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Approximations to the Length of an Arec.
By Professor D. M. Y. SoMMERVILLE..

(RBeceived 19th May 1919. Read 13th June 1919.)

§1. Dr E. M. Horsburgh* has given the approximate expression

for the length of an arc of the catenary :

s> 3 2C+ 1,
where C is the length of the chord and 7' the sum of the tangents
at its extremities, analogous to Huygens’ approximation to the
length of a circular arc:

s=21(4C' -0),
where (" is the sum of the chords of the two halves of the arec.
These approximations are not confined to these particular curves,
but hold, within wider or narrower limits, for any continuous
curve. In fact, if s is regarded as a small quantity of the first
order, as are also C, C' and 7, the difference between s and either
of the quantities }(2C + T) and } (4C" - C) is a small quantity of
the fifth order. Other expressions of a similar form can be found
involving the chords and tangents of the half-arcs.

* Proc. Edinburgh Math. Soc., XXXVI. (1918), 94-95.
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§2. Consider any curve and a point O upon it. Taking O as
origin and the tangent at O as axis of x, the equation of the curve
in the neighbourhood of O can be written

Yy=ayP+att+a,at+ ...
We shall assume that a,+0, as otherwise the curve would have a
point of inflexion at O.

To find 3, we have
ds=(1 + p*)t dx,

where p=dy/dx=2ag+3a,2* +4a,2°+ ...,
whence (1+p*)} =1+ 2a} o+ 6aya,2° + (Baga, + 365 — 2ad)x* + ... .
Therefore s=x+ Zada® + Saga, 2* + (8050, + %5l — Zad)a®+ ...

Again C*=x*+97,
whence C=wx+4}a}a®+a,a, 2"+ (a0, +3a} - Ladla’ + ...

Also the sum of the tangents 0T+ TP is

T=z+(NT+p* - l)y/p
=x+aie’+ e, a0 + (3agas+ 3al —ad)x® + ... .
‘We have thus the approximations :
82 C +} aj 2 + $ag a, 2* + } (34, a; + 20} - LLaf) o,
s2T-Lala*—a,a,2 -1 (Ta,a,+ 3a? - 8a}) o,
so that both C and T are second-order approximations to s.
Also we have, eliminating 2?,
38=22C + T - 4 (a,a, — af - 1a) o5,
so that } (2C + T') is & fourth-order approximation to s.

§3. Now divide the arc OP at @ so that the abseissa of @ is
re, r<1, and let the sum of the chords 0Q+ QP =C’. Then we
find that

C=x+i(l+r-rHaj*+(1+r-rHa,az*+ ...,
and s2C +3(1-3r+3%ala*+3(1-2r+2rf) gya '+ ...,
s0 that, for all values of r, (' is a second-order approximation to
s. A higher approximation, involving C and (", analogous to that
of Huygens, is then found by eliminating «*:

3r(1-r)se2C"-(1-3r+3r)C+3r (1 -r) (1 -2r) gy a, 2"

The resulting expression is therefore only a third-order approxi-
mation for a general value of r, unless a,=0. The latter condition
holds if the curve is symmetrical about the normal, which, except

https://doi.org/10.1017/50013091500035434 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035434

78

for the circle (Huygens’ case) can only happen at special points

on the curve. If, however, =1}, we obtain, for any point on the

curve, again a fourth-order approximation. In this case
C=x+iaj+3taa,2*+ (33 a,a, + 35 al - YAk ad) 2" + ...,
8720+ B a3 + 4y 0y 24 (3 oo + il - 0 ) 2,

and s=2 1 (40" - C) + (g @0 3 + 75 @ — 155 a8) 2°.

If r — } is of the same order of smallness as z, the expression

1(4€" - C) is still a fourth-order approximation.

§4. Lastly, we shall take the sum of the tangents
T =OR+ RS+ 8P. The only difficulty is to find the sum QS+ SP,
for which we obtain the expression
{9 (NT+ P V1 +2) + (@) (2 V1 + 5% - oo YT+ D)} (22mp)),
where (¢, y,), (%:y,) are the coordinates of P, @, and p,, p, are
the values of p at these points. Then we find
T'=x+iaqgt+iaac+3taa+id-Fad)a+....
Hence
a2l -t ade’ % aya, o - (3L agas+ 50l — i ad) o8,
so that 7' is also a second-order approximation.
In terms of the four second-order approximations, C, 7, C', T",
¢ is represented thus
C + g 0@ (a+3a,2)+(faat+ § ai- {Fa))a"
C' + 31 a0 @ (a0 + 30, %) + (1300 8, + 3§ 0 — 15 af) 27,
T - $aya® (@+3a,2) - (T ayay+ 3 a}— $ af) 2,
T" — i 0 @ (3 + 80, @) — (35000 + 75 01~ 35 a7) 2"

§5. By combining these in pairs we obtain the following six
fourth-order approximations :

140" -C) + & (say+3ai-Taf),
}(E2C+T) - & (@e- d-}a)a
FO42T) - & (matid-fad e,
FBCHT) - Jy (san-fai+iala,
FQO+T) - dy(aa- d-}a)a,
LT -T) + & (aa- 6al+ af)a’
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§6. From the second and fifth we can eliminate «°, and obtain
a still higher approximation. It turns out that x® also goes, and
we have the sixth-order approximation :
8 =2 (320'+167' -2C-T)
=3 (%5 80 @ + g & 85 — Fg 07 - 5 A} 3, — 5 95 41 + g ag) 2.

Eaxpansions of 8, C, C', T, T' up to ' :—
s=x+ial®+3a 0,8+ (Faya,+%al-2ad) o’
+(§ Gy s+ 20, @, — 20} ay) 2*
+ (Y9 0+ 35 0, 0+ § 0l — 32 ala, - 5T alal + $ af) .
C=x+%aﬁm’+a0a1x‘+(aoa2+%a12—-%—a3):c5+(a°a3+a,la2—%aﬁaﬁx‘
+(agt,+aas+hal-taja,—Salai+{5al)o .
C'=x+faix*+ 2 aga, o+ (3Faya,+ §5af — Al ad) @
+(§Ft% o+ 33 @03 - FE ajay) 2t
+(%{'aoal'*"laglgaxas‘*'{%%“;‘%%%“8“2“3‘%%“3“3 + 285 ag) =7
T =x+ajz*+ 5§ aya, 2* + (3a,a, + § a® — af) 2°
+(Faas+ 3 a0y - AL ad a,) xf
+ (4a, a, + 4a, ay + 205 — Tad a, — 48 af a? + 2af) 27
T'=z+3aj’+La,aat+(3La,a,+3%ad - & al) 2°
+ (8% agas + §5 a, 0, - 4§ a} a)) 2°
+ (32 aya+3a, a5+ 32 a3 - AL afa, - 3550 af 4} + 35 af) 27,
QS+ SP=jr+§ale+ $h00m, o + (38 ooy + 3 - 3] al) @
+(ifE wast+ 333 ma - {5 afay) 2°
+ (i oy 3 o+ 350 o~ 458 b — 4P b + 38 o)
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