitary U = Ug+W + 1y, +
1y, € 1+ K suchthat UpU* = g. ]

Remark 2.8 Let E be a Hilbert B-module. If m,0: A — L(E) are representations,
we say that 7w and o are properly asymptotically unitarily equivalent and write 7 = o
if there is a continuous path of unitaries u: [0, 00) — U(K(E)+Clg), u = (us)re[0,00)
such that

o limy o |7 (a)uf — o(a)|| = 0 for each a € A;
e um(a)u; —o(a) € K(E) for each t € [0,00) and a € A.
The use of the word “proper” reflects the crucial fact that all implementing uni-

taries are of the form “identity + compact” [5]. A result of Dadarlat and Eilers shows
thatif ¢, 9: A — M(B ® K) is a Cuntz pair, then [¢, 1] vanishes in KK (A, B) if and

https://doi.org/10.4153/CJM-2011-092-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-092-x

Homotopy Classification 761

only if ¢ @ v = 1 @ ~y for some representation v: A — M(B ® K). As a corollary,
they have shown that if ¢, 1: A — B(H) is a Cuntz pair of admissible representations
(faithful, non-degenerate, and its image does not contain any non-trivial compacts),
then [¢, ¢] vanishes in KK(A, €) if and only if ¢ = ). Now we apply this to A = C.
Without loss of generality we can assume p and g, which come from a Cuntz pair in
KK(C,C), are very close if [p:q] = 0. Thenz = pqg+ (1 — p)(1 —q) € 1 +K is
invertible and pz = zq. If we consider the polar decomposition of z as z = uz|, it is
easy to check that u € 1+ K and upu™ = q. Thus Theorem[2.7]can be obtained from
a KK-theoretic result.

In the next section, we need the following facts.

Proposition 2.9 Let p,q be projections such that p — q € K.

(1)  If q has finite rank, then [p:q] > — rank(q).
(ii) If1 — q has finite rank, then [p: q] < rank(l — g).

Proof Straightforward. ]

3 Lifting Projections

Let X be [0, 1], [0, 00), (—00,00) or T = [0,1]/{0, 1} and let I = C(X) ® K, which
is the C*-algebra of (norm continuous) functions from X to K, vanishing at infinity
where applicable. Then M(I) is Cy(X, B(H)) the set of bounded functions from X
to B(H) where B(H) is given the double-strong topology. Let C(I) = M(I)/I be the
corona algebra of I and let w: M(I) — C(I) be the natural quotient map.

In general, an element f of the corona algebra C(I) can be represented as follows:
Consider a finite partition of X, or X \ {0, 1} when X = T, given by partition points
x] < x3 < --+ < x,, all of which are in the interior of X, and divide X into n +
1 (closed) subintervals Xp, Xi,...,X,. Take f; € Cy(X;,B(H)) such that f;(x;) —
fi—1(x;) € Kfori=1,2,...,nand fy(xo) — fu(x0) € K, wherexg =0=1if X is T.
We call (fo, f1,. .., fan) a local representation of f. For example, if f = 7(f) for some
f € M(I), then we can take f; = f|x,. However, the point of this local representation
is that, by Theorem when f is a projection we can find (fo, fi, ..., fu) such that
each f; is a projection-valued function.

Note that the coset in C(I) represented by (fo, ..., f,) consists of functions f in
M(I) such that f — f; € C(X;,K) for every i, and f — f; vanishes (in norm) at any
infinite endpoint of X;. Thus (fo, ..., f,) and (g, . . . , g,) define the same element of
C() ifand only if f; — g € Cp(X;,K) fori = 0,...,n and f; — g vanishes at any
infinite endpoint of X;.

J. Calkin [4] showed that in this setting projection can always be lifted when X is
a single point. In our situation we have the following theorem.

Theorem 3.1 Iffis a projection in C(I), we can find an (fy, ..., f,) as above such
that each f; is projection-valued.

Proof Let f be an element of M(I) such that 7(f) = f. Without loss of generality,
we can assume f is a self-adjoint element such that 0 < f < 1.
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(i) Suppose X does not contain any infinite point. Choose a point ¢, in X. Since
f(to) — f2(ty) is compact, there are a,b with 0 < a < b < 1/4 such that
a(f(to) — f*(ty)) C Uy = [0,a) U (b,1/4]. Since f — f? is norm continuous,
there is an open set O;, containing t, such that o(f(¢) — f(t)?) C Uy forall t in O,.
Let o and 3 be the points in (0, 1/2) such that &« — o> = aand 8 — 3> = b. Then
o(f(t)) omits (o, B) for t in Oy,. If ¢, is a continuous function such that ¢,, = 0 on
[0,a] and ¢y, = 1 on [f3, 1], then ¢, (f) — fisin I and ¢, (f(t)) is a projection for ¢
in Oy.

Since X is compact and O, ’s give an open cover, there is a partition and corre-
sponding values to, f1, . . . , t, such that X; C O;,. Then let f; = ¢,

Xi-

(i) Let X be [0,00). Since f> — f vanishes at oo, there is M > 0 such that
If2(t) — f(t)]| < 1/3(1 —1/3)ift > M. Then o(f(t)) omits (1/3,2/3) for such
t. If ¢ is a continuous fucntion such that ¢ = 0 on [0,1/3] and ¢ = 1 on [2/3,1],
then ¢(f) — fisinIand ¢(f(t)) is a projection for t > M. As in part (i) find a local
representation (fy, . .., fu—1) for [0, M]. Then take X,, = [M, c0) and f, = ¢(f)|x,

(iii) The case X = (—o0, 00) is similar to (ii). [ |
Given a (projection-valued) representation (fy,..., f,) of the projection f in
C(I), we can associate integers k; = [fi(x;): fi—1(x;)] fori = 1,...,nand ky =

[fo(xo) : fu(x0)] in the circle case.
Proposition 3.2 Ifall k;’s are equal to 0, then £ is liftable to a projection in M(I).

Proof First we consider the case X = [0, 1], [0, 00), or (—00,00). We construct

perturbations f/, ..., f, of fi,..., fysothat f/(x;) = f/ (x;) fori=1---nand f,

agrees with f, in the some neighborhood of oo if the right end point of X is co.
Observe thatif k; = [ fi(x;) : fi—1(x;)] = 0 for some i, there is a unitary U in 1 + K

such that U fi(x;)U* = f;_1(x;) by Theorem 2.7] Since the set of such unitaries is
path connected, there is a norm continuous path U;: X; — U(H) N (1 + K) such that
Ui(xi) fi(xi))Ui(x:)* = fi—1(x;) and U; = 1 in a left neighborhood of x;,,. Ifi = n

and the right endpoint of X; is oo, the last condition is replaced by U;(t) = 1 for
t > x,+ 1. Thenlet f/ = U, f;U".

If X =T, construct f/, ..., f, as above, and also construct a similar perturbation
of fo. ]

If f, which is represented by (fo, fi, ..., fu), is liftable to a projection g in M(I),
we also represent f by (g, . ..,g,) where & = g|x,. Then, for each i, [g(x): fi(x)]
is defined for all x. From Corollary 2.6] this function must be constant on X;. Let
I = [g(x): fi(x)]. Since g;(x;) = gi—1(x;), we have

[gi(x): fitx)] + [ filxi): fimi(xi)] = [gim1(xi): fima(x)]
by Proposition[2.2(iii). Thus,

(3.1) L—L_y=-k for i>0 and I,—1,= —ky in the circle case.
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Moreover, by Proposition 2.9 and Lemma 2.3] we have the following restrictions on
;.

(3.2) If for some x in Xj, f;(x) has finite rank, then [; > — rank( f;(x)).
(3.3) Iffor some xin X;, 1 — f;(x) has finite rank, then /; < rank(1 — f;(x)).
(3.4) If either end point of X; is infinite, then [; = 0.

The above provides necessary conditions for a projection f in C(I) to be liftable to
a projection in M(I). We claim that these necessary conditions are also sufficient. To
show this, we need a well-known identification of a strongly continuous projection-
valued function on a topological space with a continuous field of Hilbert spaces [}
252-253]. Given a separable Hilbert space H, there is a one-to-one correspondence
between complemented subfields H = ((H,).ex, ') of the constant field defined by
H over a paracompact space T and strongly continuous projection-valued functions
p: X — B(H), where H, is p(x)H. Thus two continuous fields of Hilbert spaces
defined by p and p’ are isomorphic if and only if there is a double strongly continuous
valued function u on T such that uu* = p’ and u*u = p.

The following lemma, for which we claim no originality, plays an important role
in the proof of Theorem 3.4l However, its proof is rather long, so we include the
proof in an Appendix (see Corollary[A.3)).

Lemma 3.3 If X is a separable metric space such that dim(X) < 1 and H is a con-
tinuous field of Hilbert spaces over X such that dim(H,) > n for every x in X, then H
has a trivial subfield of rank n. Equivalently, if p is a strongly continuous projection-
valued function on X such that rank(p(x)) > n for every x in X, then there is a norm
continuous projection-valued function q such that q < p and rank(q(x)) = n for every
xinX.

Theorem 3.4 A projection f in C(I) represented by (fo, ..., f,) is liftable to a projec-
tion in M(I) if and only if there exist Ly, . . ., I, satisfying B.1)—(3.4).

Proof Given I;’s satisfying (3.2)), (3.3), and (3.4), we will show there exists a pertur-
bation (go, ..., &) of (fo,-..., fu) such that ; = [g;(x;): fi(x;)]. It follows from this
and (B.J) that [g;(x;):gi—1(x;)] = 0 fori > 0 and [go(xo): gu(x0)] = 0 in the circle
case.

Il =0 : Take g; = f;. Note that by (3.4) this implies the necessary condition on the
perturbation at any infinite endpoints.

I >0 : By Lemma 3.3l and (38.3) the continuous field determined by 1 — f; has a
rank /; trivial subfield that induces a norm continuous projection-valued function
q<1— fi.Sowetakeg; = fi + 4.

I < 0 : Similarly, by Lemma[3.3]and (3.2) the continuous field determined by f; has
arank —; trivial subfield which induces a projection-valued function q’ < f;. So we
takegi = fi — q'. [ |

Corollary 3.5 IfX has an infinite endpoint, then p ® 0 and p & 1 both liftable implies
that p is liftable.
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Proof There can be only one choice of the I;’s satisfying (3.1) and (3.4), and thus
there is a single choice of [;’s that works for both p@® 0 and p © 1. Then (3.2) for p» 0
implies (3.2) for p, and (3.3]) for p & 1 implies (3.3) for p. [ |

It will be shown in Example that this implication does not hold if X has no
infinite endpoint.

4 Homotopy Classification of Projections
Recall that K;(C(I)) = K;;;(I) (i taken mod 2). Thus

Ko(C(D) — {Z if X _F 00, 00) or T(= [0,1]/{0,1})
0, otherwise.
We want to analyze these isomorphisms in a concrete way to compute Kp-classes
of projections in C(I), where I = C(X) ® Kand X = (—oo,00) or X =T =
[0,1]/{0, 1}, in terms of the representations of Section[3l Since M, (I) ~ I, we can
represent a projection fin M, (C(I)) by (f1, fa, . .., fu), where f;’s are in M,,(M(I)) =
M(M,(I)) and each of them is projection-valued: f;(x) is in M,,(B(H)) ~ B(H")) ~
B(H). Thus it will suffice to compute Ky-classes of projections in C(I).

Given two nontrivial projections p, q in C(I), let us assume that there is a partial
isometry 7(u) in C(I) such that 7(u)*m(u) = p and 7(u)7(u)* = q for some u in
M(). If (po, - .., pn) and (qo, - - -, g) are local liftings of p and q respectively, using
the same partition, we can represent 7(u) by (uy, . . ., u,) where u; = gq;u|x, p;. Thus
the following holds:

qi —wiw", pi—ui'u; € C(X;) ® K.

This implies that for x in X; we can view u;(x) as a Fredholm operator from p;(x)H
to g;(x)H, and thus we can define the Fredholm index for u;(x). As we shall see, this
index plays a key role.

Proposition 4.1 Ind(u;(x)) is constant on X;. In particular, if X; has an infinite
endpoint, then Ind(u;(x)) = 0.

Proof For x; in X; we have
ker (ui(xg)) = { h € pi(xo)H | ui(xo) ui(x0)h = 0} = Ey( pi(x0) — ui(x0)*ui(x0))

(recall that E5(T) is the eigenspace of T corresponding to the eigenvalue A for T in
B(H)). Similarly, ker(u;(x0)*) = E1(qi(x0) — ui(x0)u;(260)™).

Note that the spectrum of p;(xg) — u;(x0)* 1;(x0) omits an interval (1 — ¢, 1) for
some € in (0, 1). Then thereisa d > 0 such that o(p;(xo) — u;i(xo)*u;i(x)) omits the
interval (1 — 5,1 — £) for |x — xo| < 4.

By the Riesz functional calculus (see the proof of Corollary[2.6),

dim (E; ( pi(x0) — ui(x0)*ui(x0)) ) = Z dim (E;_ (pi(x) — ui(x) ui(x)) )

0<A<e/3
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for |x — xo| < 4. Similarly,

dim (Ey (qi(x0) — wilxo)ui(x0)*) ) = > dim(E1_x(qi(x) — wi(x)ui(x)"))

0<A<e/3
for |x — xo| < 4. Since

dim Ey_» ( pi(x) — ui(x)*u(x)) = dim Ej (ui(x)*u;(x)) = dim E) (u;(x)u;(x)*)
= dimEl_A(q,»(x) — Mi(x)u(x)*)

for A > 0,

> dim (B (pilx) — wi(x) ui(x) ) =

0<A<e/3
D dim(Eiy(q:(x) — wi(x)ui(x)*) ).
0<AZe/3
Thus,
Ind (;(xo))

= dim (E; ( pi(x0) — ui(x0)*ui(x0)) ) — dim(Ey (gi(x0) — ui(xo)ui(x0)*) )
= dim(E (pi(%) — w;(0) u;(x)) ) — dim(Ey (:(x) — w(x)ui(x)*) )
= Ind(ui(x)) for |x— x| < 0.
The claim follows from the fact that each X; is connected. [ |

We will denote the index of u; on X; by #;. If u;(x;) = v;|u;(x;)] is a polar decom-
position of u;(x;) in B(H) and u;_1(x;) = v;—|u;—1(x;)] is a polar decomposition of
u;—1(x;), then

(4.1) ti = [pi(xi):vivi] — [qi(xi) tvivi],
tioy = [pic1(x):vi_vica| = [qioa () svicviy]

The facts that p; (x;) — pi—1(xi), qi(xi) —qi—1(x;) € K imply that u;(x;) —u;—1(x;) € K.
Then it is easily shown that

* * * *
vi —vi1 €K, vivi —vi_viy,viv; —viovi, € K.
By Proposition

[piCxi): pici ()] = [pilxi)svivi] + [Vivieviopvica] + [viovici:pica ()]

[gi(xi):qima(xi)] = [qiCe) cviv] + [vivi ovicvi ] + [vicvi g sgima (x0)] -
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By subtracting, we have

[piCxi):pici(xi)] — [i(xi) 1 qima(xi)] =
ti—ti_ + [vi*vi:v;ilv,‘,l] — [v,-v;‘ :v,-,lvltl] .
Let W,V be isometries such that WW* = v¥v,, VV* = v* v;_y. Then V' =
vio1V,W’ = v;W are isometries such that V'V'* = v;_ v, *, WW'" = v’
Then
v iviovi ] = Ind(V"W’) = Ind(V*v}_,v;W)
=Ind(V*viv;W) (vi.; —vi € K)
= Ind(V*WW*W) = Ind(V*W)

= [vivi v vie ]
Thus, if welet k; = [pi(x;): pi—1(x)], Ii = [qi(x;) : gi—1(x;)], then we have
(4.2) ti—tiy =k — 1.

Proposition 4.2 Suppose there is a partial isometry w(u) in C(I), where I =
C(—00,00) ® K or C(T) ® K, such that w(u)*m(u) = p and m(u)m(u)* = q for some
win M(I). If (po, - . ., pn) and (qo, . . . , qu) are local liftings of p and q respectively, then

n n

Z[Pi(xi):Pifl(xi)] = Z[q;‘(xi)z%fl(xi)]

i=1 i=1

ot, in the circle case,

n

D (o)t pica ()] + [ po(x0) : pulxo)]

i=1
= @) :qi-1(x)] + [qo(x0) : 4u(x0)] -
i=1

Proof By taking a sum in both sides of (4.2)), we have > k; — > I; = t, — t,. Using
the second part of Proposition £ Ilwe have ¢, = ¢, = 0.
In the circle case, add (£2) fori = 1,...,n+ 1 (i taken modulo n + 1). [ |

Lemma 4.3 If a projection f in C(I), where I = C(—00,00) ® K or C(T) ® K,
has two different local liftings (f1,. .., fu) and (g1, ..., gn), then D [ fi(xi) : fim1(x)] =
>olgiCxi) 1 i1 (xi)].

Proof Note that

[&(x): fitxi)] + [ fixi): fimaGe)] + [ fimi(xi) s gima ()] = [ixi) i @i (xi)] -
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Equivalently,

[filx): fimi ()] — [@(x) igimi ()] = [ filx) :giCxi)] — [ fim1 (%) 1 gim1 ()] -

Hence, by Corollary[2.6 in the (—oc0, 00)-case

D A fia)] =[x g1 ()] = [ fulxa) :8uCea)] — [folr) :go(x1)] -

Since fn — & € CO[xna 00) ® K and ﬁ) — 8 € CQ(*OO,xl] ® K, [fn(xn) :gn(-xn)] =
[ fo(x1):go(x1)] = 0 by Corollary[2.6 and the conclusion follows.
In the circle case the conclusion follows similarly, by adding # + 1 equations. H

Now we are ready to define a map x: Ko(C(I)) — Z as follows: Let o = [p] — [q]
be an element of Ky(C(I)), and let (po, . . ., p) and (qo, - - . , ga) be local liftings of p
and q respectively. Then

n n

x(a) = Z[Pi(xi) tpic1(x)] — Z[qz'(xi)lqz‘q(xi)]

i=1 i=1
or

n+1 n+1

> (i) picaGe)] =Y [4iGe) : qima(x1)]

i=1 i=1

with x,+1 = X in the case X = [0, 1]/{0, 1}. Note that y is well defined by Proposi-
tiond2land Lemmal43] The next goal is to show that x is an isomorphism.

Lemma 4.4 Let (py,...,pn) and (qo, ..., qn) be local liftings of p and q such that
rank(l — g;(x)) = rank(q;(x)) = oo for each x in X;.

If

n

D i) pica ()] =D [qi(x) 1 g1 (i),

i=1 i=1
or, in the circle case,

n

D (o) pica ()] + [ po(xo) : pulxo)]

i=1

= [ait) g1 (x)] + [qo(x0) : gu(xo)] ,
i=1

then we can find a perturbation (qf,...,q,) of q such that [p;(x;): pi—1(x)] =
[q/(x;):q!_y(x;)] fori = 1,...,n (in the circle case, i = 1,...,n+ 1 with i mod-
ulon+1).
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Proof Let [p;i(x;): pi—1(x:)] = ki, [qi(xi) : qi—1(x;)] = I;, and d; = k; — ;. Then note
that > d; = 0 by assumption.
Let qo = qo. Suppose that we have qg,...,q; such that [p;(x;):p;_1(x;)] =

[9}(x}):q)_,(x;)] = kjfor j = 1,...,i. Then [giw1(xi+1) 1 qf (xix1)] = lis — D24, di
by Lemmal[£3]

Ifdi, + 22:1 dr > 0, let g be a projection-valued (norm continuous) function
such that g < 1 — g;3; and rank(gq(x)) = diy1 + E;{:l dy, using Lemma[3.3

Take g/,, = g + gi+1. Then

(/1 (Xi+1) 2 q] (xi1)] = [giv1 (xis1) 2 ) (1) ] + [q(xi41) : 0]

i i
=lig — de‘l'diﬂ +de
k=1 k=1
= li+1 + ki+1 - Zi+1 = ki+1

Ifdiq + 22:1 dr < 0, let g be a projection-valued (norm continuous) function
such that g < g;;; and rank(q(x)) = —(di1 + Y1, di) > take q/,; = gis1 — 4.
Note that

(911 (xie1) 1 qf (xie1)] + [@(xi01) 0] = [gin1 (xi1) 2 g (xi41) ]
Thus
[qz'/+1(xi+1) : q{(xiﬂ)} = lin — Z di + (diH + Z dk)
k=1

k=1
=l +div1 = kin
In the (—o0, 00)-case we continue this recursion through step n—1 and take g, = g,,.
In the circle case we continue the recursion through step n. In both cases we have

directly obtained all but one of the equations [q;(x;):qi—1(x;)] = ki, and the last
follows from the hypothesis and Lemma[4.3] [ |

Next we have an analogous result that is more symmetrical.

Lemma 4.5 Let (py,...,pn) and (qo, ..., qn) be local liftings of p and q such that
rank(p;(x)) = rank(q;(x)) = oo for each x in X;.
If

> [pil) i pica )] = [4i(xi) :qima(x1)]

or
> [pilx):picax)] = [al(x) g/, (x)]

fori=1,...,n+1modulon+ 1, then we can find perturbations (qg, . . ., q,) of q and
(pby---,p)) of psuchthat [p!(x;): pl_ (xi)] = [q!(xi):q/_(x:)] for all i.
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Proof The proof proceeds as above with one exception: If d;; + Z;{:l dp, > 0, we
make p/,; < p; rather than making q/,, > g;. [ |

Theorem 4.6 The map x: Ko(C(I)) — 7 is an isomorphism. Thus [p] = [q] if
and only if Y" ki = >_ 1, where (po, . .., pn) and (qo, - . . , qn) are local liftings of two
projections p and q respectively, and k; = [pi(x;): pi—1(x:)], I = [qi(x:) : gi—1(x:)].

Proof Suppose that a = [p] — [q] is an element of K((C(I)) such that x(«) = 0.

Replace p with p® 140 and q with q® 140, and choose local liftings (po, - . . , pu)
and (qo, - - -, qn)-

Then by Lemma we arrange k; = [; for each i. Since rank(p;(x)) =
rank(g;(x)) = oo, there is a (double) strongly continuous function u; on each X;
such that u;*u; = p;, u;u;* = g; (see Theorem [AJ). Note that u;_;(x) is a unitary
from p;_;(x)H onto q;—;(x)H so that Ind(u;_1(x;)) = 0. Then k; = [; implies that

Ind(qi(x;)ui—1 (x:)pi(x:)) = —li + Ind(ui—1(x;)) +ki =0,

where the first index is for maps from p;(x;)H to q;(x;)H, and, for example, the index
of pi—1(x;) pi(x;) as a map from p;(x;)H to p;—(x;)H is k;. Also

qi(xi)ui— () pi(xi) — ui—1(x;) € K.

There is a compact perturbation v; of q;(x;)ui—;(x;)pi(x;) such that viv; = p;(xi),
vivi = qi(x;), and v; — u;—1(x;) € K. By the triviality of the continuous field of
Hilbert spaces determined by p; and the path connectedness of the unitary group of
B(H), there is a path {v(#):t € [x;,x]} such that v(t)*v(¢) = v(t)v()* = p;(t),
v(x;) = ui(x;)"v;, and v(x) = p;(x) for some x in X;. Then we let w; = u;v on [x;, x]

so that
wi(x;) — ui—1(x;) = vi —ui—1(x;) € K,

wiw;, = viutuy = vipiv = p;,

wiw; = v u™ = uipiu™ = q;.
Finally, we define

ul _ Wi) on [xi7x])
l Ui, on [xa xi+1]~

In the (—o0, 00)-case we do the above for i = 1,...,n and let uj = up. In the circle
case we do it for i = 0, ..., n. This shows that p ~ q and completes the proof of the
injectivity of x. The surjectivity of x is fairly obvious and will follow from examples
presented later in this section. ]

Corollary 4.7 Suppose that (po, ..., pn) and (qo, ..., qn) are local liftings of two
projections in C(I). If rank(p;(x)) = rank(q;(x)) = oo for some i, then there exists
a strongly continuous operator valued function u; such that w;*u; = p;, wju;* = qi,
and u;(x;) — uj—1(x;) € K if and only if ki = I;, where ki = [pi(xi): pi—1(x;)] and
i = [qi(xi) : gi—1(xi)].
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Corollary 4.8 [plo is liftable if and only if p ® 1 & 0 is liftable.

Proof Since Ky(M(I)) = 0, we know that [p], is liftable if and only if [p]o = 0. The
latter is equivalent to > k; = 0. Thus, if [p]y is liftable, then p & 1 & 0 is liftable to a

projection by Theorem 3.4
Conversely, since the theorem implies that [p©160] = [p], the liftability of p 150
implies the liftability of [p]. [ |

Remark 4.9 In the cases X = [0,1] and X = [0,00), which correspond to
Ko (C(I)) = 0, p is always liftable when there is a local representation of p such that
all the ranks and coranks are infinite.

In the following we further apply the tools involving Fredholm indices and essen-
tial codimensions to characterize other equivalence relations as well. From now on X
can be any of [0, 1], [0, 00), (—o0, 00), or [0, 1] /{0, 1}.

Proposition 4.10 Suppose that two projections p,q € C(I) are represented by local
liftings (po,-- -, Pu)> (Qo,---,qn) respectively. Let ki = [pi(x;): pi—1(x;)] and I; =
[9i(xi):qi—1(x;)] fori =1,...,n. Thenp ~ qin C(I) if and only if there exist (finite)
t;’s such that

(i) rank(p;i(x)) = t; + rank(q;(x)), Vx € X,

(i) ti—tici=k—1,

(iii) #; = 0 if X; has an infinite endpoint.

Proof Assume that p ~ q in C(I). As we already observed, we then have a
(uo, . .., u,) such that q; — ujuf, p; — ufu; € C(X;) ® K. We derived (ii) and (iii)
in ([4.2)) and Proposition 4.1} where t; denotes the Fredholm index of u;(x) as an op-
erator from p;(x)H to q;(x)H. If rank(p;(x)) is finite, the formula (&I} implies that
rank(g;(x)) is also finite and Ind(u;(x)) = t; = rank(p;(x)) — rank(g;(x)). Similarly,
if rank(p;(x)) is infinite, rank(g;(x)) is also. Thus rank(p;(x)) = rank(q;(x)) + t;
holds. Thus (i) is proved.

Conversely if rank(p;(x)) = rank(g;(x)) + t; and t; > 0 for a particular i, then
rank(p;(x)) > t;, thus there is a norm continuous projection-valued function p < p;
such that rank(p(x)) = t; by LemmaB3] Let p/ = p; — p,q/ = q;- And ift; < 0,
then —#; < rank(g;(x)), and we let g/ = q; — g, rankq = —t;, and p/ = p;. Then
(pby---,pl) and (g{, ..., q)) are local liftings for p and q, and we have reduced to
the case t; = 0.

So there are continuous functions u; such that u;*u; = p/, u;u;* = q! by Proposi-
tion[A4] It follows that

Ind( g{ (xi)ui—1(xi) p; (xi))
= —[4/() L1 ()] + Ind (w2 )) + [p{): piy ()] =0

and
q! (x)ui—1 () pl (%) — wim1(x;) € K.

Then by Lemma[A.6lwe can perturb u; to get u/ such that u/(x;) — u/_,(x;) € K asin
the proof of Theorem[4.6l ]
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Remark 4.11 Although we changed local representations in the second part of the
above proof, it is not hard to see that, in terms of the given local representations, we
recover the original #;’s via the process discussed before and after Proposition .11

Since p ~, qis equivalenttop ~ qand 1 —p ~ 1 — q, we get the following
statement immediately from Proposition

Corollary 4.12 Suppose that two projections p,q € C(I) are represented by local
liftings (po,- .-, Pn)> (Qo,---,qn) respectively. Let ki = [p;(x;): pi—1(x;)] and I; =
[qi(xi) s gi—1(xi)] fori =1,...,n. Thenp ~, qin C(I) if and only if there exist (finite)
t;’s and s;’s such that

(1) rank(l — pi(x)) = s; + rank(1 — g;(x)), Vx € X,

(ii) rank(p;(x)) = t; + rank(g;(x)), Vx € X;,

(iii) ;i —tio1 =k — 1,

(iv) s+t =51+t

(v) t; and s; are zero if X; has an infinite endpoint.

In general, p ~;, qin C(I) if and only if upu* = q, where u is connected to 1 in the
unitary group of C(I). It is said that a (non-unital) C*-algebra A has good index theory
if whenever A is embedded as an ideal of a unital C*-algebra B and u is a unitary in
B/A such that 9, ([u]) = 0 in Ky(A), there is a unitary in B that lifts u (see [2} 2-3]).
It was proved by G. Nagy [13] that any stable rank one C*-algebra has good index
theory. Since I is of the form C(X) ® K where dim X < 1, I has stable rank one and
I has good index theory. Also, recall that the unitary group of the multiplier algebra
of a stable C*-algebra is path connected (even contractible). Thus in our situation
p ~» q if and only if upu* = q where u has trivial K; -class.

Corollary 4.13 Suppose that two projections p,q in C(I) are represented by local
liftings (po, - .-, Pn)> (Qo, - --,qn) respectively. Let ki = [pi(xi): pi—1(x;)] and I; =
[qi(x;):qi—1(x;)] fori =1,...,n. Thenp ~y, qin C(I) if and only if there exist (finite)
t;’s, s;’s such that

(i) rank(l — pi(x)) = s; + rank(1 — g;(x)), Vx € X;,

(i) rank(p;(x)) = t; + rank(q;(x)), Vx € X,

(i) ;, —tio1 =k —1I;

(iv) sj+t;=si_1+ti_1 =0,

(v) t; and s; are zero if X; has an infinite endpoint.

Proof Assume that p ~j q; i.e, upu* = q where u has trivial K;-class. Then
(1),(ii),(iii), the first equality of (iv), and (v) follow from Corollary 4121 By good
index theory there is a unitary u in M(I) such that up,u* — q; € C(X;) ® K for
each i. Hence gq;(x)u(x)p;(x) and (1 — q;(x))u(x)(1 — p;i(x)) are Fredholm opera-
tors from p;(x)H to q;(x)H and from (1 — p;(x))H to (1 — g;(x))H respectively. If
t; = Ind(g;(x)u(x) pi(x)) and s; = Ind((1 — g;(x))u(x)(1 — pi(x)), then the proof of
Proposition[4.Iland the related discussion imply that

ti + 5; = Ind(q; (x)u;(x) pi(x)) +Ind( (1 — q;(x))u;(x)(1 — p;(x)))
=0.
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For the converse direction we may assume X has no infinite endpoints, since other-
wise K1 (C(I)) = 0. Then as in the proof of Proposition£.10} we construct v,w in C(I)
such that v¥v = p, w* = q, w'w = 1 — p, ww* = 1 — q. Then, ¢f. Remark[4.11}
v and w are given by local representations (v, . .., v,), (Wo, . .., Wy), where v;(x) is a
Fredholm operator of index t; from p;(x)H to g;(x)H and w;(x) is a Fredholm oper-
ator of index s; from (1 — p;(x))H to (1 — g;(x))H. Now if u = v + w, we see that
[u]; = Ind(v; + w;) = 0 via the map K;(C(I)) — Ko(I) — Ko(K) ~ 7, which is
induced from evaluation at a point. [ ]

We conclude this section with some examples, in particular including a projection
in C(I) that does not lift (stably) but whose K;-class does lift.

Example 4.14 Consider a partition {x, x,} that divides X into three subintervals
Xo, X1, Xa. Let p be given by a local representation (po, p1, p2), where

rank(po(x1)) = rank(pz(x) = 1,
rank(p;(x1)) = rank(p;(x;)) = 0,
po(0) = po(1) = 1if X = [0,1]/{0, 1},
Ja € X; such that p;(a) =1,
3b € X such that po(b) =0

The last condition may be omitted if X has an infinite endpoint.

Then k; = —1, k; = 1 (and kg = 0 in the circle case). Thus the Ky-class of p
is 0. Condition (B.I) is equivalent to [y = L, and I} = Iy + 1. If X has no infinite
endpoint, by the last condition either (3.2)) or (3.4)) implies [y > 0, and (3.3)) implies
I; £ 0. Thus p does not lift, and similar reasoning shows that p & --- & p does
not lift. However, p & 0 is liftable, since we may now take [, = , = 0,/; = L.
If X has no infinite endpoint, then p @ 1 is also liftable, since we may then take
Iy =10 = —1,]; = 0. Butin all cases 1 — p is an example of a non-liftable projection
such that (1 — p) @ 1 is liftable.

Example 4.15 (a) There are easy examples to show that [p] = [q] does not imply
P ~ qand that p ~ q does not imply p ~,, q. For the first take p = 1 and q = 0, and
for the second take p = 1@ 1 and q = 1 & 0, noting that M,(C(I)) ~ C(I).

(b) We can also illustrate these phenomena with [p] = [q] # 0 using a partition
into two subintervals:

For the first, in the (—o0, 00)-case, let rank(po(x;1)) = a, rank(pi(x1)) = b,
rank(go(x;)) = ¢, and rank(q;(x;)) = d, where a,b,c,d < oo, b —a = d — ¢,
but a # c. In the circle case add the condition po(0) = p1(1) = qo(0) = q:(1) = 0.

For the second, note that if p;’s and g;’s just above have finite rank everywhere,
thenl —p ~ 1 — q thoughp = q.

If X has an infinite endpoint, then K;(C(I)) = 0, and hence p ~, q implies
P ~n q. The next example shows that this implication does not hold in the other two
cases.
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Example 4.16 Let p and q be given by projection-valued functions defined on all
[0, 1](the partition is irrelevant here). Take p so that

rank(p(1/2)) =1, p(0) =p(1) =1, and rank(p(x)) = rank((1 — p)(x)) =00

for x # 0,1/2,1. Similarly, rank(q(1/2)) = 0, q(0) = g(1) = 1, and rank(q(x)) =
rank((1 — q)(x)) = oo for x # 0,1/2,1. Then p ~ q and all ¢;’s must be 1, and
1—p~1—qandalls’s mustbe0.

A Appendix

In this section, we show some results about continuous fields of Hilbert spaces that
were used implicitly or explicitly in this article. We refer the reader to [7,[8] for a
complete introduction to this notion. Recall that a continuous field of Hilbert spaces
over a topological space X is a family of Hilbert spaces (H,)xcx together with a vector
space I consisting of vector sections ¢ in the product space [, .y H; satisfying the
following two conditions:

x€X

(1) The norm x — ||£(x)|| is continuous on X for each £ € T.
(2) The set {¢(x) | € € T'} is norm dense in H, for each x € X.

If H, is the same Hilbert space H for every x, and I consists of all continuous map-
pings of X into H, I is called a constant field. A field (isometrically) isomorphic to
a constant field is said to be trivial. If H = ((H): )xeXs F/) is a continuous filed of
Hilbert spaces over T, H,, is a closed subspace of H, for each t,and I'" C T, then H’
is called a subfield of H. Furthermore, we call H' = ((H;)xe X, F,) a complemented
subfield of H = ((Hy)xex, I') if there is a subfield '~ = ((H, )ex, ') such that
H,@®H, = H, for every x. Also, we say that H is separable if I" has a countable subset
A such that {£(x) | £ € A} is dense in H, for each x. As we already mentioned, com-
plemented subfields of the constant field over X are in one-to-one correspondence
with strongly continuous projection-valued functions from X to B(H).

Theorem A.1 ([7, Lemma 10.8.7]) If X is paracompact and of finite dimension, ev-
ery separable continuous field H = ((Hy)xex, ') of Hilbert spaces over X such that
dim(H,) = oo for every x is trivial. Thus two continuous fields H, H’ of Hilbert spaces
over X such that dim H, = dim H, = oo are isomorphic.

Theorem A.2 ([8]) Let X beaparacompact space and let I be a separable continuous
field of Hilbert spaces over X. Then it is isomorphic to a complemented subfield of a
trivial field, and thus is isomorphic to a continuous field defined by a strongly continuous
projection-valued function p: X — B(H).

Given any continuous field H = ((Hy)xex, ') and any closed subset A of X, there
is a continuous subfield H° such that

HO — {Hx7 X ¢ A7

* 0, x€A.

Lemma[A3]and Proposition [A.4l may be known by experts and could be deduced
from Robert and Tikuisis [I5, Theorem 4.3], but we shall give our proofs of these for
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the convenience of readers. We denote by dim the covering dimension of a topologi-
cal space.

Lemma A.3 IfX is a separable metric space such that dim X < 1, if H is a continuous
field of Hilbert spaces over X such that H, # 0 for every x € X, if f is a continuous
section of H, and if € > 0, then there is a continuous section g such that ||g(x) — f(x)|| <
€ and g(x) # 0 for every x € X.

Proof There is a countable open cover {U,} of X such that each H|y, has a non-
vanishing section. By paracompactness of X there is a closed, locally finite refine-
ment, {F,}, for {U,}. Then for each n we have

(A.1) H

F, — Ln @D :Km

where £, is a trivial subfield of rank one. Choose a strictly increasing sequence {¢, }
of positive numbers such that ¢, < e. We will recursively construct compatible sec-
tions g, over F, such that g,(x) # 0 and ||g,(x) — f(x)|| < €, for every x € F,. The
local finiteness ensures that the resulting global section g is continuous on X.

To construct g,, let A = F,, N (UZ;] Fi)(A = @ if n = 1). We have a non-vanishing
section ¢’ on A such that ||g’(x) — f(x)|| < e,—; for every x € A, and we wish to ex-
tend g’ to F,. Choose ¢’ and €'’ so that e, < ¢/ < €’ < ¢,, and write f = f' & f2,
¢’ = g' @ g* relative to the decomposition (A.).

We first extend g2 to all of F,, so that ||g?(x) — f2(x)|| < ¢’ for every x € X. To
do this, let h be an arbitrary extension of g2 to F,, which exists by [8, Proposition
7]. Thenlet B = {x € F, | ||h(x) — f*|| > €'}, and note that AN B = @&. Let
¢: F, — [0, 1] be a continuous function such that ¢|z = 1 and ¢4 = 0, and take
F=6f +(1—g)h.

Next, we extend g' to a section k on all of F, so that ||k(x) — f'(x)|]* + ||g*(x) —
F2(x)]|? < (¢'")%. Tt will be convenient to identify sections of £,, with complex valued

functions and define
$(5.2) z, if |z| <s,
5,2) = ]
’ sty izl > s,

for s > 0 and z € C. Thus ¢ is continuous on (0, c0) x €. Now extend the function
¢! — fltolon F, and let k(x) = f'(x) + ¢(o(x), I(x)), where

o(x) = ((€")? — g x) — F)HY

Finally, we must modify k to obtain the non-vanishing property without changing
k| A Let

€, — €'’

2

C={x€F,|&x)=0}), D={xecCl|klx)=0}, and &=

Since DN A = &, there is an open neighborhood V of D such that V N A = &. Let
G=VNCandE= ((V\V)NC)U{x € G| |k(x)| = d}. By dimension theory,
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there is a non-vanishing continuous function r on G such that r|p = k|g. Then define
g'lc by
) = {¢(5, r(x)) ifx € VN Cand ||k(x)| < 5,
k(x) otherwise on C.

Note that if x, € VN C, ||k(x,)|| <  and if x, — x for some x not satisfying these
conditions, then r(x) = k(x) and ||k(x)|| < 4. Thus

g (%)) = @8, r(x)) = k(x)

This implies that g' is continuous on C and ||g' — k|| < 2.

Now g! is defined on C U A, and we extend g! to F, so that ||g'(x) — k(x)|| < 24
for every x in F,.. This can be done as in the previous paragraph. Then g, = g' @ g2
satisfies all required properties. ]

Proposition A.4 If X is a separable metric space such that dim X < 1, and if H and
XK are separable continuous fields of Hilbert spaces over X such that dim H, = dim K,
for every x € X, then H = XK.

Proof Forn = 1,2,...,1let U, = {x € X | dimH, > n}, an open set. Let £,
be a trivial line bundle over U, extended by zero as to be a continuous field over X.
Thus continuous sections of £,, can be identified with continuous complex-valued
functions on X that vanish on X ~\. U,,. We will show that H = EBfo L,,. Since the
same argument applies to K, the result follows.

To do this, we construct recursively a sequence {e, } such that e, is a continuous
section of H|y,, such that

lle.(x)]| =1 foreveryx € U,, (e,(x),en(x)) =0 ifn <mandx € U,,.

We will impose additional conditions on the e,’s, but first we point out that any such
e,’s give rise to complemented subfields M,,, where (M,,), = span(e,(x)). Moreover
ifwewrite H = H, @M, @ - - - &M, then dim(H,), = max(dim H, — n,0). It will
be enough to consider the case n = 1. Note that for any continuous section f of
the function ¢; defined by

_ <f(x)7el(x)>; X € U1
Cl(x)_ {07 X¢U1

is continuous, since |{f(x), e;(x))| < ||f(x)|| and f vanishes on X \ U;. Thus g =
f —c1e; may be regarded as a continuous section of H such that ||g(x)||* = || f(x)|* —
llci(x)||?>. This implies that 3] = M;j" is indeed a continuous subfield of . The
dimension formula given above is obvious, and it follows that {x | dim(H)), >
1} = U,41. Now we proceed by induction on 1, working with H{ instead of J.

Let { f,,} be a sequence of continuous sections of H such that H, = span(f,(x))
for each x. Let {g,} be a sequence that includes each f,, infinitely many times. We
choose the e,’s so that for each # and x, the projection of g,(x) on (H), has norm at
most 1/n. If this is so, then H = @ M,,, and since M, = £,,, the result follows.
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Assume that ¢; has already been constructed for k < n. Let h be the 3, _, com-
ponent of g,. Apply Lemma[A3[to H]_,|y, and h|y, with e = 1/n. (Recall that
U, = {x | (H,_,)x # 0}.) Thus we obtain a non-vanishing section / on U,, such
that ||h(x) — I(x)|| < 1/n for every x. If e,(x) = I(x)/||l(x)]|, then e, satisfies all our
requirements. [ ]

Corollary A.5 If X is a separable metric space such that dim(X) < 1 and H is a
continuous field of Hilbert spaces over X such that dim(H,) > n for every x in X, then
I has a trivial subfield of rank n. Equivalently, if p is a strongly continuous projection-
valued function on X such that rank(p(x)) > n for every x in X, then there is a norm
continuous projection-valued function q such that q < p and rank(q(x)) = n for every
xe X

Proof This follows from the above proof. The required subfield is M; & - - - & M,,.
|

If J( is a trivial field over an interval [a, b], for any unitary u on H, we always
have a continuous path of unitaries connecting u and 1 over [a, b]. But the triviality
condition of a given continuous field can be loosened as follows. Here again we do
not claim any originality.

Lemma A.6 Let H be a separable continuous field of Hilbert spaces over an interval
la, b] and u a unitary operator on H,. Then there is a unitary endomorphism v of H
such that v(a) = u and v(b) = 1.

Proof There is a self-adjoint & in B(H,) such that ¢ = u. Let J{’ be a trivial infinite
rank continuous field on [a, b] and H'' = FH @ H’, so that H'' is also trivial. Then
there is a self-adjoint endomorphism k of ("’ such that k(a) = h @ 0. Let p be the
obvious projection from H'/ to H, and let h = pkp, regarded as an endomorphism
of H. Then let v = ¢“", where ¢ is a continuous scalar function such that ¢(a) = 1
and ¢(b) = 0. [ |

The following fact, which is needed for examples in Section @ may be known to
experts, but we could not locate any reference, so we give our proof.

Proposition A.7 Let ¢ and 1) be lower semi-continuous functions on X, taking values
in{0,1,...,n,...,00}. Suppose that ¢(x) + 1(x) is infinite everywhere. Then there
exists a strongly continuous projection-valued function p on X such that for any x in X

rank(p(x)) = ¢(x) and rank((1 — p)(x)) = ¥ (x).

Proof Forn =1,...,letU, = {x | ¢(x) > n}and V,, = {x | ¥(x) > n}. Then
the U,’s and V,’s are open sets. Let £, be as in the proof of Proposition [A.4] and
L = ¢°L,. Similarly define M,, and M using the V,’s. Then £ ¢ M has infinite
rank everywhere and hence is isomorphic to H*. Thus £ may be regarded as a
complemented subfield of H* and is therefore given by a projection-valued function
with the required properties. ]
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