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Approximations to the Length of an Arc.

By Professor D. M. Y. SOMMERVILLE..

(Received 19th May 1919. Read ISth June 1919.)

§ 1. Dr E. M. Horshurgh* has given the approximate expression
for the length of an arc of the catenary :

where C is the length of the chord and T the sum of the tangents
at its extremities, analogous to Huygens' approximation to the
length of a circular arc :

where C" is the sum of the chords of the two halves of the arc.
These approximations are not confined to these particular curves,
but hold, within wider or narrower limits, for any continuous
curve. In fact, if s is regarded as a small quantity of the first
order, as are also C, C and T, the difference between s and either
of the quantities ^(2C+T) and ^(4C"-C) is a small quantity of
the fifth order. Other expressions of a similar form can be found
involving the chords and tangents of the half-arcs.

*Proc. Edinburgh Math. Soc, XXXVI. (1918), 94-95.
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§ 2. Consider any curve and a point 0 upon it. Taking 0 as
origin and the tangent at 0 as axis of x, the equation of the curve
in the neighbourhood of 0 can be written

We shall assume that Oo 4= 0, as otherwise the curve would have a
point of inflexion at 0.

To find 8, we have
ds = (l+p*)idx,

where p = dy/dx = 2a0x + 3alx
2 + 4a2x3 + ... ,

whence (1 +p")l = 1 + 2a% x2 + 6a,,aax
3 + ( 8 a 0 ^ + fa? - 2aJ)a:4+ ... .

Therefore s = x + %a\x* + |a0Ojx* + (fa,a» + T%a? - |aj)x5 + . . . .
Again C2 = ar8 + y2,

whence C — x + %a%x3 + a0a1x
i + (a0a2 + \a\ - |<»J)a3' + ... .

Also the sum of the tangents 0T+ TP is

We have thus the approximations :

« => T- \ oS a;3 - at a^ ai1 - $ (7o0 a2 + Za\ - 3a*) x°,

so that both C and T are second-order approximations to s.
Also we have, eliminating x3,

so that £ (2C + T) is a fourth-order approximation to s.

§ 3. Now divide the arc OP at Q so that the abseissa of Q is
rx, r < l , and let the sum of the chords 0Q + QP = C. Then we
find that

and 8^±C+ 1(1
so that, for all values of r, C" is a second-order approximation to
8. A higher approximation, involving C and C", analogous to that
of Huygens, is then found by eliminating x*:

3r(l - r)sr± C - (1 - 3r + 3r>) C + $r (1 -r) (1 -2r) ata^.
The resulting expression is therefore only a third-order approxi-

mation for a general value of r, unless a! = 0. The latter condition
holds if the curve is symmetrical about the normal, which, except
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for the circle (Huygens' case) can only happen at special points
on the curve. If, however, r = £, we obtain, for any point on the
curve, again a fourth-order approximation. In this case

and s=>
If r - 1 is of the same order of smallness as x, the expression
^ (4C - C) is still a fourth-order approximation.

§4. Lastly, we shall take the sum of the tangents
T = OS + BS+SP. The only difficulty is to find the sum QS + SP,
for which we obtain the expression

where {x1 y±), (x2 y2) are the coordinates of P, Q, and pj, JB2 are
the values of p at these points. Then we find

Hence

so that T' is also a second-order approximation.
In terms of the four second-order approximations, C, T, C, T',

s is represented thus

C + $ ata?(at + 3alx) + (iatat+ f a\- ft a}) x*,
C" + A-«. «• K + 3a, x) + (Ha, a, + 1 | aj

a?-

§ 5. By combining these in pairs we obtain the following six
fourth-order approximations:

i (4C"-C) + A

J (2(7'+ 2") - ^ ( ^ o , - oj-io{)«i»,
i (42"-7) + ^ ( 0 , 0 , - 6 0 ? + oS)^.
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§ 6. From the second and fifth we can eliminate Xs, and obtain
a still higher approximation. I t turns out that x6 also goes, and
we have the sixth-order approximation :

sr>TV(32C" + 162" -2C-T)
- T (?nr "o a* + W «i «s - sV al ~ Tt «o «s " inr «o «? + w ae) *'•

Expansions of s, C, C', T, T' up to x1 :—

a? - | oj) x5

- 2oJ a,) â 1

C = x + $ al a;8 + a0 ax x
4 + (a0 a3 + \ al - £ aj) a5 + (a0a3 + ô  Ou

+ (a0 a4

x + al xs + $ «o Oj x4 + (3a0 a2 + 1 a? - oj) xf

+ (^a0o, + ^

+ (4a0 o4 + 4a

( I T «o «s + I f «i «2 - TI f « «2 - TT «o
2 4 1 . 3 . 1 6 S 9 / I 2 / , 8 i 3 31 6 S 9 / I 2 / , 8 i 3 3 _« \

(fH a. «. + Iff «i«. -
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