On Absolute Summability for any Positive Order
By C. E. Wixx (Egyptian University).
(Received 24th May, 1932. Read 4th June, 1932.)

§1. Absolute summability according to Cesaro’s method has
been defined by Fekete! for positive integral orders, as follows:—

Denoting the rth partial sum of a series X u, by S and its rth
mean, namely? S;/4;, by s, we can regard s, as the sum of the
series

Zu,=2(s, —s,_1) (s2,=0).

v=0 v=0
Thus the convergence of X u’ is equivalent to summability (C, 7).
If now this series is absolutely convergent, we say that X u, is absolutely
summable (C, r), or summable |C, 7|.

The above definition can be adapted without change for non-
integral orders; it is the object of the present paper to extend to all
positive orders the consistency and product results given by Fekete.
As a preliminary investigation bearing on the question appears an
analogue of Toeplitz’s theorem for sequences of bounded variation,
the sufficiency only, and not the necessity, being taken into con-
sideration.

§2. If s, is a sequence of bounded variation, i.e. for which
Uy =2 (8 — 8y-1)

s absolutely convergent, then

n
t,=2a,,s, (@n,,= 0, ¢f v>n)
0

18 also of bounded variation, provided that the double sum
(1) S g, — | <K
SvEngN

for all values of N.

1 Math. és Term. Ert. (1911), pp. 719-726.

2 47 stands for ("’ ;: r).
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For we have

”
Upe=ly — by == Z‘:)(a,n,,, — ) U+ U+ oo+ w)
n n
= z ui z (an,l’ - an—l,v);
i=0 v=ti
and
N N n . n
Do | =2 Zju Z|an, — @G-y,
a=0 n=0 i=0 v=i
N
=Z}u,] X ’a'n.v_an-l,vl
i=0 iSvSnsEN
»
<KX lui I .
i=0
A simple case presents itself, when
n
2 (an,, — Ap-1,,) =0 (0=1=m).
v=1 .
For then
n n
.| £ 2] ui| Z (@0, — Au-r,,)
i=0 v=ri
n
= (an,y - an-l,v) [
r=0
where o, = X |u;|. It follows that
i=0
N N
2 |v.| < Zay,, o,
n=0 =0

Consequently, if the ordinary Toeplitz conditions hold, we can
deduce, without assuming (1), that X v, converges absolutely.
§3. We next prove two lemmas.
Lemma I '
L Y arar

pt+q+1
Az 2

does not increase as n increases (p >—1, ¢ >—1, p4+qg>—1; 1,5,=0).

We have
AP A’l AP AQ
0<a = —puw £ e = A
A‘nT An—l
according as
14 é P +1 .= v, Say
= Pp+g+1
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Hence, for 0 < v =1y,
G,o+(11+ e +a,,<ﬁo+ﬁl+ ....+B,,;

and for v, < v < n; noting that

% a, = En':ﬁl':l’
v=0 v=0
we get
ata+ ... +ta,=1—(t41+ a4+ .... +a,)
<l—@Bua+Bst+.... +B.)
=B +hP+..-. +8.
Therefore
1 i~1 oo
ArFart EOA‘V 4;..

decreases, as » increases (¢ > 0). And in the same way

1
Ar+q+l

Z At A% _,
decreases, as n increases (j > 0). Our result thus follows, since!

1 n-j 1 n i-1 n

»=0 r=0 y=n—j~1
Lemma II.
k—l
A]L;}-l
18 finite for all =0, k=0, 1> 0.

When k=0, the sum reduces to unity. Otherwise we have

%

7
T A*'= A}, and as 7 becomes great,

v=0 .
r=~ v
1—1'1(,',+1) (7'> 1)’
so that
o gE-1 J w  4k-1
¥ =(Z z i
v=0 Affyl (v=0 +v=J+1) Aj__:::

A* = v \&-1! 1 1
— Z = 0 _ >
i A +0v=J+‘<j + V> (F+v)H! (.7" >

1 If i or j is zero, we omit the corresponding sum.
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which yields the required result. We conclude with our two
theorems.

§4. TareoreMm 1. If Zwu, is summable |C, k|, then it is also
summable |C, k+1|, (=0, [>0).
We have

and from Lemma I, with j = 0, it appears that!
2.(an,v - an—],v) z 0.

Consequently, in view of our earlier remarks, the series X u**' con-
verges absolutely.

Taeorem IL. If Tu, is summable |C, k| and Zv, is summable
[C, 1|, then the product series

Sw, =2 (Wt + V1t - F U V)

is summable |C, k+1{, (=0, 1= 0).

When k and [ are both zero, this reduces to the well-known theorem
on the multiplication of two absolutely convergent series. We may
suppose then that /> 0. Denoting the partial sums of order r for
Zu, and Zv, by S, and 77, respectively, we have, when |z]| <1,

@€ o0 el @0
(1—a2) Xy, Zv,a"=(1—2)*SDu2". (1 —2)"""! Ty, 2"
n=0 n=0 n=0 n=0
S Qk-1 S
— - n n
=3 8k-1gn, X T om,
n=0 n=0

Hence the partial sum of order & -- [ for the product series is
Pi= 3 (85— 85 )T,
v=0

(Af ]: - Af-l Sf-l) A:L—v t:l—v

n
v=0

1@yu-1,n vanishes, if we take 47, =0( =0, —1, —2...). This follows, if we

T . r L —
suppose A, _, = 4} - true for n = 0.
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and
Wl — Pt Pt
T T
“ ALt A A
= X (4tsf — ALy 8_1) (W:“ - AR
v=0 n -
" AL A A
L -y -v- v 1
Z (AL 1 s + 4L 1ut ){<A:+l h _AZT-H"> + 2L+L vﬂ—v}
V= n n -
” At Al X n-1 Al
- - v l k-1 ok -r—1
= ZOA’L’: 1 85 <ﬁ:l - ;k"‘ll > t’ﬂ-V + EOAV Sv Zk-{-ll ’Uf‘_v
v= Ltn - v= -
A[ Al 1 n-1 Al
n-v v ! I3 k n-v—1 1
+ Ear <Ak+l — > o b T AL Tt ol
v=1 - v= n-
=%+, +%+ %, sayl
Now z
s [ As, 4 \
2 — Z AL_1 E u 2 'Ul . ‘n—Av—l
! v=0 =0 \Ak+‘ A:TH )
5 . l{n—] AI:—I Ait— -é 1 Alc lA’fL . 1}
= ui v, —_— —_— [
ogitisn . Lo=g AR y=i Ak,

But the expression in brackets is = 0 by Lemma I. Hence

—]AklAl 71AL1A£
|Z]=s = IukHvll{ —Am— — X —W—l}
0=itjsn v=1 v=i n-1
N Ak 1 1
TISIS 3 w5 2 Ak
n=1 0SitjSN v=i  AEF
< 3 |dk|[o< S u §| v|=0(1).
0SitS N i=0  j=0

Next, using Lemma II, we get, when s is the upper bound of Is,|,

1 n-
155 E L Tarar, g

n=1 v=0

_N
=s Z[v|O0(1)=0().
J=1

In ¥; we notice that, for k£ > 0,
A, An | |4EL k44l 457,

— -y
F¥l ki ) v | < K %+l
Ak Ak A" n Ak 4k+

11t should be observed that 3, and 3, do not occur when % = 0.
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and, for k = 0, the expression is equal to

-1 1 1-1
VA‘)l—v <K, ‘4'1/—1 ‘A’ll—v
n 4, A

N
Z; can therefore be treated like X, so that X | Z; | = 0 (1).

n=1

Finally

N
Combining results we see that = |wk*+!| is finite for all N, i.e. that
=1

the product series is summable |C, k 4 1].
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