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1. Introduction. The hyperoctahedral group G, of order 2"n! is generated
by permutations and sign changes applied to » digits, d=1,2, ...,#n  The
2" sign changes generate a normal subgroup X, whose factor group Gn/Z2, is
isomorphic with the symmetric group S, of order n!. To each irreducible
orthogonal representation {1 ; u} of G, corresponds an ordered pair of par-
titions [A] of / and [x] of m, where [+ m=mn. The faithful representation
{n—1; 1} of G, is the real monomial group R, of degree n. The representa-
tions {1 ; 0} of G, with /=%, m =0, are isomorphic with corresponding irre-
ducible representations {A} of S,. If the representation {4 ; x} maps the
element gr of G, into the real orthogonal matrix M(gr) of degree f**, we

define the group matrix of {A ; u) to be

M =g’ M ™(gr) greGn (1.1)
k

Our purpose is to determine explicitly for each {1 ; x} the wv-entry of the
group matrix of an irreducible orthogonal representation of G, and incidentally

those of S,, in the form
Mis = 7o EMo ™7y (1.2)

by describing in the group ring I" of G, a suitable pair of ring elements E™
related to permutations of S,, and o™ related to sign changes of 2y, and also
a set of invertible ring factors r, that meet our requirements. Matrices M P(zq)
for transpositions r4 of consecutive digits d, d+1 are to be those of
Young's orthogonal representation {1} of S, [4]. The matrix M*(s4) for the
element s of 3, that changes the sign of the digit 4 is to be a diagonal

matrix with vv-entry +1 or —1 according as the digit d is assigned to the
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first part [1] or the second part [x] in the »** standard tableau #,* for the
diagram [4 ; zl.

2. Properties of the group matrix. For any group matrix MM we have
the relations [2]

gM=Dggir'M(gr) =2g(grg) 'M(grg) =MM(g) (2.1
k k
MM =Sgi M (gngi'MT(gp) = h}: (grgn) "M (grgy) =G (2.2)
h k » k

where °G denotes the order of G. Since any element gr of G can be factored
into transpositions r4 of consecutive digits d, d +1, and sign changes g4, we
require the following conditions on E™¢™ = Es and 7» in (1.2). To simplify

the formulas we omit the superscripts 2, o.

taroEori' = 2 ruEori Muv(ta) (2.3)

oarvEors’ = 1oEori 'Myw(0a) (2.4)
1

tETuEUTt— YriEors' = °GlruEors ") (2.5)
-1

Conditions (2.3), (2.4}, and (2.5) are satisfied if

TdTy = gTuMuv(Td) (2.6)
aare = reMuw(aa) (2.7)
E®=(°G/)E = hE (2.8)
oE=Eos, & =o0. (2.9)

The requirement that the representation M be orthogonal is satisfied if the
coefficient of gz' in rvEory' is the same as that of g in ruoErs,'. Hence the

ring element ruEor, ' contains gr and gr' with the same coefficient.

3. Standard tableaux and idempotents. In a Young diagram [A] having
4 nodes in row ¢ and i; nodes in column j, we call j— i the height of the ij-

node, and we define the ij-hook %;; by the formula [3]
hij=i—=)+ Q=) + 1. (3.1)

In a two part Young diagram we shall add a large w to each height in the
second part, and replace 2 by g in hook lengths of the second part. The
products of the hook numbers for the nodes in [A1, [x], and [4; x] are the
hook products 4, #*, and 4™ = h*h*, respectively.

For example, for the partition [1; p]1=1[3, 2 ; 1] we have
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Diagram [3, 2; 1*] | Height graph ] Hook graph | Hook products

ol : R =24 (3.2)

[4] : w 2 =2, nv=4s.

The associated diagram [’ ; #/1=1[2°1; 21, obtained by interchanging rows
and columns, has the same hook products, but has heights of opposite signs.
A standard Young tableau #,* is obtained from a Young diagram by as-
signing the digits d =1, 2, . . ., » to its nodes in any order that increases from
left to right in rows and from top to bottom in columns. Since the number
f* of one part standard tableaux ¢ is f=1!/h", the number of two part

standard tableaux #)* =t, D is
= (2) P =m0 = [ (3.3)

Hence the required factor 2= °G/f in (2.8) is the hook product % =M,

The positive symmetric group P}* associated with the standard tableau
»* is the sum of all permutations on 7 digits that leave each digit in the same
row of the diagram as before. The negative symmetric group N)* associated
with £* is the sum of the even permutations minus the sum of the odd permuta-
tions that leave each digit in the same column as before. The product PN
is a weighted double coset that is a sum of permutations g of S, with coefficients

oy*(g) that are 1, —1, or 0.
P)'Ny* =218"(g)g (3.4)
g
This ring element, used in generating Young’s semi-normal representation

(when z=0), is known [4] to be a multiple of an idempotent, and we have

the relation
(PYN™M = (PMNM) B (3.5)

Also, if the group sum P}* is divided by its order °P;*, then P}"/°Pi* is an

idempotent. We define E™ to be the ring element
E* = P}*N}*P"/°P* (3.6)

in which inverse elements appear with the same coefficient. We see by (3.5)
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and (3.6) that E’* satisfies the condition (2.8), since
(E™)?=[P»NMPMNY1PM /P = EMR™, (3.7)

Next we construct the idempotent ¢'* from the normal subgroup 3., of G

13 n
d*=2""T1 U+g4) II (I—0a) (3.8)

a=1 a=1l+1

and the related idempotents to be associated with the other tableaux #)*

o =2""TI (I+aa) II (I—0sa) (3.9)
detl); del‘:
The idempotent ¢** commutes with P}*, N*, and E™. Choosing r1=1, we

take the product Es to be the 1, 1-entry of the group matrix M in (1.2).

4. The ideal basis. The ring elements r,E™¢'* from the first row of the
group matrix (1.2) should be a left ideal basis in I" for our irreducible or-
thogonal representation {1 ; x} of G». The matrix of the transposition t4=
(d,d+1) in this representation is to have the vv-entry p,(rq). If the digits d + 1
and d are assigned to the same part ¢, or ¢ of the standard tableau #)*, then
the integer 1/p,(74) is equal to the height of the digit d+1 minus the height
of the digit d. If d+1 and d are in different parts of £,*, we let w in (3.2)
become infinite, and define the reciprocal of the height difference to be p.(ra)
=0.

The f* standard tableaux are assigned a dictionary order, such that if
the digits are read from left to right by rows, starting at the top row, the
first digit in which two tableaux disagree will be larger for the later tableau.
If £ precedes #)* and the two tableaux differ only by the transposition of

digits d and d+ 1, we have pu(r4) = — pulra) >0, and we take

Muyu(ta) Myuu(za) _[( - oy (I—PZ)WJZI‘ Ou (l—pz‘)I/ZJ (4.1)

Mu(ca) Mo(ea) ' A=) g (1=0)" =

as in Young’s orthogonal representation [4]. All other off-diagonal entries of
M™(zq) are set equal to 0. The resulting real symmetric orthogonal matrix
is a direct sum of 1x1 orthogonal matrices +1 or —1, and 2x2 orthogonal
matrices (4.1). On substituting the matrices (4.1), the condition (2.6) becomes
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tatu = puru+ (1= p2) 7y

)1/2 0y = _pu>0. (4—.2)

TdTv = (1_0?1 Tu~+ 0o7v

These equations yield the following important formula
rora' = (ra— 0ud) (1= p2) ™2 = (va + pu]) (1 — p2) V2, (4.3)

The ring factor r, for the tableau ¢} is hereby expressed in terms of the ring
factor 7, for an earlier tableau #,* that differs from #" only by the interchange
of digits d and d+ 1. Since r; =1, the factor r, can be read off from the
tableau #*, by transposing pairs of consecutive digits until #* is reduced by

one or more steps to #*. For example, if

5 6 6 6
then
Tv= ﬁTM ' “:2374%2’ :3879{{/3’ -5
The generators s and ¢4 of G, satisfy the relations
0dTd = Tdod+, and ty =gy =1L (4.6)
It follows from (4.6) and (3.9) that
o'ta = taoy”, and op*(ta+ pol) = (ta+ pul) o 4.7)
75 00 1o =Tu a0 = ™. (4.8)
Thus condition (2.4) is satisfied, since
od1v EM ™ = gaoy ro E™ = £ ry BV (4.9)

where the sign is +1 or —1 according as digit d belongs to #, or #}.

The construction describad above verifies our main result.

Theorem. Every irreducible representation over the complex field of the
hyperoctahedral group G» is similar to a real orthogonal representation {1 ; u},
whose group matrix M™ has the uv-entry (1.2), where E*, ', and 7, are defined
respectively by (3.6), (3.8), and (4.3).

For the symmetric group S». the corresponding irreducible orthogonal

group matrices are obtained by taking z=0, and replacing ¢* by I
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