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The classification of some

spherically symmetric

space-time metrics

J.M. Foyster and C.B.G. Mclntosh

I t i s shown that the Petrov-Plebanski c lass i f icat ion of the

trace-free Ricci tensors of some spherically symmetric metrics

is invariant , contrary to an assertion by Takeno and Kitamura

concerning these metrics.

In a discussion of spherically symmetric space-time metrics, Takeno

and Kitamura [4] assert tha t some metrics belong to ei ther classes

[T-3S]r i or [3T-S]r •, in the Petrov-Plebanski classif icat ion of

the i r trace-free Ricci tensors depending on the co-ordinate system in which

the metric i s expressed, that i s , the class i s not invariant . Their

closing comment on the i r second example used to i l l u s t r a t e th i s assertion

is "thus we find that the type of the eigenvalues of the [metric in the

example] depends on the choice of the co-ordinate system".

I t i s shown in th is paper that the i r two examples do not show such a

breakdown of invariance. Their metrics which belong to classes [T-3S] or

[3T-S] (se drop the [ l - l ] subscripts) do so only for different domains

of the i r co-ordinates and only in the co-ordinate domain where these

metrics are of type [T-3S] can real co-ordinate transformations be found

which map the metrics into corresponding IT-3S] metrics. Thus the Ricci

tensor type is invariant , provided that only rea l co-ordinate t rans-

formations are allowed (and these are the only ones with physical meaning).
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The first example discussed by Takeno and Kitamura concerns the

Einstein metric (or static Robertson-Walker metric)

(1) ds2 = dt2 - (l-r2//?2)"1,^2 - r2dl2 ,

where

(2) dZ2 = d62 + sin2ed<j>2

and if is a constant (their Equation 9.1). The Ricci tensor type is

[T-3S] as the authors show. They say that (l) can be transformed into

(3) ds2 = f^j {(u+v)2dZ2-kdudv} .

Here u and v are their r and -t respectively.

For R > 0 the appropriate transformation is

(It) t = ± i | l n ( w > ) .

I t i s thus not possible to obtain (3) from (l) by a real co-ordinate

transformation. For FT < 0 , the appropriate transformation is

( 5 ) t = ±%(- i ? 2 ) % ln ( -uv ) ,

w h i c h g i v e s a r e a l c o - o r d i n a t e t r a n s f o r m a t i o n from ( l ) t o ( 3 ) and vice

versa.

The Ricci tensor type for (3) is

[3T-S] for i?2 > 0 ,

(6) [T-3S] for if2 < 0 ,

as Takeno and Kitamura point out. Thus i t is only the [T-3S] metrics

which map into each other.

Their second example concerns
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(7) ds2 = f{Z)[dt2-dr2-r2dZ2) , Z = t2 - r2 .

The Ricci tensor class i s

[3TS] for Z < 0 ,

(8) [T-3S] for Z > 0 .

If Z > 0 , there is a real co-ordinate transformation which maps (7) onto

the class [T-3S] Robertson-Walker metric

2

(9) ds2 = dt2 - e (dr2
+r2dZ2) ,

2
with R a non-zero constant. There i s no such transformation when

Z < 0 .

Thus in these two examples the Ricci tensor classes remain invariant

under real co-ordinate transformations in these cases and i t i s not

possible to find a rea l mapping from a metric of one class to a metric of

another c lass .

We find that the easiest way to calculate the relevant Ricci tensor

class of a metric is to choose an appropriate orthonormal nul l te t rad for

that metric, to calculate the spin coefficients for that metric as defined

by Newman and Penrose [3] and then to examine the form of the non-zero

$ . . Thus for the metric (3) a t e t rad can be found such that the non-zero

$ , and A areab

(a) R2 < 0 , u > 0 , v < 0 ,

(10) $Q0 = $ 2 2 = 2$l;L = 2A = HR~Z ;

(b) i?2 > 0 , u > 0 , v < 0 ,

(11) $ = $„- = -24> . = -2A = -%/? .

The appropriate classes for these ^«J,'S a r e then determined from the

canonical forms

(a) [r-3s]*0 0, • 1 1 , *2 2, I o ,
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(*) [3T-5]$0 0, $ 1 1 , I 0 , * 0 2 # 0 , U»^ = $Q2$20 or

*00' "*ll» $ 22 ' < ° ' H l l = *00*22 ;

(see Ludwig and Scan I an [7] and Lun and Mclntosh [2 ] ) .

For every [T-3S] metric which we have studied, there i s a [3T-S]

metric re la ted to the f i r s t metric by a complex coordinate mapping and i t

seems to us that t h i s i s always so. We are unable, however, t o offer any

proof of th i s conjecture.

All metrics which are solutions of Einstein 's field equations in the

case of a perfect f luid are of class [T-3S] . We do not know the physical

in te rp re ta t ion of [3T-S] metrics, other than ones which are solutions of

i? , = -<J>, <j>,, where <f> is a scalar function of spacelike coordinates such

as those discussed by Lun and Mclntosh [2 ] .
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