A CENSUS OF PLANAR TRIANGULATIONS
W. T. TUTTE

1. Triangulations. Let P be a closed region in the plane bounded by a
simple closed curve, and let S be a simplicial dissection of P. We may say
that .S is a dissection of P into a finite number « of triangles so that no vertex
of any one triangle is an interior point of an edge of another. The triangles
are ‘‘topological”’ triangles and their edges are closed arcs which need not be
straight segments. No two distinct edges of the dissection join the same two
vertices, and no two triangles have more than two vertices in common.

There are & > 3 vertices of .S in the boundary of P, and they subdivide
this boundary into % edges of S. We call these edges external and the remaining
edges of S, if any, internal. If » is the number of internal edges we have
(1.1) Sa = 2r + &,

(1.2) r = k (mod 3).

Let us call S a triangulation of P if it satisfies the following condition: %o
internal edge of S has both its ends in the boundary of P. We note that in the
case & = 3 every simplicial dissection is a triangulation.

Let 7y and T be triangulations of P having the same external edges. We
call them <somorphic if there is a 1 — 1 mapping f of the vertices of T onto
those of T» which satisfies the following conditions.

(1) Each vertex in the boundary of P is mapped by f onto itself.

(i1) Two distinct vertices v and w of T are joined by an edge of T if and
only if f(v) and f(w) are joined by an edge of T..

(iii) Three distinct vertices u, v, and w of T define a triangle of T1 if and
only if f(u), f(v), and f(w) define a triangle of T..

The triangulations of the polygon abcd shown in Figures I A and [ B are
isomorphic, but those of Figures I B and I C are not.
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The number of non-isomorphic triangulations of P with & given external
edges and r internal edges depends only on k and 7, since all possible regions
P are homeomorphic. We write ¢, , for the number ofsuch triangulations

where
(1.3) E=m+ 3,
(1.4) r = 3n + m.

It is clear that m and # must be non-negative integers (see 1.2). We observe
that yo,0 = 1, this being the number of triangulations with three given external
edges and no internal ones. It can be verified that ¢;1,0 = 1 and ¥s,0 = 3. In
the latter case the triangulations are given by the three rotations of the
pattern of Figure 2. We find also that ¢3,0 = 13. The corresponding triangu-
lations are represented by the four diagrams of Figure 3. The first diagram
gives rise, by rotation and reflection, to six triangulations. The next two give
rise to three each and the last one to one only.

a

F1GURrE 2
We shall prove that
2
(1.5) Yn,o = ICES] Brn+3)@Brn+4)...Hn+ 1)

when # > 2. Our main objective in this paper is the complete evaluation of
the function ¥, » (§ 5).

Let us call a triangulation simple if no three edges, not all external, form
a simple closed curve enclosing a region which is subdivided into three or
more triangles. Thus the triangulation satisfying # = 1 and m = 0 is simple.
As another example we may take the last diagram in Figure 3.
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FIGURE 3

We write ¢, for the number of simple triangulations with specified values
of m and #. In § 7 we obtain an explicit expression for ¢, In § 8 we discuss
the behaviour of ¥, 0 and ¢,,0 as n — .

It can be shown that if T is a triangulation of a convex polygon, and if the
vertices of T in the boundary are the vertices of the polygon, then 7" has an
isomorphic triangulation in which every edge is a straight segment. This
follows from (1), together with Hassler Whitney’s theorem that a triply
connected planar graph can be represented in the plane in essentially only
one way (2). But we use general topological triangulations in this paper be-
cause the argument of § 3 requires us to consider triangulations of regions
which are not convex.

In §9 we discuss the behaviour as # — « of the number of simplicial
dissections of the 2-sphere into 2% triangles.

2. Generating functions. In what follows we shall use the following
formal power series:

2.1 Ylx,y) = nZZO Z:O Yo ¥y,
2.2 g(x) = "ZZZO Y0¥
23 o(x,y) = 2 i; P
2.4 hx) = g -
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In this section we obtain some formulae which make possible the com-
putation of ¢ and & when ¢ and g are known.

It is clear that to each triangulation 7" with » > 0 there corresponds a
unique simple triangulation 7" (with » > 0) such that either 7= T’ or T
can be derived from 7" by further subdivision of the triangles. A triangle
of 77 may be characterized as a closed region bounded by three edges of T,
not all external, which is not contained in any other such region.

Let 77 be a simple triangulation with r internal edges, k& external ones,
and « > 1 triangles. The triangulations derivable from 77 are enumerated
by the series

{g(x)}e

The coefficient of x? in this is the number of such triangulations with %
external edges and

3p +4(3a — k)
internal ones. Let us define m and # in terms of 77 by (1.3) and (1.4) and
let us write
3p +3Ba — k) = 3s + m,
s=p+ia—3Im—13
Let the number of triangulations derivable from 7”7 and with a given value
of s be M. Then

fg))® = > M betind
s=0
felg ()} = 2 Mu'xt",
s=0

Let ¢(a, m) be the number of simple triangulations with « triangles and
m + 3 given external edges. Then

Z gla, m) {xg(x)}* = x* > g, aa'ct”

=1

1%
By (1.1), (1.3), and (1.4) we have a« = 2n + m + 1. We may therefore
rewrite the above equation as

£®) 3 dnnle@)] " e@" = 5 b
Multiplying by y™ and summing over m we obtain

(2.5) g@){o(xg*(x), yg(x)) — 1} = ¥(x, ) — L.

We observe that the coefficients of ¢ can be deduced from this identity
when those of ¥ are known. In this paper we attempt the calculation only
in the special case m = 0. Putting ¥y = 0 in (2.5) we obtain

(2.6) h(xg*(x)) = 2 — {g(x)}
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So far we have not discussed the convergence of our generating functions.
It is not necessary to do so if we regard an equation such as (2.5) as merely
asserting the equality of the coefficients of x"y™ in the expanded functions
on the two sides. It will be seen that all such coefficients are finite expressions
in terms of the coefficients of ¢, g, ¢ and A However, in what follows we
shall express the generating series in terms of simple analytic functions and
so establish their convergence for appropriate non-zero values of x and y.

3. An Equation for y. Let T be a triangulation of P with % external
and 7 internal edges, 7 being non-zero. Let 4 be an external edge, with ends
x and y, and let z be the third vertex of the triangle incident with 4. By
removing from P the interior of the triangle xyz and all the points of 4 except
x and ¥ we obtain another region P’ bounded by a simple closed curve. If
L is the complementary arc of 4 in the boundary of P then the boundary
of P’ is made up of L and the two edges xz and yz (see Figure 4).

C

W,

(W)
2 W3

FIGURE 4

The triangles of T other than xyz determine a simplicial dissection S’ of
P’. It is not necessarily a triangulation, but any internal edge of S” which has
both ends in the boundary of P’ must have one end at z and the other at a
point of L other than x and y. If there are ¢ such edges, and ¢ > 0, we enumerate
them as E,, E, . . ., E,, with ends w;, w,, . . ., w, respectively on L, arranging
that the points x, y, w; occur in the order x, wy, wy, ..., w, ¥, on L.

If ¢ > 0 the edges Ei, ..., E, partition P’ into ¢+ 1 closed regions
Py, Py, ..., P, bounded by simple closed curves szxwi, zwiws, ..., 2wy
respectively, and the triangulation T induces triangulations 7', Ty, ..., T,
respectively of these regions.
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If ¢ =0 we write Py = P’ and T = §'. In this case T has at least four
external edges. But if ¢ > 0 the triangulations 7', are not restricted in this
way.

It is clear that we can obtain the triangulations of P with % fixed external
edges, one of which is 4, and given values of 7 and ¢ by starting with the
diagram of Figure 4 and taking all sets of triangulations of the regions P;
which agree with 7" on L, in which xz, zwy, ..., 2w, and zy are edges, and
which give rise to the correct value of 7.

Let #n and m be defined for T by (1.3) and (1.4). Let T, have k, external
and 7, internal edges, and led #n, and m, be defined correspondingly. Then

3.1) qu=r—c—2,
q=0

3.2) kg =Fk+2c+1,
q=0

3.3) mg=m—c—+1,
q=0

3.4) ng=mn—1.

I
=

q

We deduce from the foregoing considerations that if » > 0 then
(3-5) Ynm = Z:o Z I_Io Kbnq,mq
c= g=

where the second summation is over all ordered sets of non-negative integers
Moy « + .y Mgy, Mo, ..., m.) which satisfy (3.3) and (3.4). But the sum

> I=I Yngr mq

occurring in (3.5) is the coefficient of x"~'y™°+1 in {¢(x, y)}°t!, that is, the
coefficient of x™y™ in

xy~H g (x, y)}

We must not deduce that this expression, summed over ¢, is identical
with ¢ (x, y). For one thing ¥ (x, y) has a constant term ¢, = 1, and (3.5)
does not apply to the case r = 0, that is, » = m = 0. For another, the con-
struction associated with Figure 4 requires ko > 4, that is, mo > 1, if ¢ = 0.
Taking these limitations into account we have

(3.6) vty lg=1+xy" ;0 (),

where ¢ = ¢(x,y) and g = g(x).
Multiplying both sides of (3.6) by y(1 — y¢) and rearranging we have

(3.7) W +xg — (1 — ) =xy,
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which may be rewritten as
(3.8) Y 4 (o txgy —y =W +y—axg=0.

Our problem now is to solve (3.8) for ¢ as a power series in x and y and
for g as a power series in ¥ (with no negative indices). It is of course required,
by (2.1) and (2.2), that g(x) = ¢ (x, 0). However, this is not an independent
condition; it is obtained from (3.8) when we substitute y = 0.

We proceed to show that (3.8) has a unique solution for y. Putting x = 0
in any such solution we obtain a power series ¢, in y, and ¥, must satisfy

Vo — vy + Do+ y =0,
that is,
Yo — 1) — 1) = 0.

But the only series in non-negative powers of y which satisfies this equation
identically is the series with the single term 1.
Now write

‘p = ngo ‘bnxnr

where the y; are power series in y. We have shown that y, = 1. Equating
coefficients of x* in (3.8), with » > 0, we obtain an equation giving (y2—v)¢,
in terms of ¥o, ¥1, ..., ¥s—1. Hence, by induction ¢ is uniquely determined
by (3.8). (We use the fact that g(x) = ¢(x, 0) = > (¥u)y=0x™)

4. Solution of equation (3.8). The solution of (3.8) can be derived from
that of the quadratic equation

(4.1) V24 V(1 —t+ 0 + 6t = 0,

where 6 and ¢ are independent variables. There are two solutions Y; and Y,
of (4.1) for Y as a power series in ¢ and 6, corresponding to the constant terms
0 and — 1 respectively. They can be obtained by applying the binomial
theorem to the expression

(4.2) H—= A —t+06) = {1 —t+ 0)2 — 468}3}.

This gives Y or YV, according as we take the positive or the negative sign
before the square root. The series are convergent for sufficiently small values
of 6 and ¢. If the positive sign is taken (4.2) vanishes whenever one of 6 or ¢
is zero, whatever the value of the other may be. Moreover, the coefficient of
6t is then found to be — 1. It follows from these observations that

Y, 6s

— and —-

ot Y,
are power series in 6 and ¢ (without negative indices), and with the constant
term — 1. Hence we may deduce that there is a power series ® in 6 and ¢
(without negative indices) defined by the equation
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ot
(4.3) 1—-060)% = AL +1

1 1 1
1+ﬂn1+m_a+mW

Write
(z =1, 2). Then
6°t’ .
V. V.14+ Y, 4+ Yo+ V1Y)
B e
6t- (1 — (1 — ¢+ 6t) + 6t)°
2 3 2 3
@) Ut U= Y
=t (Vi+ Vo) (Vi + Vo + 1) = V1 V(371 + 37, + 4)}
=2 (= 1+ 1 — 0 — 6)% — 6t(1 + 3(1 — 0)¢)
= — 91 — (1 46 — 2607 + £(1 — )%

(4.4) UU, =

= o,

Hence
(Ui + 1)U+ 1) = —6(1 — 20) + t(1 — 6)%,
(Ui + 1)+ (Ue+1) = =07 4+ (1 — 04 20%) 4 (1 — 9)3.

It follows that & is a solution of the quadratic equation

(4.6) (1 — 0)%2®> + O — (1 — 6+ 20%) — t(1 — 0)%) (1 — 0)%
—0(1 — 20) +t(1 — 0)* =

This equation becomes identical with (3.8) if we put ¢ = ® and

(4.7) y=(1-0)%
(4.8) x = 0(1 — 6)%
(4.9) xg = 6(1 — 26).

Let us agree that 8 is that solution (given by Lagrange’s Theorem) of (4.8)
as a power series in x which has a zero constant term. Then (4.9) determines
g as an analytic function of x (3, p. 132). We have in fact, by Lagrange's

Theorem,

n=1

d" 4 3
=1+ Z n + 1)’d0 [(1 — 0)3Eﬁ — 1 — a)3n+3:|0=0
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T 4B +2)Bn+3) ... (dn + 1)

—3@Bn+3)(Bn+4) ... 4nt+2)},

(4.10) g_1+x+22 Br+3)3n+4)... (@dn +1).

e (n + 1!

In view of the discussion at the end of § 3 we conclude that ¢ is the function
& defined by (4.3), and that g is indeed given by (4.10). This establishes (1.5).

5. The coefficients in y. We can write (4.1) as

G.1) V= (t—1) —o¢<1+1?>.

We treat ¢ as a fixed non-zero number and use Lagrange’s Theorem to expand
the function
ot

U=ya+vr

in powers of 6. We find

. (—61) & J(1+a 1 |
(52) U= Bt{a(l—{—a)z—{_; 7! daj_l{< a > <a(l+d) >};

where a is to be set equal to ¢ — 1 when the differentiations have been per-
formed. Of course U corresponds to only one of the roots ¥ of (5.1). We may
now write

U= (1_—0 )
-0 5 WA () F ()
63 - 51
- 2 %ZZ@;;{H-3<<1 - ?V“ T —lt)”z)} :
Write
(=)
== 3 NE 3 (1 — 3j + 3j¢)
=31 —0°"— %+ DA -9
+ 0+ = SEN L L
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Then
a4 _ . . 3.1, (] + 1) 2
4 . 321(]+1) 3.2
and if j > 2 we have
d’4 -3 1 }
(57) d (.7 + 1) {(1 t).’l+1 + ( t)j+2 .
Applying these formulae to (5.3) we obtain
] Z [ 0’4
V= o GG+
47 o & ) s iil)}l] 6_ 0
XV @ Sl 1=
- ot d -11
+ 0t{1'2| 4+ 6t) + 5131 dt 12¢

]tj

(m +2)!(m — 1)!(m — 3§) m—y
—0t - : ¢

;1 JG+ ! m; (m —j+2)im —j)!

6 6 2 s

LT o+ 3 — o,
by expanding #73/(1 — £)~! as a power series in ¢ and differentiating term
by term. We must suppose || < 1.

Now U is one of the functions U; and U, of § 4. Let U’ denote the other
one. By (4.5) U’ contains no term in {~! and can be written as a power series
in  and ¢ without negative indices. But U, which contains the term — 6/¢
cannot be so written. Hence U’ is the function U; used in (4.3). Since ¢ has
been identified with the function ® of that equation we have, by (4.5) and
4.7

. (m + 2)!(m — 1)!(m — 3j)
W= ‘”,,,ZQ‘ :z:lJ'(j+1)!(m—j+2)!(m—j)!oj

+T0:7—02(2+3t)+0“t— (1406 —20") +¢(1 —0)°+1,
y¢¥ = t(1 — 26)

e (m + 2)!1(m — 1)!(m — 3j) j}
+‘”m2=1‘{“’;1]'<j+1>!<m—j+2>!<m—j>!a '

Hence, by (4.7), we have
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1—26
5:8) ¥ =G g

- N 2 m+2)!m— Dim —3j)
+ ,,;}::1 (1 — 0™ &= 1+ 1)l(m — j + 2)/(m —j)[e .

In order to express ¢ directly in terms of x and y we obtain the expansion
of 62(1 — 6)~¢ in powers of x, where p and ¢ are both positive integers.

P ]
1—-e° stLae’™" L1 —6)*do (1 — 6)Y) oo
A —1{ q p—q }1]
3=1 S! [dos—l {017 (1 _ 0)38+!l+1 + (1 _ 0)33+41 [ 40
R éii{ -a£21<_1_)}]
B 3; s!{(3s+g)![dos“ 4 dg*t\1 — 6/ ) Joo
+ iy L i e ()L
(Bs+q — 1! Lde™! de* N\ (1 —6)/) doo

- x_s{q(4s+q—p)!(s—1)!
Bs +@)ls — p)!

n p—QUs+g—p—1i(s — 1)!}
Bs+qg— D! —p)!

Ii
M 1

= !

- g, xs((is—+1>%!(_3sp'i:—q;?! {gds+g—p)+ (0 — 9 Bs+ 9},

o S ds+qg—p— DI’
T—a = +90 X T o

The above argument is valid also for p > 0 and ¢ = 0. Hence (5.9) gives
0, 62, 6%, etc. in terms of x.
Combining (5.8) and (5.9) we find that, for m > 0,

b = f { (m + 2)!(m — 1)(m — 3§)
= GG+ D — j+ 2)Hm — )
4n 4+ 3m — 7+ 1)!(83m + 37 + 6)
m—j7j—1I3Bn+3m+3)
where only values of j < # — 1 are to be considered. Hence for m > 0,
_3(m+2)(m —1)!
(5-10) W = =30 L 3m + 3)1
v 5_": Un+3m —j+ Dim+74+2)(m — 39)
= G+ Dim — )m — 5+ 2)1n —j — DI
For the case m = 0 we have

(5.9)

X

 20n+1)!
T Grt+2)lim+ 1

(5.11) ILn,o
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by (4.10). As special cases of formula (5.10) we have

__ 72(4n + 3)!
_60(13% 4+ 9)(4n 4+ 5)!
(5.13) Yn,o = Gn E 90 — D1
(5.14) g,y = 120067’ + 138n 4 68) (4n £ 7)!

BGn + 12)!(n — 1)!

6. An acknowledgement. The foregoing solution of (3.8) was arrived at
by the following indirect method. Expansion of ¢ as a power series in x, y,
and the unknown function g led to the formula

©Qm — 1 — k4 2)xf(wg + 1)
m— 14+ Dlilm — 1+ 2)kI(1 — 2k)!

6.1) —x""y, = > (=1
0<i<m+1, (
0<k<El

where ¢, is now the sum of the terms of ¢ involving y", By expanding
(xg + 1) and summing over / this was replaced by

6.2) —x" Y
-5 (=) (m — k4 1)l(m — k)!
oG JRG k= Dm =2k =+ 2)!(m — 2k —j+ 1!

0<E<on

Had the coefficients in g been known this would have given the coefficient
of x* on the left-hand side as a polynomial in m, m being sufficiently large. It
was argued that this polynomial would vanish identically. Hence it was per-
missible to put m = 0 in the expression on the left and then equate the
expression to zero.
> (—xg)’'x" 2k + 7 —2)12k +j —3)! _ 0
T JRlE—=2)!k— DI+ — 1) ’

This equation was used to compute the first few terms of g as follows

(6.4) g=1+4x 4 3x? 4+ 13x® + 68x* + 399x% + 2530x°
+ 16,965x7 4 118,668x8 + 857,956x° + 6,369,838x1° 4 . . ..

(6.3)

(This agrees with (5.11).) The inverse function A of xg was then computed
and its coefficients were observed to have only small prime factors. A study
of the factorizations led quickly to the recognition of A as

§1é (1 + 20x — 8x* — (1 — 8x)*/%).

The relation between g and x was then put in the parametric form of (4.8)
and (4.9). Next the coefficients of y, y?, . . ., y%in ¢ were calculated in terms of
0 by equating coefficients of y™ in (3.8). Again the numerical coefficients were
found to have simple factors, and the general form (5.8) was recognized.
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At this stage the solution of (3.8) was known, but a proof was required.
The author is indebted to G. F. D. Duff for showing him how (5.8) could
be put in a form recognizable as a Lagrangian expansion and so making
possible the construction of the theory of §§ 4 and 5.

7. Simple triangulations. We now discuss the determination of the
function % from the identity (2.6). Writing x = 2 and ¢ = zg(3%) we have

(7.1) th(E?) = 28 — =
Hence if H(x) denotes the inverse function of xg(x?) we have
(7.2) h(g?) =2 — £1H(Y),

and our problem is reduced to the determination of H. By computing the
first few terms we find, writing x for &2,

(7.3) h(x) =1+ x 4+ x® + 3t + 1245 + 52x5 + 24107 4 1173x5 + . ..

To obtain a general formula we proceed as follows. We define 6 as in § 4,
with x = 22, We then have

(7.4) EH(§) = xg(x) = 0(1 — 20),
i s (eg(®)® _ 01 — 20)°
(7.5) &= x (1 — 6)3 )
_E£1 =0’
(7.6) R

Applying Lagrange’s Theorem we find
N Ty
HE = 2 oL Vo= 400,

| - £2n dr {97331 +1- 20)37”—3(2(1 —26) — l)l:l
EHE = 2 G [{ ( (1 —20)™" &

2 dn 3n+3 3 +3 j)
=nzzoé—5ﬁ(i+ﬁ—1—5—![ n{ 2. {(” >(1 ')0){
2 1
X{(l — 20)2n+1 - a— 20)2n+2}}]0:0
- n 4 3n+3
- ngﬁ _Qﬁigzg‘_ljiy [dﬂ {2 Z <3 + 3> (1 20))’—‘.’n~1

_ MZ_H <31’L + 3> (1 :)0)7'—27;——2}:\
=0 6=0

3 ___i__ .Ei_n_ — n+2 . _ —2n—2
=2 S T 1),[d0 {2(1 26) (1 — 26)

B - e,

=0

M
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But
3n +3 3n+3)y_  Bu+3)! . .
2<]—1>‘< j )_j!(3n—j+4)!{2] Bn — 7+ 4)}
_ Br+NIE =3 —4)
T B — + 4)!
Hence
RN S S DI _ opBn 1!
. W (3j—3n—4) (j—2n—2) (—2n—3) ... (j—3n—1)
(263 2 SBn—j14)] }

= Z —'m(——_ljj{(—l)"(n +2)!

H @3 2 e e T = ]

+ (=1)"(6n + 5)(n + 1)! + 3(—1)"(3n + 3)(6n + 2)"”(
Hence for n > 0, we have, by (7.2),

(7.7)  ¢no = 221+3 {—- (—1)"(16n 4+ 10)

(3n + 3)! & M(n, q) 1
1) 2 =g+ gt DIl

+

where j =n —q,n 4+¢+ 1) and
3g+ 4
2n+qg+4)2n+q9g+3)2n+q+2)
_ 3¢ — 1
@n—qg+3)2n—q+2)2n—qg+ 1)~
We can transform (7.8) into
(7.9) M(n, q) = D~1(40n* — 12n2(6g> + 6g — 11)
— 10n(15¢> 4+ 15¢ — 14) — 6(g* + 2¢° + 13¢2 + 12¢ — 8))

(7.8 M(n,q) =

where D is the product of the denominators in (7.8).

8. Asymptotic formulae. We investigate the behaviour of y, pas 7 —
by applying Stirling’s Theorem to (5.11). We find

oo 2(4n +_1)4"+_1_4"_—_1\/97r(4n +1)
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282(4n)4n+1<1 n ~L>4n+1

_ 4n 4/ n + 1
- Sn+2 nt1 27(n + 1)(3n + 2
(3n)3n+2<1 + ;ﬁ) nn+1<1 + i) m( ) ( )

1 /3 e (259)"“
(8.1) Yo~ 75 1/2#’ 7/

The behaviour of ¥, as # — = for other fixed values of m can be obtained
similarly from (5.10) or the special equations (5.12)-(5.14). Perhaps the
behaviour of ¢,,0 is more interesting, and we can determine this as follows.
We note that

ZO (2:;}‘91) (xn—q + xn+11+1) _ (1 + x)2n+1,
—

g; <2:;I_ql> {n—q)(n—q—1)x""?
+m+qg+1D)m4+ Q" = @n+ 1)2n)A + )™

Putting ¥ = 1 in these identities we obtain

82) Z <2n + 1> _om

g=0 n—q
(8.3) > (2” * 1> @ +q) = n. 2"
g=0 [ q

We have also

) 2n—|—1>_<2n+1> ot (g — )
(8-4) <n—g - n Is_:IO n+2+s)°
Write J = [5#%3]. Then by (8.2) and (8.4)

o+ 1) _ onf N (n— ) }(n+2]+2)(n+2]+3)
(85) <n—2]><2 {Flll(n+2+s) 2N =27 = 1)

J+1
< o {1 _ if%ll} X 2

p ‘{———_ (Jn+ DA} <2.2™ exp {—— inm’} ,

for sufficiently large #, for if |x| > 0 we have 1 — x < ¢™2.

The function D of (7.9) satisfies D! < #n% since 0 < ¢ < n. The co-
efficients in the polynomial in # and ¢ which is multiplied into D-! have
absolute values whose sum is less than 1000. Hence

<2.2™ ex
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(8.6) [M(n, ¢)] < 1000n~2.

Now
2n + 1
n—4q

is a decreasing function of ¢ for 0 < ¢ < n (by 8.4)). So by (8.5) and (8.6)

we have
(8.7) q=§;+1<n—g <2n.2 cexpy =gl
(8.8) Z <2n + 1> (92 +q) < 2%(%2 +n). 2% . exp ’} 1 n1/3} ,
=27+1 \ W — g 4
(8.9) > <2n + 1>]V(” Q)] < 2000n . 2™ . exp . lnm}‘.
=2J+1 \ 1

Let us now restrict ourselves to values of ¢ < 2J. For these we have

(8.10) (2n + 27 +4)7° < D1 < (2n — 27 4+ 1)79,
(8.11) M(n, q) = D~'(40n* — 72n*(¢*> + q)) + 6,
where

(8.12) [6] < #6-1000n8/% = 10007103,

Let e denote an arbitrary positive real number. Write

x=3 (‘"“)mn 9.

q=0

Then, by (8.10), (8.11), and (8.12),

. o L 2J ’2
X < {400 @2n — 27 + 1) + 100007} 3 < nt 1>

=0 \Nn — (g

2J
— (720" (2n + 27 + )Y <2: + 1> ¢+ 9

g=0

< [40n*(2n — 27 + 1)7° 4 1000117} {27

-
e

— (720" (2n 4+ 27 + 4)“6}{%7; L2 —2n(n® 4 m) L 2™, exp{— inl"“
by (8.2, (8.3), and (8.8),
< 13,2740 (2n) "8 (1 — €)% 4+ en® — 36(2n)"%(1 + )~8(1 — )}
for sufficiently large n. Similarly
X > {40n2(2n + 27 + 4)~% — 1000n‘1°’3}{22” — 2n.2%, exp{-—- —in‘”}}

— (720220 — 27 + 1)=5) {3n. 227
> 3. 270 (40(2n) (1 + =5 — en—%)(1 — ¢) — 36(2n)~5(1 — ¢)~|
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for sufficiently large n. Since € may be arbitrarily small we deduce that

1 —302n
~ 27,
X 16”

Hence, by (7.7) and (8.9) we have

1 S
bn,0 Nyzn{—(——l) (16n + 10) +

(3n + 3)! 2% |
(n+ D2n+ 1) 1623

1 . 2" /8 e <z7>}
22n+3 l—(—‘jl) (1671 "" 10) + ]6 7rn 1 N

by Stirling’s Theorem. It follows that

(8.13) ¢n.0 1284/#1 i) -

9. Simplicial dissections of the 2-sphere. In this final section we discuss
the behaviour as # — «© of the function Q(n) defined as the number of com-
binatorially distinct simplicial dissections of the 2-sphere with 2% triangles.

Isomorphism for such dissections can be defined as in § 1 for triangulations.
But as there is now no boundary only conditions (ii) and (iii) are imposed.
When we say two dissections are combinatorially distinct we mean they are
not isomorphic.

An automorphism of a dissection S is an isomorphic mapping of S onto
itself. Every dissection .S has a ‘“‘trivial”’ or ‘“‘identical’’ automorphism which
maps each vertex onto itself. We call S symmetrical if it has another auto-
morphism and unsymmetrical otherwise.

We note that # > 1 since no two triangles of a simplicial dissection have
more than one edge in common. We may write ay, @1, and a, for the numbers
of vertices, edges, and triangles respectively. Then, using the Euler poly-
hedron formula we have

9.1) ao=n+2, a1 = 3n, as = 2n.

Let ¢ be a triangle of S. Stereographic projection from a point X in the
interior of ¢ onto a plane yields a triangulation 7 in the plane with just three
external edges. It is defined by the images of the triangles of .S other than ¢
and its external edges are the images of the edges of ¢. If S is unsymmetrical
the six rotations and reflections of the pattern of 7" define six different tri-
angulations. For if two of them are equivalent we can evidently construct a
non-trivial automorphism of S. Similarly, two different triangles of S never
give rise to two equivalent triangulations. But if .S is symmetrical some of
its triangles may yield fewer than six different triangulations, and not all of
its triangles will yield different sets of triangulations.

Let Qo¢(n) be the number of combinatorially distinct unsymmetrical dis-
sections, and Q;(n) the number of combinatorially distinct symmetrical ones.
Then by the above considerations we have

https://doi.org/10.4153/CJM-1962-002-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1962-002-9

38 W. T. TUTTE

9.2) 121Q0(n) < ¥n-1,0 < 120(Qo(n) + Q1(n)).

I presume, though I recall no proof, that Q;(n)/Qo(#) — 0 as n — . If
this is true it follows from (9.2) and (8.1) that

1 72 (256\"
9.3) Qn) Nmn ! (2—7>

A similar argument applies to the number R(n) of ‘“simple’” simplicial
dissections of the sphere in which no three edges form a simple closed curve
unless they bound a triangle of the dissection. (8.13) is used instead of (8.1).
The argument indicates that

~— L <_2l "
(9.4) R(n) 512\/5;11 4> .
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