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Strong Logarithmic Sobolev Inequalities for
Log-Subharmonic Functions

Piotr Graczyk, Todd Kemp, and Jean-Jacques Loeb

Abstract. 'We prove an intrinsic equivalence between strong hypercontractivity and a strong loga-
rithmic Sobolev inequality for the cone of logarithmically subharmonic (LSH) functions. We in-
troduce a new large class of measures, Euclidean regular and exponential type, in addition to all
compactly-supported measures, for which this equivalence holds. We prove a Sobolev density the-
orem through LSH functions and use it to prove the equivalence of strong hypercontractivity and
the strong logarithmic Sobolev inequality for such log-subharmonic functions.

1 Introduction

In this paper we study strong versions of logarithmic Sobolev inequalities (sLSI) and
strong hypercontractivity (sHC) in the real spaces R" and for logarithmically sub-
harmonic (LSH) functions, continuing our research published in [13] and solving the
conjecture on the equivalence between sHC and sLSI formulated in [13, Remark 5.11].
The main difficulty to overcome, as already noted by Gross and Grothaus in [17], was
efficient approximating of (logarithmically) subharmonic functions.

If u is a probability measure, the entropy functional Ent,, relative to y, defined on
all sufficiently integrable positive test functions g, is

g
it (@)= [ ()
where [ g[1 = ||gllz1(x)- (When [ g[; = 1, so that g is a probability density, this gives the
relative entropy of the density g to the measure y.) The logarithmic Sobolev inequality
is an energy-entropy functional inequality: a measure ¢ on R" (or more generally on
a Riemannian manifold) satisfies a log Sobolev inequality if, for some constant ¢ > 0
and for all sufficiently smooth positive test functions f,

(LSI) Ent, (f2) < c f IV fI? du.

Making the substitution g = f? gives the equivalent form Ent, (g) < £ [ |Vg|*/gdu,
the integral on the right defining the Fisher information of g relative to y. In this form,
the inequality was first discovered for the standard normal law y on R by Stam in [30].
It was rediscovered and named by Gross [15], who proved it for standard Gaussian
measures on R” with sharp constant ¢ = 2. Over the past four decades, it has become
an enormously powerful tool making fundamental contributions to geometry and
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global analysis [2-6, 8-10, 22, 24, 27], statistical physics [19, 32-34], mixing times of
Markov chains [7,11,18], concentration of measure and optimal transport [23,25,31],
random matrix theory [1,26,35], and many others.

Gross discovered the log Sobolev inequality through his work in constructive
quantum field theory, particularly relating to Nelson’s hypercontractivity estimates
[29]. In fact, Gross showed in [15] that the log Sobolev inequality (LSI) is equivalent
to hypercontractivity. Later, in [20, 21], Janson discovered a stronger form of hyper-
contractivity that holds for holomorphic test functions.

Theorem 1.1 (Janson [20]) If u is the standard Gaussian measure on C", and 0 < p <
q < oo, then for all holomorphic functions f € LP(C", u), we have | f(e™- )[4 < | fll,
fort> 2ln %. Fort < 31In %, the dilated function f(e™' - ) is not in L1(C", u) in
general.

Remark 1.2  Nelson’s hypercontractivity estimates ([29]) involve the semigroup
e” "4, where A, is the Dirichlet form operator for the measure y:

_/|Vf|2dM=/7AﬂfdP‘-

If du = pdx has a smooth density p, integration by parts shows that A, = -A -
(Vp/p) - V, and so when applied to holomorphic (hence harmonic) functions, e~ "4«
is the flow of the vector field Vp/p. For the standard Gaussian measure, this is just the
coordinate vector field x, the infinitesimal generator of dilations Ef (x) = x - Vf(x),
also known as the Euler operator. The perspective of this paper, like its predeces-
sor [13], is that the strong hypercontractivity theorem is essentially about the dilation

semigroup f — f(e”'-), independent of the underlying measure.

Janson’s strong hypercontractivity differs from Nelson’s hypercontractivity in two

important ways: first, the time-to-contraction is smaller, %ln% as opposed to the
q-1
-1

0 < p,q <1 where the L? “norms” are badly-behaved. Nevertheless, in [16], Gross
showed that Janson’s theorem is also a consequence of the same log Sobolev inequality
(LSI); moreover, he generalized this implication considerably to complex manifolds
(equipped with sufficiently nice measures). The reverse implication, however, was not
established. The proof requires (LSI) to hold for non-holomorphic functions (in par-
ticular of the form | f|P/2). We refer the reader to [13] for an extensive list of recent
literature on strong hypercontractivity in the holomorphic category and related ideas
(notably reverse hypercontractivity) in the subharmonic category.

The aim of this paper is to prove an intrinsic equivalence of strong hypercontrac-
tivity and a log Sobolev inequality. The starting point is a generalization of Theorem
1.1 beyond the holomorphic category. A function on R" is log-subharmonic (LSH) if
In|f| is subharmonic; holomorphic functions are prime examples. In [13], we proved
that Theorem 1.1 holds in the larger class LSH, for the Gaussian measure, and several
others. We also established a weak connection to a strong log Sobolev inequality.

larger Nelson time 1 In 1=, and second, the theorem applies even in the regime
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Definition 1.3 A measure y on R" satisfies a strong logarithmic Sobolev inequality
if there is a constant ¢ > 0 so that, for non-negative g € LSH sufficiently smooth and
integrable,

(sLSI) Ent,(g) < %ngd‘u.

Inequality (sLSI) could be written equivalently in the form Ent, (f*) < ¢ [ fEf du;
we will use it in L'-form throughout. In [13], we showed the strong log Sobolev in-
equality holds for the standard Gaussian measure on R", with constant ¢ = 1 (half the
constant from (LSI)), and conjectured that (sLSI) is equivalent in greater generality
to the following form of Janson’s strong hypercontractivity.

Definition 1.4 A measure y on R” satisfies the property of strong hypercontractivity
if there is a constant ¢ > 0 so that, for 0 < p < g < oo and for every f € L?(u) n LSH,
we have

(SHC) 1) a1 f ey i 0<r<(p/q)2.

Remark 1.5 The statement in Definition 1.4 is given in multiplicative notation rather
than additive, with r = e™* scaling the variable. It would appear more convenient to
use the constant ¢ instead of § in (sLSI) and (sHC). We choose to normalize with 7
for historical reasons. Gross’s equivalence of the log Sobolev inequality and Nelson’s
hypercontractivity equates ¢ in (LSI) to 5 scaling the time to contraction.

Notation 1.6  For a function f on R” and r € [0,1], f, denotes the function f,(x) =

f(rx).

1.1  Main Results

In [13], we showed that (sHC) implies (sLSI) in the special case that the measure y is
compactly supported. Our first result is the converse.

Theorem 1.7  Let y be a compactly supported measure on R". Suppose that y satisfies
(SLSI) for all sufficiently smooth functions g € LSH(R"). Then u satisfies (sHC) for all
functions f € LSH(R").

Remark 1.8 We emphasize here that the domains in the equivalence consist of log-
subharmonic functions a priori defined on all of R”, not just on the support of u.
Indeed, the dilation semigroup is not well defined if this is not satisfied. In fact, it is
not hard to see that this result extends to log-subharmonic functions defined on any
star-shaped open region containing the support of .

Theorem 1.7 and its converse have non-trivial applications. For example, [13, Prop-
osition 4.2] implies that (sLSI) holds true for any compactly supported symmetric
measure on R, with constant ¢ < 2. Nevertheless, it excludes the standard players in
log Sobolev inequalities, most notably Gaussian measures. In [13, Theorem 5.8], we
proved directly that (sLSI) holds true for the standard Gaussian measure on R”, with
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best constant ¢ = 1. This was proved directly from (LSI), and relied heavily on the pre-
cise form of the Gaussian measure; a direct connection to strong hypercontractivity
(also proved for the Gaussian measure in [13, Theorem 3.2]) was not provided. That
connection, for a wide class of measures, is the present goal.

The technicalities involved in establishing the equivalence of (sLSI) and (sHC) are
challenging because of the rigidity of the class LSH. Standard cut-oft approximations
needed to use integrability arguments in the proof are unavailable for subharmonic
functions. To amend this, we use a fundamentally different approximation technique:
the dilated convolution introduced in [12,17] and developed in Section 2.1. In [12], the
authors provided a local condition on the density of ¢ under which this operation is
bounded on L?(u) (amounting to a bound on the Jacobian derivative of the trans-
lation and dilation). Here we present alternative conditions, which require little in
terms of the local behavior of the measure (they are essentially growth conditions
near infinity) and achieve the same effect.

Definition 1.9 Let p > 0 and let y be a positive measure on R” with density p. Say
that u (or p) is Euclidean exponential type p if p(x) > 0 for all x and if the following
two conditions hold:

(L1) sup sup |x|PM <oo forany a>1,s>0
X |yl<s P(x)
(1.2) sup sup plax) <oo forsome €>0.

x l<a<l+e P(x)

If p is Euclidean exponential type 0, we say it is Euclidean regular.

The terminology derives from the fact that conditions (1.1) and (1.2) insist that
the Euclidean group acts on p in a controlled manner; exponential type refers to the
growth condition involving |x|? (indeed, for p > 0 the measure must have tails that
decay faster than any polynomial to be Euclidean exponential type p). For any prob-
ability measure y with strictly positive density p, denote for a > 1and p,s > 0,

(1.3) Cl(a,s) = Ci(a,s) = sup sup |x|PM.
X |yl<s P (x)

Then the condition that y is Euclidean exponential type p is precisely that C,I: (a,s) <
oo for each a > land s > 0, and Cg(a, 0) is uniformly bounded for a close to 1. It is
clear from the definition that Cﬁ (a,s) is an increasing function of s. Moreover, if y
is Euclidean exponential type g, then it is Euclidean exponential type p for any p < q.
For convenience, we will often write C,, for Cﬁ.

Example 110  On R, the densities (1+ x*)™* for & > 5 are Euclidean regular. On
R” the densities e~“*I" with a, ¢ > 0 are Euclidean exponential type p for all p > 0.

More examples and properties that prove the Euclidean regular measures form
a rich class are given in Appendix A. In order to justify the implication (sLSI) =
(sHC) in the fully general (non-compactly-supported) case, we will insist on a further
regularity property of the density p.
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Definition 1.11 We say that y (or p) is exponentially sub-additive if for all x € R”
there exists A € R" such that for all t € R”

p(x)p(t) < e p(0)p(x +1).

Let a > 0. We say that p is a-subhomogeneous if for all ¢ > 0,
(1.4) pley) <p(n).

Example 112 Tt is easy to check that the densities e~“I*" are exponentially sub-
additive for 0 < a < 1 (then A = 0) and for a = 2 (then A = —2x). All the densities
e~°, a, ¢ > 0 are evidently a-subhomogeneous, with equality in (1.4).

The purpose of introducing these classes of measures (notably Euclidean regular-
ity) at present is its utility in proving a density theorem for an appropriate class of
Sobolev-type spaces that we now proceed to define. These spaces, denoted L% (), are
exactly the domains of functions for which the strong log Sobolev inequality makes
sense.

Definition 1.13 Let y be a measure on R”, and let p > 0. Define the Sobolev space
LP(u) to consist of those continuously differentiable (C') functions f € L?(u) for
which Ef € L?(y). It is a normed space in the norm f — | [, + [|Ef| .

Remark 114 The space Lb(yu) is generally not complete; its completion (for
smooth y) is the space of weakly differentiable functions f € L?(y) satisfying Ef €
LP(u). To be precise, Ef(x) = X7_; x;u;(x), where u; is the function (posited to

exist) satisfying
—faj(pfdx:f(pujdx

for any ¢ € C°(R"), where dx denotes Lebesgue measure. We will not have occasion
to need the completeness of this space in its norm; it will be more convenient to have
Sobolev functions that are already at least C', and so we restrict the definition thus.

Standard techniques, involving approximation by CZ° functions, show that Lg is
dense in L? for reasonable measures. However, our goals here involve approximation
of log-subharmonic functions, and the usual cut-off approximations fail to preserve
subharmonicity. An alternative approach is to use a convolution approximate iden-
tity procedure, as is readily available for Lebesgue measure. The problem is that, for
a given bump function ¢, the operation f — f * ¢ is typically unbounded on L? (y)
when p is not Lebesgue measure. Indeed, for L? of Gaussian measure, even the trans-
lation f ~ f(- + y) is unbounded if y # 0. The problem is that the convolution
can shift mass in from near infinity. One might hope to dilate this extra mass back
out near infinity, to preserve p-integrability; thus, we consider the dilated convolu-
tion f — (f * ¢),. Section 2.1 shows that this operation behaves well in L? spaces of
Euclidean regular measures; it also preserves the cone LSH.

The main technical theorem of this paper is the following smoothing procedure for
LSH functions, i.e., Sobolev density theorem, which is of its own independent interest.
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Theorem 1.15 Let p € (0, 00), and let y be a Euclidean exponential type p probability
measure on R". Then the cone C> n LSH n L? (u) is dense in the cone LSH n L? (p).
More precisely, let f € LSH N LP(u). Then there exists a sequence of functions f, €
C* nLSH n L% (p) that converges to f in LP (u).

Using Theorem 1.15, we will prove the equivalence of (sLSI) and (sHC), the first
implication in a nominally weaker form that we now explain.

Definition 1.16 Let u be a probability measure on R”, andlet 0 < p < g < oo.
Denote by LSH. () the closure of LI (¢) n LSH in LE (1) n LSH, with respect to
the Sobolev norm f — | f|, + | Ef| » of the space L (). Define the space

LSHE"(4) = U LSHE™ (u)
q9>p

with the closure being taken in L% ().

For any probability measure, there is a common dense subspace (L*°) for all the
full L9-spaces, g > 0, and so the closure of L7 in L? is all of L? for p < g; the stan-
dard proof uses cut-offs that do not respect subharmonicity, and indeed, there are
no non-constant bounded subharmonic functions. In [16], Gross showed that, under
certain conditions on a measure ¢ on a complex manifold (in terms of its Dirichlet
form operator d*d), in the presence of a full log Sobolev inequality (LSI), there is a
common dense subspace for all holomorphic L1 spaces of y. In the present context
of logarithmically-subharmonic functions, no such technology is known, and we will
content ourselves with the spaces LSH?<(p). We will consider the nature of these
spaces in a future publication. A natural conjecture is that, for sufficiently nice mea-
sures y, LSHE" () = LSHN LE (p).

This brings us to our main theorem: the equivalence of (sLSI) and (sHC) for log-
arithmically subharmonic functions. Since slightly different hypotheses on the in-
volved measures are required for the two directions of the equivalence, we state them
separately. Moreover, because of some delicate issues with the (LSI) = (sHC) im-
plication, we give two versions: one that requires the same conditions as the reverse
implication but gives a slightly weaker form of strong hypercontractivity (b), and one
that proves full strong hypercontractivity for exponentially subadditive and subho-
mogeneous measures (a).

Theorem 1.17  Let y be an O(n)-invariant probability measure on R".

(i) (a) Let p be Euclidean exponential type p for all p > 1, exponentially subadditive,
and a-subhomogeneous for some o > 0. If y satisfies the strong log Sobolev
inequality (sLSI) for all functions in LSH n L}, (u), with constant ¢ = % then
y satisfies strong hypercontractivity (sSHC): for 0 < p < g < oo and f «

LSHNLP(u), [ fellg <[ flp for0 <r< (p/q)/*.
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(b) If u is of Euclidean exponential type p for all p > 1 and (sLSI) holds for all
functions in Ugsy LSH N LE (), then y satisfies partial strong hypercontrac-
tivity on each space LSHN L9 (y), qo > 1, i.e., the inequality

| laery < Ufls q(r) =r72¢

from Proposition 1.19 holds for all functions f € LSH n L9°(u) and r €
[1/g5'*,1)
(ii) If u is Euclidean exponential type p for some p > 1, and if y satisfies (sHC) in the
above sense, then y satisfies the strong log Sobolev inequality (sLSI):

Ent,(g) g%ngdy
forall g € LSH}.

Remark 1.18 (i) The global assumption of rotational invariance in Theorem 1.17
is actually quite natural in this situation. The functional g ~ [ Egdu on the right-
hand-side of our strong log Sobolev inequality is not generally positive, since the oper-
ator E is not generally self-adjoint in L?(u); however, when  is rotationally invariant,
this functional is positive on the cone LSH, as pointed out in [13, Proposition 5.1].
(ii) In Theorem 1.17(i) we state the implication (sLSI) = (sHC) assuming the
strong log Sobolev inequality (sLSI) holds for all functions in LSH n L% (u), which
is the natural domain for which this inequality makes sense. In fact, our proof below
actually shows the implication supposing (sLSI) holds on the nominally smaller space
LSHIE<, and then the domains for (sLSI) are the same in both parts of Theorem 1.17.

We emphasize that Theorem 1.17 is intrinsic. While the two directions of the the-
orem require slightly different assumptions on the applicable measures, the implica-
tions between (sLSI) and (sHC) both stay within the cone LSH of log-subharmonic
functions. This is the main benefit of extending Janson’s strong hypercontractivity the-
orem from holomorphic functions to this larger class, and restricting the log-Sobolev
inequality to it: here, the two are precisely equivalent.

1.2 Alternative Formulation of sHC

The following equivalent characterization of strong hypercontractivity will be useful
in what follows.

Proposition 119  Fix ¢ > 0 and let q(r) denote the function q(r) = r™2/°. A mea-
sure y satisfies strong hypercontractivity (sHC) if and only if for each function f
L'(u) nLSH,

[ felgery <Iflhand [ feli <[ flw for re(0,1].

For the proof it is useful to note that the class LSH is closed under f —~ f? for any
p>0.
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Proof First, suppose (sHC) holds with constant c. The case p = g = 1yields | f,|; <
|f]l1 for 0 < r < (p/q)/* = 1. More generally, by (SHC), | f,|4 < | f[: whenever 0 <
r < (1/q)°/%; i.e., whenever q < r~%/¢ = q(r). In particular, it follows that || f, | () <
|.f]1 as claimed.

Conversely, suppose the above conditions hold true. Fix g > p > O and let f €
LP(u) nLSH. Then f? € L'(u) N LSH, and so by assumption we have | (fp),Hq(,) <

| f? |1 for 0 < r <1. Since (f?), = (f;)?, it follows immediately that Hfr”i-q(r) < Hng

Setting g = p - q(r) and solving for r, we have r = (p, q) = (p/q)°/?, and so we have
proved the equality case of (sHC). Finally, suppose that ' < r(p,q) = (p/q)¢/?; then
thereis s € (0,1] so that v’ = s - r(p, q). Dilations form a multiplicative semigroup, so
frr = (fr(p.q))s- Wehave just proved that f,(, ) € L, and hence ( fy(p,q))?isin L' (u).
Therefore, by assumption, |[( fr(p,q))?]sll < [ (fr(p.q))? 15 unwinding this yields

111G = 1)) = W Fripia))s ) = L Fripaa) sl < Do)
= frpla < If13

by the equality case, thus proving (sHC). ]

Remark 120 In fact, (sHC) implies the putatively stronger statement that r
|71l 4¢r) is non-decreasing on [0, 1]; however, the weaker form presented above is gen-
erally easier to work with.

1.3 Convolution Property

We will use the convolution operation to prove the Sobolev density theorem at the
heart of this paper, as well as Theorem 1.7. We begin by showing that this operation
preserves the cone LSH.

Lemma 1.21 Let f € LSH. Let ¢ > 0 be a CZ° test function. Then f * ¢ e LSHN C*.

Proof Since f € LSH, f > 0 and In f is subharmonic. In particular, In f is upper
semi-continuous and locally bounded above, and so the same holds for f. Thus f is
locally bounded and measurable; thus, f * ¢ defines an L}, . n C* function. We must
show that it is LSH.

Any subharmonic function is the decreasing limit of a sequence of C*® subhar-
monic functions; cf. [28, Appendix 1, Proposition 1.15]. Applying this to In f, there is
a sequence f, € LSH N C* such that f, | f. Let g, = fu + +, s0 gy, is strictly positive,
and g, | f. Since ¢ is > 0, it follows from the Monotone Convergence Theorem that
gn * ¢ | f * ¢ pointwise.

Now, (gn * ¢)(x) = [pu &n(x — w)¢(w) dw. Since translation and positive di-
lation preserve the cone LSH, the function x ~ g,(x — w)$(w) is continuous and
LSH for each w. Moreover, the function w — g,(x — w)¢(w) is continuous and
bounded. Finally, for small r, sup;,_, ., &x(t = @)$(@) < [@lloo SUP|y\ci)srss &n (D),
where s = sup{|y|:n € supp ¢}, and this is bounded uniformly in w. It follows from
[13, Lemma 2.4] that g, * ¢ is LSH. (The statement of that lemma apparently requires
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the supremum to be uniform in x as well, but this is an overstatement; as the proof of
the lemma clearly shows, only uniformity in w is required).

Thus, f*¢ is the decreasing limit of strictly positive LSH functions g, * ¢. Applying
the Monotone Convergence Theorem to integrals of In(g, * ¢) about spheres now
shows that In( f * ¢) is subharmonic, so f * ¢ € LSH as claimed. [ |

1.4 Compactly Supported Measures

This section is devoted to the proof of Theorem 1.7. It follows the now standard Gross
proof of such equivalence: differentiating hypercontractivity at the critical time yields
the log Sobolev inequality, and vice versa. The technical issues related to differentiat-
ing under the integral can be dealt with fairly easily in the case of a compactly sup-
ported measure; the remainder of this paper develops techniques for handling mea-
sures with non-compact support. The forward direction of the theorem, that (sHC)
implies (sLSI) for compactly supported measures, is [13, Theorem 5.2], so we will only
include the proof of the reverse direction here.

Proof of Theorem 1.7 By assumption, (sLSI) holds for sufficiently smooth and inte-
grable functions; here we interpret that precisely to mean Ent,(g) < £ [ Egdy for
all g € C'(R™) for which both sides are finite. Fix f € L'(4) n LSH n C'. Utilizing
Proposition 1.19, we must consider the function a(r) = | f;| 4(r)> where g(r) = r2le,
Let f(r) = a(r)1) = [ f(rx)1") u(dx) and set B (r) = f(rx)1") so that B(r) =
J Bx(r) u(dx). Then

q(r)
f(rx)

2 10 fe(r) = 4 (I f(r0) + A 9 (),

Since ¢'(r) = —2q(r), and since x - Vf(rx) = L(Ef),(x) = 2E(f)(x), we have

09 2 = =2 LT 1+ a0 )T B

Fix 0 < € < 1. As f is C', the function (of x) on the right-hand-side of (1.5) is uni-
formly bounded for r € (¢,1] and x € suppy (due to compactness). The Dominated
Convergence Theorem thus allows differentiation under the integral, and so

16) B0)= [ 2Bl ud)

Thus, since a(r) = B(r)/4(") and B(r) > 0, it follows that a is C' on (¢,1] and the
chain rule yields

a(r) 2

7) w0 = LB e

(B mp(r) + T ()]
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From (1.5) and (1.6), the quantity in brackets is
(1.8)
ff 1) g, lnffq(’)d /(_Eﬂm) 1nfﬂ(’)+1q(r)fﬁ<’)‘15f,) du
ffq(r) du- ln/ £ gy ffq(r) In £ du + q(r) < ffq(r) 'Ef, du
- Ent, (1) + 5 [ B du,

where the equality in the last term follows from the chain rule.

Since f € C', it is bounded on the compact set suppy, and so are all of its dilations
fr. Hence, both terms in (1.8) are finite, and so by the assumption of the theorem, this
term is > 0. From (1.7), we therefore have a’(r) > 0 for all r > €. Since this is true for
each € > 0, it holds true for r € (0,1]. This verifies the first inequality in Proposition
1.19. For the second, we use precisely the same argument to justify differentiating
under the integral to find

2= [ 2 u =1 [ B adx) 2 2 Enty(f) 20

by the assumption of (sLSI). This concludes the proof for f € C'.

Now, if f € L'(u) n LSH, we consider a smooth approximate identity sequence
¢k. The inequalities in Proposition 1.19 hold for f * ¢ by the first part of the proof
and Lemma 1.21. Note by simple change of variables that (f * ¢x), = f; * (r"dx)r
and that (r" ¢y ), is also an approximate identity sequence. The function f, is LSH, so
it is upper semi-continuous and consequently locally bounded. Thus, f, € L1(") and
(f * ¢1), converges to f, in L9("). This concludes the proof. [ |

2 Density Results Through LSH Functions

This section is devoted to the approximation procedures we develop for smoothing
LSH functions in L? space of Euclidean regular measures, and in particular to the
proof of Theorem 1.15. For a companion discussion of various closure properties of
the class of Euclidean regular measures (testifying to the reasonably large size of this
class), see the Appendix.

2.1 Continuity of the Dilated Convolution

One easy consequence of Definition 1.9 is that the operation f ~ f, is bounded on
L?.

Lemma 2.1 Let y be a Euclidean regular probability measure on R", let p > 0, and
let r € (0,1). Then

_ 1/p
| felzeuy <777 Cu(£,0) 7 1 f o (-
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Proof We simply change variables u = rx and use Definition 1.9:
[P utax) = [ 17l dx = [ If@)p(x/r) dx
<rCu(1,0) [ 1fw)lPp(x) dx. n

Remark 2.2 By condition (1.2) of Definition 1.9, the constant in Lemma 2.1 is uni-
formly bounded for r € (¢,1] for any € > 0; that is, there is a uniform (independent of
r) constant C, so that, for € (e, 1], || fr | 1o (u) < Cell fll Lo u)-

The next proposition shows that, under the assumptions of Definition 1.9, the di-
lated convolution operation is indeed bounded on L?. As usual, the conjugate expo-
nent p’ to p € [1, 00) is defined by % + # =1L

Proposition 2.3  Let y be a Euclidean regular probability measure on R". Let p €
[1,00), and let ¢ € C° be a test function. Then the dilated convolution operation f
(f * ¢), is bounded on LP(u) for each r € (0,1). Precisely, if K = supp ¢ and s =
sup{|w|; w € K}, then

-n s\ /P
[ % @) rllioquy <77 PCu(2,£) " VOl(K) P8l 1o iy 1f 2o (s
where C,, is the constant defined in (1.3).

Proof Denote by K the support of ¢. By definition,

1 * el = L] [ F0x=20900 ] (o) dx

We immediately estimate the internal integral using Holder’s inequality:

| [rox=-nemay| < [17x-IF dy 192,

This is finite, since the first integral is the p-th power of the L?-norm of f restricted to
the compact set rx—K. (Note that Euclidean regularity of 4 implies that y is equivalent
to Lebesgue measure on compact sets.) Hence,

@) SOl <181 [ [ U Gx = plPdyp(x) dx.

We apply Fubini’s theorem to the double integral, which is therefore equal to

@2 [ [ fx=pPeedxdy= [ [ ip@lp(“2) dudy,

where we have made the change of variables u = rx — y in the 1nternal integral. By
assumption, p is Euclidean regular, and so we have

(2.3) p(Gu+1y) <Cu(3,2)p(u), yek.
where s = sup{|w|; w € K}. Substituting (2.3) into (2.2), we see that (2.1) yields

[Cf * 8)elFaguy <77 Cu(3) VOl(K) 9] p(K)flf(u)l" (u) du.

This completes the proof. u
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Remark 2.4 The explicit constant in Proposition 2.3 appears to depend strongly
on the support set of ¢, but, in fact, it does not. Indeed, it is easy to check that the
standard rescaling of a test function, ¢°(x) = s™"$(x/s), which preserves total mass,
also preserves the ¢-dependent quantity above; to be precise, Vol(supp¢®) | ¢*||? 1 (BY)
does not vary with s. In addition, the constant C, (1/r, s/r) is well-behaved as s shrinks
(indeed, it only decreases). It is for this reason that the proposition allows us to use the
dilated convolution operation with an approximate identity sequence in what follows.

The use of Proposition 2.3 is that it allows us to approximate an L? function by
smoother L? functions, along a path through LSH functions. To prove this, we first
require the following continuity lemma.

Lemma 2.5 Let u be a Euclidean regular probability measure, and let r € (0,1).

Then for any f € LP(u), the map Tp:R" — LP(u) given by [T(y)](x) = fr(x = y) is
continuous.

Proof First note that, by the change of variables u = rx — ry,

1T Mgy = [ 1 Gx=rnlPpydx =r [ 1f )l p(Lu+ y) du,

and the latter is bounded above by r " C, (%, |y]) | f|?, (x> Showing that the range of

Ty is truly in L¥(u) for y € R". Now, fix e > 0 and let y € C.(R") be such that
If = wllzeu) <e Let (yx)z2, be a sequence in R” with limit yo. Then

1T (i) = Tr(yo)llecuwy < 1 Tr(yx) = Ty (i) leouy + 1 Ty (x) = Ty (y0) o ()
+[ Ty (yo) = Tf(yO)HLP(y)-

The first and last terms are simply T, _(yx) (with k = 0 for the last term), and so we
have just proved that

-n n I/P
I Ty-r (Yi)llouy <7 /pcﬂ(%’|yk|) I = flleecuy <7 ™2 Cu (L, 134))

Moreover, there is a constant s so that |y| < s for all k, and since C,(a,s) is an
increasing function of s, it follows that
ITs () - T <|ITy(n) - T, 27 r e, (1,5)"
(k) = Tr(yo)lequy < 1Ty (yk) = Ty (yo) ey + 27 w(Ls) e

For each x, (Ty(yx)(x) = Ty(y0)(x) = w(rx — ryx) — w(rx — ryo) converges to 0,
since ryx — ryo and v is continuous. In addition, v, is compactly supported and
continuous, so it is uniformly bounded. Since y is a probability measure, it now fol-
lows that | Ty (yx) = Ty(y0) | e (u) = 0 as yx = yo, and the lemma follows by letting
€l 0. [ |

Corollary 2.6 Let y be a Euclidean regular probability measure, and let r € (0,1).
Then for any f € LP (u), and ¢y an approximate identity sequence (¢ € C°(R") with
[ ¢x(x)dx =1and supp¢y | {0}),

Ifr * ¢k = frle(uy =0 as k- oo.

https://doi.org/10.4153/CJM-2015-015-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-015-8

1396 P. Graczyk, T. Kemp, and J.-J. Loeb

Proof Fixe > 0andlet y € C.(R") be such that | f — | s(,) < €. We estimate this
in the following (standard) manner:

Q4 | frxde—Frleoqwy S NCfr=vr) *brlrecuy + Ve * Sk =vr Lo cuy + 1Wr = frlzouy-

By Lemma 2.1 applied to f -y, we have | f, — ¥|/1s(u) < r‘”/PC#(l/r, 0)"/?¢, and
from condition (1.2) of Definition 1.9, this is a uniformly bounded constant times €
for r away from 0. Also, note that

o) = [ flx= 0o dy= [ fox-r)ge(y) dy
=r" f flrx—u) i (u/r) du;
that is to say, f, * ¢ = 7" (f * $x),» where we set ¢ = (¢x)1/r- Hence,

ICf =) * il
= ((F =) * 0kl Lo

—n - 1/p ~ ~
<r e PC, (L, 5) Vol (suppi) VP Ik o gy < 1 = WlLo )

by Proposition 2.3, where s; = sup{|w|; w € supp¢y}. Since C, (3, %) is increasing
in s, this constant is uniformly bounded as k — oco. In addition (cf Remark 2.4), the
product Vol(suppe ) /2| d| 1 (rry €an also be made constant with k (for example
by choosing ¢ (x) = k"¢ (kx) for some fixed unit mass C2° test-function ¢). The
result is that both the first and last terms in (2.4) are uniformly small as k — oco. Thus,
we need only show that y, * ¢ — v, in L?(p). The quantity in question is the p-th

root of
(2.5) f\fv/r(x—y)m(y) d}’—V/r(X)|P,u(dx):
S| Lorx =0 - @) o] (),

where we have used the fact that ¢y is a probability density; here Kj denotes the
support of ¢i. Since v, is bounded, we may make the blunt estimate that the quantity
in (2.5) is

< [ sy -w@| [ o] wiax)

yeKy
= [ sup by = ) = v ()P ().

yGKk
Since v, is continuous and Ky is compact, there is a point y; € Ky such that the
supremum is achieved at yi: sup g [¥+(x = ) =, (X)P = |y, (x = yi) =y (x)[P.
As k — oo, the support Ki of ¢ shrinks to {0}, and so yx — 0. The function
[, (x — yx) — w,(x)|? is continuous in x, and so converges to 0 pointwise as y; — 0. It
therefore follows from the dominated convergence theorem that ||y, * ¢~y [ o) =
0, completing the proof. ]

We will now use Proposition 2.3 and Corollary 2.6 to prove our main approxima-
tion theorem: that L () is dense in L? () through log-subharmonic functions.
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2.2 The Proof of Theorem 1.15

The basic idea of the proof is as follows: approximate a function f € LSHn L?(u) by
(f * ¢)r, and let ¢ run through an approximate identity sequence and r tend to 1. We
show that the dilated convolution (f * ¢), is in C> n LSH n LY (4), and that these
may be used to approximate f in the L?-sense.

Part I: (f * ¢), isin C=° nLSH N LE(u). Let ¢ € C°(R") be a non-negative test
function. Lemma 1.21 shows that f = ¢ is C* and LSH. It is elementary to verify that
the cone C*° NLSH is invariant under dilations g ~ g,; hence the dilated convolution
(f * ¢), is C* and LSH. For fixed r < 1, Proposition 2.3 shows that (f * ¢), is in
L?(u), since f € LP(u). We must now apply the differential operator E. Note that
(f * ¢),is C*, and so

E[(f * ¢)rl(x) = x- VI(f * ¢)r](x) =ffx'V¢(rx—y)f(y) dy.

Decomposing rx = (rx — y) + y, we break this up as two terms

@6) E[(f+$)1(x) = [ (rx=3)-V (rx=) [ () dy+ [ y-V(rx=1)f (y) dy.

The first term is just (f * E¢),(x), and since E¢ is also C2°(R"), Proposition 2.3
bounds the L?-norm of this term by the L?-norm of f. Hence, it suffices to show that
the second term in (2.6) defines an L? (u)-function of x. We now proceed analogously
to the proof of Proposition 2.3. Changing variables u = rx—y for fixed x in the internal
integral and then using Holder’s inequality

L] [y v e -0 ay] o) dx
= L] x5 grf(rx -y du] o) ds
SfR,,(fKW—uV’ |f(rx—u)|"du)(fK|v¢(u)|P'dy)p/plp(x)dx,

where K = supp¢. Note that [V¢| , < oo is a constant independent of f. So we must
consider the double integral, to which we apply Fubini’s theorem,

fRn(fK|Vx—u|”|f(fx—u)lpdu)p(x)dx:fK(fRn|rx—u|P|f(rx—u)|Pp(x) dx)du.

Now we change variables v = rx — u for fixed u in the internal integral, to achieve

(2.7) /I;( /ﬂ;n |V|P|f(v)|1’p( vju) r " dv) du.

Finally, we utilize the assumption that p is exponential type p, and so there is a con-
stant C(p, r, K) so that [v[Pp(***) < C(p,r,K)p(u) for u € K. Hence the integral
in (2.7) is bounded above by C(p,r, K)r "Vol(K) times the finite norm [ [f|? dy,
which demonstrates that E[(f * ¢),] is in L? (y).

Part 2: (f *¢), approximates f in L? (u). Let ¢y be an approximate identity sequence.
Note by simple change of variables that (f * ¢ ), = fr * (r"¢x),, and that (r"¢y),
is also an approximate identity sequence. Since f, € L?(u), by Lemma 2.1, it follows
from Corollary 2.6 that (f * ¢x), = f, k = oo, in LP(u). We must now show

https://doi.org/10.4153/CJM-2015-015-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-015-8

1398 P. Graczyk, T. Kemp, and J.-J. Loeb

that f, — fin L?(u) as r 1 1. For this purpose, once again fix € > 0 and choose a
y € C.(R") so that || f — y[s(4) <e. Then

(2.8) Lf = felloquy S Uf = wleequy + 1 = Wrllioquy + lwr = frllzouy-

The first term is < ¢, and changing variables the last term is

o= Sl = [ () = )Py de =7 [ Ty(w) = F()If p(afr)
<rCu(1,0) [ Iy~ £ du.

Here we have used the fact that y is Euclidean regular. Note that, by condition (1.2)
of Definition 1.9, the constant appearing here is uniformly bounded by, say, C, for r €
(3.1]. Thence, the last term in (2.8) is bounded above by C!/P¢ and is also uniformly
small. Finally, the middle term tends to 0 as r 1 1, since y, — y pointwise and the
integrand is uniformly bounded. Letting € tend to 0 completes the proof. ]

3 The Intrinsic Equivalence of (sLSI) and (sHC)

In this section, we prove Theorem 1.17, namely, if a measure y is sufficiently Euclidean
regular (satisfying the conditions of Definition 1.9), and if y is invariant under rota-
tions, then y satisfies a strong log-Sobolev inequality precisely when it satisfies strong
hypercontractivity. It will be useful to fix the following notation.

Notation 3.1 Let c > 0 be a fixed constant, let 4 be a measure on R”, and let f be a
function on R".

(i) For r € (0,1], let ¢ = q(r) denote the function g(r) = r~2/°. Note that q €
C*(0,1], is decreasing, and g(1) = 1.

(ii) Define a function a,,:(0,1] - [0, 00) by

afu(r) = | frllpaw ) = ([ f ()1 ”(dx))l/‘f(”

When the function f and measure y are clear from context, we denote as , = a.
First we deal with the implication (sHC) == (sLSI).
3.1 (sHC) = (sLSI)
We begin with the following general statement.
Lemma 3.2  Suppose y is a Euclidean regular probability measure. Let qo > 1, and let

f>0bein L% (u) nC'(R"). Let € € (0,1), and suppose there are q. > 1 and functions
hy, hy € L9 (u) such that for all r € (e,1],

(3.1) |f(rx)q(r) log f(rx)| < hi(x), |f(rx)q(r)_1Ef(rx)| <hy(x) aws.[x].
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Then for r € (e,1], the functions fq( ") are in Li<(u), and the function a« = ay,, is
differentiable on (e,1] with

(3.2)
a(r) =

2 —alr , . . )
oty e | 115 s 115 - [ £ 10g £(r) 1 u(dx)

+@[f(rx)‘i(r)_lEf(rx)y(dx) .

Remark 3.3 Note that (1/g(r))¢/? = r. Hence, if f € LSH and y satisfies the strong
hypercontractivity property of (sHC) (with p = 1) we have a(r) < |f|; = «(1) for
r € (0,1]. The conditions of Lemma 3.2 guarantee that « is differentiable; hence, we
essentially have that a’(1) > 0. Equation 83 .2) shows that o’ () is closely related to the
expression in (sLSI) for the function fr , and indeed this is our method for proving
the equivalence of the logarithmic Sobolev inequality and strong hypercontractivity
in what follows.

Proof Set B(r,x) = f(rx)1") so that a(r)4(") = [ B(r,x) u(dx). Note, B(r,x) =
fr(x)a),

First we show that if f(rx)?(") log f(rx) € L% (u), then, in fact, fq( ") is also in
L% (u), and so B(r, -) € L'(u) for all r € (¢,1). The idea is simple: the logarithm
cannot significantly improve the function f(rx)4("). Rigorously, we fix r € (¢,1], we
choose 0 < § < 1, and we define

D ={xeR":|f,(x) -1 < d}.

The logarithm log f(rx) is bounded away from 0 on D¢, while the function
1p(x) f(rx)1(") is bounded, so it is in L% (%) on D. We have

fﬂ(’) _ lDer(f) " chfﬂ('))

and there exists ¢ > 0 such that clpe f1 < |2 log f,| < hy. Thus, £ € L9 (p).

Since f € C' and strictly positive, we can check quickly that B( -, x) is as well. Using
the fact that ¢'(r) = -2 pr2el = -24(r), and that %f(rx) = 1Ef(rx), logarithmic
differentiation yields

63 2B =4[~ 2 )T log f(r) + L)1 Ef ()]
or cr r
From the hypotheses of the lemma, we therefore have
0 r
|2 per0] < T2 2() + ()]
;
for almost every x € R”, for r € (¢/,1]. As g(r)/r is uniformly bounded on (¢',1],

we see that |% B(r,x)| is uniformly bounded above by an L'(y) function. It now
follows from the Lebesgue differentiation theorem that a ()" = [ B(r,x) u(dx) is
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differentiable on a neighborhood of 1, and
d 0
= la(n] - f 2 p(r.x) u(d)
(¢4) ==24() [ 70x)"10g f(rx) w(dx)
+2q(r) [ FOx) 1O Ef () ().

Consequently a(r) is differentiable in a neighborhood of 1. Again using logarithmic
differentiation,

/ d d
a'(r) = oc(r)Elog(x(r) = oc(r)a[

q(r) loga(r)?)],

and again using the fact that ¢'(r) = —%q(r),

Gy 2
a(r)~1(n)
- (q)(r; ( Cra(r)q(r) loga(r)1" + £ [a(r)q(r)])

Combining this with (3.4), we therefore have
(3.5)

a(r)t-a()
(1) = SO Zaryoga(r) ) - Zq(r) [ 721 log f (1) ()

——a(r)” a0 4 [“(r)q(r)]

1) [ fx) O Ef(rx) () .

Simplifying (3.5) and using the definition a(r) = | f;|4(-) yields (3.2), proving the
lemma. [ |

We therefore seek conditions on a function f (and on the measure y) that guaran-
tee the hypotheses of Lemma 3.2 (specifically the existence of the Lebesgue dominat-
ing functions h; and h,). Naturally, we will work with LSH functions f. We will also
make the fairly strong assumption that y is rotationally invariant.

Notation 3.4 Let f:R" — Rbelocally-bounded. Denote by fthe spherical average
of f. That is, with 9 denoting Haar measure on the group O(n) of rotations of R",

Jey= [ fw) 9(au).

If y is rotationally invariant, then [ fdyu = [ fdy forany f e L'(u). As such, we
can immediately weaken the integrability conditions of Lemma 3.2 as follows.

Lemma 3.5 Suppose y is a Euclidean regular probability measure that is invariant
under rotations of R". Let qo > 1 and let f > 0 be in L1’ (). Denote by f,, f»:(0,1] x
R" — R the functions

(3.6) filr, x) :f(rx)q(’) log f(rx), fa(r,x) :f(rx)q(’)_lEf(rx).
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Fix € € (0,1), and suppose that there exist functions hy, hy € L'(u) such that, for
r e (1], |f](r x)| < hj(x) for almost every x, j = 1,2. (Here f](r, ) refers to the
rotational average off](r, -), as per Notation 3.4.) Then the conclusion of Lemma 3.2
stands: the function a = ay, , is differentiable on (e,1], and its derivative is given by
(3.2).

Proof Following the proof of Lemma 3.2, only a few modifications are required.
Defining (7, x) as above, a(r)1(") = [ B(r,x) u(dx); since y is rotationally invari-
ant, this is equal to | B(r,x) u(dx), where B refers to the rotational average of 8 in
the variable x. Evidently, B(r, - ) is u-integrable for sufficiently large r < 1 (since  is).
To use the Lebesgue differentiation technique, we must verify that %,E( 1, x) exists for
almost every x and is uniformly bounded by an L'(x) dominator. Note that B(r, x)
is locally-bounded in x for each r, and so for fixed x it is easy to verify that indeed

J > 0
aﬁ(f’,x) = o) gﬁ(r, ux) 9(du).

Using (3.3), we then have
9 ~
=B -
2 1
q(r) otn )(—C—f(rux)q(r) log f(rux) + ;f(rux)‘J(r)_lEf(rux)) 9(du).

That is, using (3.6), /5(r x) =q(r )[—%ﬁ(r,x) + %j‘;(r,x)]. Hence, from the as-
sumptions of this lemma,

|5 B(rx)| < q(’)[ (%) + ha(x)

and so, since q(r)/r is uniformly bounded for r € (3,1], it follows that a(r)a =
/ E( r,x) u(dx) is differentiable near 1, with the derivative given by

[ 2B u@n) a0 -2 [Frw @)+t [ o ua)]

Now using the rotational invariance of y again, these integrals are the same as the
corresponding non-rotated integrands [ f;(r,x) u(dx), yielding the same result as
(3.4). The remainder of the proof follows the proof of Lemma 3.2 identically. ]

Remark 3.6 The point of Lemma 3.5 - that it is sufficient to find uniform Lebesgue
dominators for the rotational averages of the terms in (3.1) - is actually quite pow-
erful for us. While a generic subharmonic function in dimension > 2 may not have
good global properties, a rotationally invariant subharmonic function does, as the
next proposition demonstrates. We will exploit this kind of behavior to produce the
necessary bounds to verify the conditions of Lemma 3.5 and prove the differentiability
of the norm.

Proposition 3.7 Let f:R" — R be subharmonic and locally-bounded. Then f is

also subharmonic; moreover, for fixed x € R", r — ]7( rx) is an increasing function of
€ [0,1].
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Proof Fix u € O(n). Since f is locally-bounded, subharmonicity means that

][( )f(t)dtzf(x) for every x € R",r € (0, 00).
B(x,r

Changing variables, we have

][B(x,r) flutydt = ]€~B(x,r) feyde= ][B(ux,r) f(£)dt > f(ux).

Hence, f o u is subharmonic for each u € O(#n). The local-boundedness of f means
that the function u + f(ux) is uniformly bounded in L'(O(n), 9) for x in a compact
set, and hence it follows that fis subharmonic.

Hence fis a rotationally invariant subharmonic function. Fix x € R" and r €
[0,1]. Then rx is in the ball B(0, |x|), and since f is subharmonic, the maximum
principle (cf. [14, Prop. 7.77]) asserts that f(rx) is no larger than the maximum of f
on 9B(0,|x|). But f is constantly equal to f(x) on dB(0, |x|) by rotational invariance,
and so f(rx) < f(x), proving the proposition. [ |

Proposition 3.7 makes it quite easy to provide a uniform Lebesgue dominating
function for the function f; in Lemma 3.5.

Proposition 3.8  Suppose y is a rotationally invariant probability measure on R”.
Let qo > 1, and let f > 0 be subharmonic and in L1 (u). Define fi as in (3.6):
filr,x) = f(rx)1 log f(rx). Set gi(x) = f(x)9, and set hy = g, +1; i.e., hy(x) =
1+ fo(n)f(ux)q0 9(du). Then hy € L'(u) and there is an € € (0,1) and a constant

C > 0 so that for all r € (e,1], |fi(r, x)| < Chy(x) for almost every x.

Remark 3.9 By the rotational invariance of y, [ hydu = [ Grdu+1= [ g1du+1=
[ f% du+1< oo, and so hy is a uniform L' () dominator verifying the first condition
of Lemma 3.5.

Proof Choose some small § € (0,1). First note from simple calculus that, for u > 1,
u%logu < —<. Now, choose € € (0,1) so that g(€) < qo — & then g(r) < go — 6 for
r € (¢,1]. Consequently, if f(y) > 1, we have

0<f(»)? 7 log f(y) < f(y)* °log f(y) < e%f(y)‘“-

On the other hand, for 0 < u <1, [u9(") logu| < eql(r) < % (again by simple calculus).

Thus, since f > 0, in total we have

67 O logf(] < - max{ Sf(n)©.1} < < [F() +1]

Set C = —5. With y = rx, the left-hand side of (3.7) is precisely fi(r,x). Averaging

(3.7) over O(n) and recalling that g;(y) = f(y)?, we have

fi(rx)l < Cl@(rx) +1].
Recall that if ¢ is convex and f is subharmonic, then ¢ o f is also subharmonic. Thus,
since go > 1 and f is subharmonic, g; is also subharmonic, and hence from Proposi-
tion 3.7, g1(rx) < g1(x). This proves the proposition. [ |
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We must now bound the second term f(r, - ) uniformly for r in a neighborhood
of 1. The following Lemma is useful in this regard.

Lemma 3.10 Letk bea C' non-negative subharmonic rotationally invariant function.
Then for x € R" and r € (0,1],

(3.8) Ek(rx) < r* "Ek(x).

Proof First, note that it suffices to assume k is in fact C*. Indeed, for more general
k, let ¢ be a rotationally invariant non-negative compactly-supported bump func-
tion, and replace k with k * ¢. By Lemma 1.21, this function is subharmonic and C*;
it is also rotationally invariant. If we proceed to prove (3.8) for this mollified func-
tion, we may then take an approximate identity sequence of ¢. Now, since ke Cl
9; (k  ¢) = (8]%) + ¢ for j =1,...,n, and the functions d j% are continuous and lo-
cally bounded. Hence, we may choose the approximate identity sequence so that the
derivatives converge pointwise (or even uniformly on compact sets), which shows
that both sides of (3.8) converge appropriately. Henceforth, we assume kisC™.
Since k is rotationally invariant, there is a function 4:[0, c0) — R so that k(x) =

h()x|). The Laplacian of k can then be expressed in terms of derivatives of h; the result
is

1

Ak(x) = h"(|x]) + (n-1) "

h'(Jx]).-

Hence, since k is subharmonic and smooth, it follows that for ¢ > 0,
(3.9) th"(t) + (n-1)K'(t) 2 0.
One can also check that, in this case, Ek(x) = |x|h'(|x]). Now define F(r) =

r"2Ek(rx) = r"~2r|x|W (r|x|). Then F is smooth on (0, 00) and F(1) = |x|h(|x]) =
Ek(x). We differentiate, yielding

() = ] () = el = D20 ) + e el
= |x\r"72[r|x|h"(r|x|) +(n- 1)h'(r|x|)].

Equation (3.9) with ¢ = r|x| now yields that F'(r) > 0 for r > 0. Hence, F(r) < F(1)
for r < 1. This is precisely the statement of the lemma. ]

Proposition 3.11  Let qo > 1 and let y be a rotationally invariant probability measure
onR™. Let f > 0 be subharmonic, C', and in LY’ (u). Define f, as in (3.6): f(r,x) =
F(rx)IMEf(rx). Set g3(x) = (f(x)%' + 1)|Ef(x)|, and set hy = 3. Then there
is an € € (0,1) and a constant C > 0 so that for all r € (e,1], |fo(r, x)| < Chy(x) for
almost every x; moreover, hy € L' ().

Proof Fix e € (0,1) small enough that g(r) < go for all r € (¢,1]. Define g,(r, y) =
F(»)1MEf(y), and note that f,(r, x) is given by the dilation f,(r, x) = g,(r, rx).
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Since E is a first-order differential operator, we can quickly check that

&(ry)= e )E(fq(’))(y)

We now average both sides over O(n). Set k = f1("), which is C', and let u € O(n).
Then we have the following calculus identity:

E(kou)(y) =y-V(kou)(y) = y-u'Vk(uy) = (uy) - Vk(uy) = (Ek)(uy)-
For fixed y, the function u — (Ek)(uy) is uniformly bounded and so we integrate
both sides to yield

Bk(») = [ oy ER)(uy) 9(d) = [ B(kou)(») 9(du)
:Efkou(y)fa(du):ﬁ(%)(y).

In other words, &(r, y) = (r) E(fq(') )(»). As in the proof of Proposition 3.8, the
function k = f Fa() s subharmomc and rotationally invariant. Hence, we employ
Lemma 3.10 and have
&(rrx) = Ek(rx) < P " Ek(x) = " g (r,x).
( ) ( )’

Since r*" is uniformly bounded for r € (¢,1], it now suffices to find a uniform dom-
inator for g (7, x).

We therefore make the following estimates. Since g(r) < qo, we have

Ig2(r. )] = f(x) " Ef (x)] < max{f (x) )L 1}ES (x))
< max{f(x)® 7L BEf (x)] < (f(x)7" + 1) [Ef (x)].

That is to say, |g2(r, x)| < g3(x) for r € (¢,1]. Hence,

@e0l=| [ erw) @] < [ e 9(du)
< )y 8000) ) = () = o),

thus proving the estimate.

As usual, by rotational invariance of y, [ g3dy = [ gsdy, and so to show
h, € L'(u) we need only verify that g3 € L'(u). To that end, we break up g;(x) =
f(x)% Y Ef (x)|+|Ef(x)|. By assumption, f € LI’ (y) and so |[Ef| € LT (u);as pisa
finite measure, this means that |[Ef| € L'(u) and hence the second term is integrable.
For the first term, we use Holder’s inequality:

ffq" HESldu < If* gy |Bf g = 1f 150 1ES lao-

Both terms are finite, since f € L1’ (4),and hence g3 € L' (), proving the proposition.
|

Combining Lemma 3.5 and Propositions 3.8 and 3.11, we therefore have the follow-
ing theorem.
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Theorem 3.12  Let qo > 1 and let y be a probability measure of Euclidean type qo that
is invariant under rotations of R". Suppose that y satisfies strong hypercontractivity
of (sHC) with constant ¢ > 0. Let f € LY (u) nLSH. Then the strong log-Sobolev
inequality, (sLSI), holds for f:

[ rogfau- [ sauiog [ au<s [ Efdu.

Proof Under the conditions stated above, the results of the preceding section show
that the function « = ay,, is differentiable on (¢’,1] for some €’ € (0,1). Since yu
satisfies strong hypercontractivity, Proposition 1.19 shows that the function « is non-
decreasing on (0,1]. It therefore follows that a’(r) > 0 for r € (¢/,1] (here a'(1)
denotes the left derivative). Hence, from (3.2) we have, for r € (¢/,1],

12D g 11260 = [ £(rx)1) log £ (7)) u(d)

+ @ / F(rx)TMEf(rx) u(dx) > 0.
At r = 1, this reduces precisely to (sLSI), proving the result. ]

Theorem 3.12 implies Theorem 1.17(ii). Indeed, let g € LSH} and let (f;) be a
sequence of functions converging to g in L} () and such that (sLSI) holds for each
fk. Then, by the definition of the norm of the Sobolev space L} (1), we have

[ feau~ [ fau and [ Efidu~ [ Efdp.

There exists a subsequence fis tending to f almost surely. We apply the Dominated
Convergence Theorem to the sequence [ filog fir1; s, <1y du and Fatou’s Lemma to
the sequence | fi- log fi'1{y, 51} du. The inequality (sLSI) for f follows.

We now turn to Theorem 1.17(i). We will need the following refinement of Propo-
sitions 3.8 and 3.11. The proofs are the same, paying more attention to L?-integrability,
q > 1, and to the precise value of €.

Corollary 3.13  Propositions 3.8 and 3.11 hold for any ¢ = l/q[z)/c +6 <1, withd > 0.
For any fixed € of this form, the majorizing functions hy, h, belong to L1(u) for some
q>1

3.2 (sLSl) = (sHO)

We utilize many of the results in the previous section in the same manner they were
stated; we therefore outline this direction more briefly.

First we prove Theorem 1.17(i)(b). Fix some qo > 1, and let g € LSHN LI’ (u). We
proceed as in the proof of Theorem 1.7. In order to justify differentiating under the
integral, we use Lemma 3.5 and Propositions 3.8 and 3.11 with Corollary 3.13. Using
Fatou’s Lemma, we obtain the strong hypercontractivity inequalities from Proposition
119 for g e LSHN LY (y) and r € [1/(qé/c),1].

In the next step of the proof we show that the partial strong hypercontractivity
inequalities from Proposition 1.19 hold for & € LSH n L(y) for any g > 1 and r €
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[1/(q%¢),1]. By Theorem 1.15, there exists a sequence (gx) ¢ LSHNL? () converging
to hin L9(u), so also in L'(u). By passing to a subsequence, we may suppose that g
converge to h almost surely; thus (gi ), converge to h, almost surely for any r € (0,1].
Fatou’s Lemma then implies that || i, |[4(,y < |[h]1. It s in this step of the proof that the
hypothesis of p-Euclidean exponential type of u for every p > 1 is essential. Thence,
we obtain Theorem 1.17(i)(b).

In order to prove Theorem 1.17(i)(a), we first prove the following property of ex-
ponentially sub-additive and «a-subhomogeneous measures y:

(3.10) fel'(w)nLSH = 1 e L' (), q(r)=r=+.

The property of exponential sub-additivity of 4 allows us to show that if f € L'(u) n
LSH, then the function p(x) f(x) is bounded by a multiple of | f|;. (We profit from
the fact that the product e~{4"/(**1) js LSH, so also subharmonic. We use the fact
that g(0) < [ gdu for any subharmonic function). Next, it is easy to show that the
a-subhomogeneity of y together with the boundedness of pf implies that f

Li(p).
Now, as in the proof of (i)(a), we suppose that g € LSHN LY (y) for some g > 1.

We obtain partial (sHC) inequalities for r € [qo ,1], but property (3.10) allows us to
iterate the proof procedure and to get partial (sHC) inequalities for r € [(g3)~%/¢,1].
By induction, the (sHC) inequalities hold on any segment [(g3" )~%/,1], so on (0,1].

Finally, we eliminate the Ly hypothesis precisely as in the proof of (i)(a): consider
f e L'(4)NLSH. Let & < 1. Then f* € L« () nLSH. By the previous step, the inequal-
ities from Proposition 1.19 hold for f*. Nowlet & ~ 1. By the Monotone Convergence
Theorem applied on the domain {f > 1} and the Dominated Convergence Theorem
applied on the domain { f < 1} we get the same inequalities for f. This completes the
proof of Theorem 1.17(i).

Appendix A Properties of Euclidean Regular Measures

In this brief appendix, we show several closure properties of the class of Euclidean reg-
ular measures (of any given exponential type p € [0, 00)): it is closed under bounded
perturbations, convex combinations, product, and convolution. Throughout, we use
pi (i =1,2) to stand for such measures, and p; to stand for their densities.

Proposition A.1  Let y; and y, be positive measures on R”, and suppose p; is Eu-
clidean exponential type p € [0, 00). If there are constants C, D > 0 such that Cy; <
Yz < Dy, then y, is also Euclidean exponential type p.

Proof The assumption is that Cp; < p, < Dp;. Let € > 0 be such that

sup Cgl(a,O) < 00

l<a<l+e

Then for any such 4,

IA

pr(ax) _Dpi(ax) D,
() < o) < cn(®0)
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for all x; thus C), (a,0) < %Cgl(a, 0),and so sup,_, . Cy,(a,0) < co. Similarly, for
x,yeR"anda>1,

(ax +y) Dpi(ax+y) D
P B2 < P00 < 2 ()
p2(x) Cpi(x) C
and so Ch,(a,s) < 2C7 (a,s) < oo. [ |

Proposition A.2  Let yy and p, be Euclidean regular measures of exponential type
pe[0,00). Foranyt €[0,1], u = (1- t) 1 + ty, is Euclidean exponential type p.

Proof Lete > 0 be such that sup, ., Cp.(a,0) < oo for i = 1,2. Let p be the
density of y. Then for any x € R”",

plax) = (1- Dpr(ax) + tpa(ax) < (1- )Y (a,0)py (x) + £C2, (4, 0)pa(x)
< maX{Cgl(a, 0), ng (a,0)}p(x)
Zl:fesqc; i(;‘g ((1 'a,s?n)l;a?ll;xfi rC‘%’( }(}1,6 Oﬂi)ni% ((1 aa, (l)l}’ is uniformly bounded for 1 < a < 1 +¢,
[x[Pp(ax +y) < (1= 6)|x|Ppr(ax + y) + tlx|"p2(ax + y)
< (1-1)Cp (a,ly)pr(x) + £C, (a |y pa(x)
< max{C}, (a,[y1), C}, (a,[y]) }p(x)

which shows that C5 (a,s) < max{C? (a,s),C?,(a,s)} <ocofora>lands>0.

Proposition A.3  Let p € [0, o), let y; be a Euclidean exponential type p measure on
R™, and let Let u, be a Euclidean exponential type p measure on R"2. Then the product
measure iy ® py is Euclidean exponential type p on R™*"2,

Proof Fori=1,2letp; bethe density of y;; then y; ® y, has density p; ® p,(x1, x2) =
p1(x1)p2(x2). Fix e > 0 so that sup,_,_,,, Ch,(0,a) < oo for i = 1,2. Then, letting

x = (x1,%2),
p1® pa(ax) = pi(axi)pa(ax;) < Cp (a,0) pi(x1) - Cp,(a,0) pa(x2)
and so C21®p2(a,0) < Cgl(a,O) . ng(a,O), meaning sup;_, ;.. C21®p2(a,0) < oo,

Similarly, for fixed x,y e R"*" and a > 1,
P p1® pa(ax +y) = (bal + [x2])? pr(axs + y1)pa(axa + y2).
By elementary calculus, (|x;| + |[x2])? < 2271(|x1]? + |x2|?), and so we have
[xIp1 @ pa(ax +y) <277 il pr(ax1 + 1) - palaxy + y2)
+ 207 pi(axy + 1) - x| pa(axa + p2).

For the first term, we have |x1|? p;(ax,+y1) < C5, (a, |y1])p1(x1), while pa (ax, + ) <
Cp,(a,]y2l); for the second term, we have p;(ax; + y1) < C (a,[3])p1(x1), while
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x2|Pp2(axa + y2) < CB,(a,|ya). If [y| < s, then [y;] < s for i = 1,2. All together, this
shows that

C;I:1®pz(a’ s) <2P7[ P (a, s)ng (a,s) + Cgl (a,5)Ch,(a,s)],
which is finite, since both p;, p, are Euclidean exponential type p (and hence also

Euclidean regular). This proves the proposition. ]

Proposition A.4  Let yy and y, be positive measures on R", each of Euclidean expo-
nential type p € [0, 00). Then yy * p; is Euclidean exponential type p.

Proof Let p; be the density of y;. By assumption, for i = 1,2 C}!(a,s) < cofora > 1
and s > 0, and there is € > 0 such that sup, _, . Cp,(a,0) < oo (¢f (1.3)). Then for
a>land x ¢ R”,

p1* pa(ax) = / pi(ax —u)pz(u)du =a" f pi(ax —av)py(av)dv.

By definition, p;(a(x—v)) < Cgl (a,0)p1(x —v) and py(av) < ng (a,0)p2(v) forall
x, v. Thus,

pr % pa(ax) < a"CY, (,0) - C, (a,0) f p1(x = v)pa(v) dv
= a”cg‘(a,o) . ng(a,O)pl * pa(x).
It follows that Cj . ,,(a,0) < a"C} (a,0) - Cy (a,0), and hence
0 0 0
(A1) sup C,.p,(a,0) < (1+€)" sup C,(a,0)- sup C, (a,0)<oo,

1<a<l+e l<a<l+e l<a<l+e
as required. Similarly, for x, y e R” and a > 1,
e pr+ palax ) = <P [ pu(ax + y~w)pa(u) du
=" [ sl pi(ax =) + )pa(av) dv.
Note (by elementary calculus) that |x|? < 227 (|x — v|? + |v|P), and so
<t i+ pa(ax + y) <227 a" [ [z = vlPpu(a(x = v) + y)pa(av) dv
+ [ pi(a(x —v)+ y)|v|Pp(av) dv] .

In the first term, we have [x —v[Pp; (a(x —v) + y) < CP (a,[y|)pi(x —v) and p5(av) <
ng(a,O), and so

f e = vlPpi(a(x = v) + y)pa(av) dv < Cp (a, y]) - Cp, (4, 0) p1 * pa(x).

In the second term, we have p;(a(x - v) +y) < C) (a,[y|)p1(x = v) and [v[Pp(av) <
Cﬁz(a, 0), and so

[ prate =) itplav)dv < CO,(au 3l) - 0) % ().
All together, for any s > |y|, this gives

(A.2) Chap,(a,s) <2°7'a"[ CP (a,s) - ng(a,O) + Cgl(a,s) - Ch,(a,0)]
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which is finite, since both p; and p, are Euclidean exponential type p (and thus also
Euclidean regular). Equations (A.1) and (A.2) prove the proposition. [ |
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