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THE FEYNMAN INTEGRAL OF QUADRATIC POTENTIALS
DEPENDING ON n TIME VARIABLES

CHULL PARK AND DAVID SKOUG!

§1. Introduction

Let C,[0, Tl denote (one-parameter) Wiener space; that is the space
of continuous functions x on [0, 7] such that x(0) = 0. In a recent ex-
pository essay [21], Nelson calls attention to some functions on Wiener
space which were discussed in the book of Feynman and Hibbs [13, section
3-10] and in Feynman’s original paper [12, section 13]. These functions
have the form

(1.1) G(x) = exp {j:j: W(s,, 523 %(s), x(sz))ds,dsg} .

Feynman obtained such functions by integrating out the oscillator coordi-
nates in a system involving a harmonic oscillator interacting with a
particle moving in a potential. Further functions like (1.1) but involving
multiple integrals of more dimensions than two arise when more particles
are involved; the study of such functions is the topic of this paper. In
particular we consider the case where the function W: [0, T]* X R* — C
is quadratic in the space variables.

In [8], Chang, Johnson and Skoug consider functions on Wiener
space of the form

1D F@) = exp [ [" (A, s)x(s), x(60), (060, (o)) ds)

where {A(s;, s;) = (a;,(sy, 82)): (8y, 82) € [0, T} is a commutative family of 2
by 2 real, symmetric, nonnegative definite matrices with their eigenvalues
pi(s, s)) and p.s,, s,) having square roots which are of bounded variation
on the rectangle [0, T]*. They showed that such functions F are in the
Banach algebra S of functions ion Wiener space which was introduced by
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Cameron and Storvick [6]. In particular the functions F are analytic
Feyman integrable.

In section 3 of this paper we extend these results to functions of the
form

®  F@=exp{—[ - Ay s)wl6), o, x5,
(x(5), -+, x())ds, - - ds .

Perhaps more importantly we are able to substantially relax the require-
ments on the eigenvalues p,(s,, ---, s,). In this paper we simply require
that the eigenvalues p,(sy, - - -, s,) be in L([0, T]") rather than requiring
that their square roots be of bounded variation on [0, T']*, a rather difficult
condition to verify for n > 1. In particular this permits us to considerably
simplify the hypothesis of several theorems and corollaries.

In section 4 we extend the results of section 3 to y-dimensional Wiener
space C:[0, T] = C[0, T] X --- X C,[0, T] (v times). The formulations in
[6] and [19] are v-dimensional with n = 1 (one time parameter) while in
[8], v is 1 with n = 2. In this section we let both n and v be arbitrary
positive integers. In [8] the matrices A(s,, s,) are 2 by 2 and involve two
time parameters. In [19] the matrices A(s) are v by v and involve one
time parameter. In this section the matrices A(s,, - - -, s,) are of dimension
nv by nv and involve n time parameters. Of course, it is much more dif-
ficult to increase the number of time parameters than to handle more
position dimensions.

We establish several corollaries which show that the Banach algebra
S contains a broad class of functions involving multiple integrals of
potentials depending on n time parameters. We also show that these
functions are in Albeverio and Hgegh-Krohn’s space F#(H) of Fresnel
integrable functions [1-3].

It is interesting to note that while the statements of our results
involve only the one-parameter Wiener process, the proofs heavily involve
the n-parameter Wiener process in a most natural way. In particular we
use a stochastic integration formula, see equation (2.9) below, involving
a mix of one-parameter Wiener space and n-parameter Wiener space.

For some related work other than [8] and [19], see a recent paper by
Elworthy and Truman [11], as well as a 1973 paper by Cameron and
Storvick [5].
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§ 2. Preliminaries

Let n be a positive integer and let @ = [0, T']". Let C, = C.(®)
denote n-parameter Wiener space; that is the space of continuous functions
f on @ such that f(0, s, ---,8,) = f(8,0,8;, -+, 8,) = -+ = f(8y, -+, Sy_1,0)
=0 for all (s;, --+,8,)in Q. We let m, denote Wiener measure on C,(Q)
and we denote the Wiener integral of a measurable function F: C,(Q)—
C by

[ Fdmp).
Cn(@)

Next we give the definition of the Paley-Wiener-Zygmund (P.W.Z.)
integral for functions of n variables. Let {¢,} be a complete orthonormal
(CON) set of functions of bounded variation in the sense of Hardy-Krause

[4] on @ = [0, T']*. For g in Ly(Q), let

(2'1) gm(sb R sn) = ]Z;i(g, ¢j)¢j(sli ) sn) .
The P.W.Z. integral is defined by the formula

2.2) f G e 8 f(sy ooy = lim [ gu(s -y 8)df(s, )

Mm— o0

for all f in C,(Q) for which the limit exists. (In the case n = 1, we denote
the P.W.Z. integral by j‘Tg(s)&x(s).)

We need the concep;,: of scale-invariant measurability [17, 7] in order
to state various properties of the P.W.Z. integral. A subset A of C.(Q)
is said to be scale-invariant measurable provided pA is Wiener measurable
for every p >0, and a scale-invariant measurable set N is said to be scale-
invariant null provided m,(oN) =0 for every p>0. A property that
holds except on a scale-invariant null set is said to hold scale-invariant
almost everywhere (s-a.e.)

Next we state some useful facts about the P.W.Z. integral.

(2.3) For each g in L,(Q), the P.W.Z. integral f gd.f exists for s-a.e. f
Q

(2.4) The P.W.Z. integral J gd,f is essentially independent of the CON
Q
set {¢,}.
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(2.5) If g is of bounded variation on @, then the P.W.Z. integral I gd.f is
Q

s-a.e. equal to the Riemann Stieltjes integral I gdf.
Q

(2.6) The P.W.Z. integral has the usual linearity properties.

(2.7 The map sending g in Ly(@) to the function F, on C,(Q) given by
F.(f) = f gd.f is an isometric isomorphism of Ly(Q) into L,(C(Q), m.,).
Q

Moreover, [ expi nginf}dmm — exp{—4llgl}-

(2.8) The sequence {I gmdf}, g, given by (2.1) above, considered as a
Q

function of f, converges in L,(C,(Q), m,) mean to I gd.f.
Q

Finally we give a stochastic integration formula involving a mix of
one-parameter Wiener space and n-parameter Wiener space that follows
quite easily from a Fubini Theorem for multi-parameter P.W.Z. integrals
that we recently established. This formula plays a major role in the
proof of our main result, Theorem 3.1 below.

THEOREM 2.1. Let n be a positive integer, let @ = [0, T]* and let he
L(®). For k=1,2,---,n let Eys;) = [0, TT** X [s, T] X [0, T1""*. Then
for k=12 ---,n

29) [ psu - s xedd S - )
=[[f. e ddafa, )] dxtd

for m, X m, — a.e. (x,f)e Cl0, T] X C.(Q).

Proof. By use of the Fubini Theorem we obtain:
| JLCTRRRENCENE R {OREES
T -~ ~
= I h(sl) tT Ty Sn) [[ X[O,sk](u)dx(u)]dnf(sl, A sn)
Q 0
T ~ -~
= j [ Qh(sb Tty Sn)X[u,T](Sk)dnf(Sb Sty sn)]dx(u)
[ hsy e 50duf(s, -, 50t
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§3. Quadratic potentials involving n-dimensional integrals

First we define the Banach algebra S mentioned in the introduction.
Let M = M(L,[0, T]) be the collection of complex-valued countably addi-
tive measures on # = %(L,[0, T']), the Borel class of L,[0,T]. M is a
Banach algebra under the total variation norm where convolution is taken
as the multiplication. The Banach algebra S consists of functions F on
C,[0, T] expressible in the form

Fay =, expfif g()dx(s)|dote)

Lo[0,T

for s-a.e. x in C,[0, T'], where ¢ is an element of M. Cameron and Storvick
show that the correspondence ¢ — F is one-to-one [6, Theorem 2.1] and
carries convolution into pointwise multiplication. Furthermore the an-
alytic Feyman integral exists for every F in S [6, Theorem 5.1].

THEOREM 3.1. Assume that for s-a.e. x € C,[0, T'], F(x) is given by (1.3)
where {A(sy, -+, a,) = (a;,(s, -+, 80 5, j=1,2,---,n,(s8, ---,8,)€Q}is a
commutative family of n by n real, symmetric, nonnegative definite matrices
such that the nonnegative eigenvalues p,(s, -+, 8,) -+, P8, --+,8,) are
each elements of L(Q). Then F is in the Banach algebra S and hence is
analytic Feynman integrable.

Proof. We seek an element ¢ in M(L,[0, T']) such that for each p >0,

Flox) = [ exp{io [ e(s)dx(s)|dote)

Lof0,T

for m,-a.e. x in C,[0, T]. Let B = (b;;) be an orthogonal matrix such that
BA(s,, -+, 8,)B' = P(s, - -+, s,) throughout @ where P(s, ---,s,) is a
diagonal matrix with nonnegative entries p,(s;, - -+, 8.), -+, Pu(8y, + -, 8,) €

L(Q).
Let p > 0 be given. Then for m-a.e. xe C,[0, T], we have

() Feo)
= exp{— ¢ (BPB(x(s), -+, x(s.), (x(s), -+, (s )yds, - -ds,)

= exp {—- ‘ozj‘jS:lpj(s,, -, sn)[é1 bjkx(sk)]zdsl' . -ds,,}
= exp {— %Ji]lj‘q [px/_é_g]lbjk(pj(s“ e sn))‘/zx(sk)rdsl~ . -dsn}
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- LMQ) N .Jcn@ exP {Z (i‘o V2 .[Q [i:l R sn))‘/zx(sk)]

Jj=1

duf 8y -+, 8) |dm(F)dm () - -dm,(£.)
- Icn(e). ' .J\Cn(Q) exp {ipx/—féél (J:' Um(sk) bl psltss -+, tn))l/zd"fj(th o t")]
dx(s))Ydm.(f)- - dm.(f),

where we have made use of Theorem 2.1.
Next we define 7 [C.(@)]" — L.[0, T] by the formula

(32) .7.(]‘;, R fn)(s) = ﬁkzn::lé bjk IE . (pj(tla Tty tn))lﬂgnfj(tb Ty tn) .

k

We need to show that 9 is a Borel measurable function of (s,f,, -, fx)
on [0, T] X [C.(@)]* and that for m, X m, X --- X m, — a.e.(f;, - -, f,) in
[C.D1, T(fy, -+, fJ)()1s in L0, T]. But these facts will follow quite
readily once we show that each term

g.i"‘(s’ ff) = ‘[ (s)[pj(tl’ Tty tn)]lﬂ&nfj(th R tn) = .[Q \/EX[S,T](tk)&nfj(th Ty tn)

Ey

on the right hand side of (3.2) satisfies properties (a) and (b) below:
(@) g;(s,f;) is a Borel measurable function of (s, f;) on [0, T X C.(Q).
(b) For s-ae. f; in C,(Q), 8;(s, f,) is in L,[0, T7.

Proof of claim (a). Let {¢,} be a CON set of functions of bounded
variation on Q. Let @(s)(t, ---,t,): [0, T] — L(Q) be given by

D(s)(tyy <y t,) = [pj(th cey tn)]llzx[s,T](tk) .
Then, @ is continuous and hence Borel measurable. Also
B3  gus )= [ 0O, - ISt - )
= ]7;32 z_Zl (@(8)9 ¢i)JQ¢i(t19 Sty tn)dfj(tb ) tn) .

It is easy to see that each term on the right hand side of (8.3) is a
continuous and hence Borel measurable function of (s, f;) on [0, T] X C.(Q)
and so g,.(s, f;) is Borel measurable.

Proof of claim (b). This follows from the Fubini Theorem:
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J‘Cn(Q) (j:gik(s’ ff)ds)dmn(fj)
= [1([... ents, paamf)as

071.(

ids

T
- foll[pj(" Tt ')]I/ZXEMS)(" ) )
< T“ij1 < oo,
Thus we arrive at the following expression for m,-a.e. x e C,[0, T']:

@4 Flox) = jon«z)

= tho,ﬂ exp {ip j:g(s) dx (S)} do(g)

with ¢ = [m,]" o 7 ' € M(L,[0, T]). This expression for F implies that F
is in the Banach algebra S, which concludes the proof of Theorem 3.1.

. ..[c,,(Q) exp{ip j:g'(fl, e, fn)(s)c‘zx(s)}dmn(fl). dm(f,)

Next we develop several corollaries to Theorem 3.1. Our first corol-
lary is the main result in [8].

CorOLLARY 3.1. THEOREM 4.1 of [8]. This is the case n = 2 and the
eigenvalues p\(s,, s,) and ps,, s,) have square roots which are of bounded
variation on [0, TT.

In order to apply Theorem 3.1 to functions F of the form (1.3) one
needs to compute the n eigenvalues p(s, ---,s,), -+, p.(s, -+, 8,) and
show that they are in L(Q). In our next corollary we put the hypothesis
directly on the functions a,(s,, - -, s,) rather than on the eigenvalues.
The hypotheses of this corollary are very simple as compared to those of
the corresponding corollary in [8, Corollary 4.2].

COROLLARY 3.2. Let F(x) be of the form (1.3) where the matrices
{A(Sy, -y 8.) = (@yy(sy, -+, 8)): 1, ] = 1,2, -+, n} are a commutative family
of n by n real, symmetric, positive definite matrices with the functions
a;(sy, -+, 8,) all in L(Q). Then the conclusions of Theorem 3.1 hold.

Proof. Since BA(s,, ---,s,)B™' = P(s,, - -+, 8,), a diagonal matrix with
the eigenvalues p,(s;, -+, S,), * -+, (51, - -, 8,) along the diagonal, we see
that each eigenvalue p,(s,, ---,s,) is a finite linear combination of the
functions a,,(s,, - -+, 8,) and so is in L,(Q).

COROLLARY 3.3. Let F(x) be of the form (1.3) with A(s, ---, s,) =
g(sy, -+, 8,)A where g(s,, ---,8,) >0 is in L(Q) and A is a real, constant,
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symmetric and nonnegative definite matrix. Then the conclusions of Theorem
3.1 hold since the eigenvalues of A(s,, ---,s,) are simply the eigenvalues
of A multiplied by the L,-function g(s,, « - -, $,).

In our next corollary we show that a broad class of functions belong
to the Banach algebra S.

CoroLrary 3.4. Let {A(sy, - --,8,)} be as in Theorem 3.1. Let 5 be a
Borel measure on @ = [0, T]". Lei 0: @ X R"— C be such that for all
(319 Yy Sn) € Q’

n
0(817 cry Say Uy oy un) = fR exp {LZ:] ujvj}dg(sl,~--,sn)(vl’ D) vn)
n J=

where
1) T (s1,000,80) € M(R"),
ii) for all Ec #(R"™), o,,....,(E) is a Borel measurable function of

(sls ) Sn)y

1) ||l € L@, B(Q), 7).
Then the function
(3.5) G(x)

— exp{— jQ CAG,, -+ e)(@ls), - 25, (1S, -+ -, 2(e)>ds, - - -ds,
+ j@ Osi s s032(6) o, ey -5
belongs to S.

Proof. Let G{(x) = exp {Lﬁ(sl, coey 85 %(8y), e, x(s))dp(sy, -, s")} .

Then G(x) = F(x)G(x) where F(x) is given by (1.3). By Theorem 3.1
above, I belongs to S and by Corollary 4 of [10], G,(x) belongs to S.
Since S is a Banach algebra we have Ge S.

§4. The p-dimensional theory

Let v be a positive integer and let C;[0, T] denote y-dimensional
Wiener space; that is the set of R*-valued continuous functions X =
(%4, -+ -, x,) on [0, T] such that X(0) = 0. Let m: denote Wiener measure
on C3[0, T] and let M(Ly[0, T1) be the collection of complex-valued count-
ably additive measures on #(L;[0, T]). The Banach algebra S(v) consists
of functions F on C3[0, T] expressible in the form
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FO) = |

L3, T

: exp [i k;.f: vk(t)dxk(t)] do(v, -+, 0)

for s-a.e. X in C:[0, T], where ¢ is an element of M(L0, T]).
In this section, as mentioned birefly in the introduction, we extend

the results of section 3 to Ci[0, T']. We first give a y-dimensional version
of Theorem 3.1.

THEOREM 4.1. Let n and v be positive integers. Assume that for s-
ae. X in CIJ0, T,

FR) = exp{— [ [ <A, -, s)X6D, -, s,

(X(s), - -, X(s.))>ds, - ‘dsn}

where {A(sy, -+, 8,) = (@;(Sy, -+, 8 5,7 =1,2, -+ vn,(sy, -+, 8,) €EQ} s
a commutative family of vn by wvn real, symmetric, nonnegative definite
matrices such that the (nonnegative) eigenvalues p(s, -+, 8.), **+, Duu(Sy,

.., 8,) are each elements of Ly(Q). Then F is in the Banach algebra S(v).
Furthermore F is analytic Feynman integrable.

Outline of Proof. We may assume that both n and v are greater than
1 since the case y = 1 and general n is Theorem 3.1 above, while the case
n = 1 and general vy is the main result of [19]. We will omit the measur-
ability arguments; they are similar to arguments given eariler in this
paper. In fact we will simply give a brief outline of the key calculations.
These calculations however are quite complicated.

For re R let h[r] denote the greatest integer less than or equal to r.
Let p > 0 be given. Let B = (b, ) be an vn by vn orthogonal matrix such
that BA(s,, ---,s,)B" = P(s,, - - -, 8,) throughout @ where P(s,, ---,s,) 1s
an vn by vn diagonal matrix with nonnegative entries p(s;, -, 8,), - -,

Doa(sy, - -+, 8,), the eigenvalues of A(s,, ---,s,). Then for mi-a.e. X in
Ci[0, T]1 we obtain that

F(pX) = exp [- o f (PG, s)BOG), -, R(), BOVGs), -, X(s,)

ds, - - ds"]

vn wn 2
= Z exp [— szQ{; bj,k[pj(sl’ Tty Sn)]1/~x1+(k—1) mod(u)(sl+ h[(k—l)/v])}
= =

ds,- - -ds"]
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— v L S R 24
= an(Q) fc,,(Q) exp [lP‘\/_z— }CZ:; ;IQ{bj,k[pj(sh y &)Y X1+ (k~1)mod (v)
Greaoons M daf (5 -5 8 [dma(F)dma( £ - -dm.(f.)
wn wn T
— CE 7 .. 1 2
o PR I 1 L6 v of IR IR X RS ]
&'ﬂfj(tl’ Tty tn)}dxl+(k—-imod(u)(SH-h[(k—1)/v])]dmn(fl)' . 'dmn(fun)

where the last equality follows from Theorem 2.1 and ¢/, denotes the set
E\, nrae-vpi(Si-ar-nsy); see Theorem 2.1 for the definition of E(s,).
Next for ¢ = 1,2, ---,v let

m=

g7-ox(fl9 Ty fun)(s) = ﬁ i:ﬁj‘ﬂ 1) bj,ym+a[pj(t1’ Tty ln)]lﬂ&nfj(tb Tty tn) .
Then
FX) = |

Now let 9: [C.(@)]"" — L;[0, T1 be defined by the formula I(f, - - -, f..)(+)
=(Tfo -, L) s Ty -+, L)), and let ¢ = [m,]" c 7". Then
¢ is an element of M(L0, T]) and for mi-a.e. X in C:[0, T] we have,
using the change of variables theorem (14, p. 163], that

F(ﬁ)z‘f

A exslio S [[ Tt - @S | dma()- - dma( )

Cn(Q)

- €xp [iP i] Tva(t)(zxa(t)] da(vly Tty vv) .
a= 0

Ly,
Thus F is an element of S(v) which completes the proof of Theorem 4.1.

Remark. Note that Theorem 4.1 has many corollaries; for example
the main result of [8], the main result of [19] and Theorem 3.1 above.
In addition, Corollaries 3.2-3.4 above all have yv-dimensional counterparts
which are quite straightforward to formulate and hence precise statements
of them will not be given.

§5. Fresnel integrals

In this section we show that functions of the form (1.3) or (3.5) with
an appropriate slight modification are Fresnel integrable. Let H be the
space of absolutely continuous functions 7 on [0, '] which vanish at T
and whose derivatives D7 are in L,[0, T']. H is a Hilbert space under the
inner product
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T 72) = f:(Dn)(s)(Dn)(s)ds .

Albeverio and Hgegh-Krohn’s space #(H) of Fresnel integrable functions
consists of Fourier transforms of finite Borel measures on HJ[1]. The
spaces Z#(H) and S are isometrically isomorphic as Banach algebras as
was shown by Johnson [15].

TaHEOREM 5.1. For each 7 in H let

G G0 =exp{— [ [ (Al - 806D = 700, -, 1(5) = 7(0),
(1) = 70), -+, 7(5.) = (O)) > ds,- - -ds,)

where the matrices {A(s,, - - -, s,)} are as in Theorem 3.1. Then G is in
F(H).

Proof. This theorem follows from Theorem 3.1 above and ideas from
[15]. The key idea is that equation (2.9) holds for s-a.e. f in C,(Q) for
each x in C|[0, T'] which is absolutely continuous and whose derivative is
in L,[0, T']. This, in turn, implies that equation (3.4) holds for each such x.

Finally, using Theorem 5.1, a result from [9], and the fact that #(H)
is a Banach algebra we obtain the following corollary.

CoroLLARY 5.1. Let {A(s, --+,8,)}, 5 and 6 be as in Corollary 3.4.
For v in H let

G =exp{[ [ 006, 507060 = 7)o, T6) — TO(ss, 18] -

Then the functions G(7) and G,(1)G(7), where G is given by equation (5.1),
are in the Banach algebra F(H).

Remark. Proceeding as in section 4 above it is quite easy to see that
Theorem 5.1 and Corollary 5.1 also have y-dimensional counterparts.
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