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In this note we define a rather pathological connectedness property of Haus-
dorff spaces which is stronger than ordinary connectedness. We obtain a few basic
properties of such spaces and derive a method for constructing them. It turns out
that countable Hausdorff spaces having the connectedness property are as easily
constructed as uncountable ones. Hence we have still another method for con-
structing countable connected Hausdorff spaces.

DermNiTiON. The subset K of the space X saturates X if K is infinite and for
each open set U in X, K—U is finite. The space X is said to be saturated if X is a
point or some subset of X saturates X.

THEOREM 1. If U is an open subset of the saturated space X, then U is connected.

Proor. Suppose Kis a subset of X that saturates X and U is an open subset of
X such that U is not connected. Then U is the union of two disjoint closed sets
R and S. U—-S is open, U=Sc R, and hence K— R is finite. Similarly, K— S is
finite. But K = (K—R) u (K—S).

COROLLARY. Every saturated space is connected.

THEOREM 2. If x and y are two points of the saturated space X and & is an
open cover of X, then there is a simple chain of elements of & from x to y with at
most three links.

PRrOOF. Suppose xe Ue & and y € We &. Since U u W is connected, there
is a point z such that z e U n W. Let ¥ be an element of & containing z, and form
the simple chain from the sets U, ¥, and W.

THEOREM 3. If X is saturated, then no finite subset of X separates X.

ProOF. Suppose K saturates X, H is a finite subset of X, and X — H is the union
of two disjoint open sets U and V. But then K is the union of the three finite sets,
K-U, K-V, and Kn H.
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THeOREM 4. If f is a continuous map of the saturated space X onto the Hausdorff
space Y, then Y is saturated.

PRrOOF. Suppose K saturates X. For each open set U in Y, f(f-1(U))
S(f7(U)) = U and hence f(K—f-1(U)) 2 f(K)—U. Since K—f-1(U) is finite,
S(K)—TU is finite. It follows that if f(X) is infinite, it saturates Y. Suppose f(K) is
finite. Let {U,, - - -, U,} be a collection of disjoint open sets in Y covering f(K).
For some i, K n f~!(U;) is infinite, and hence if j # i, K—f~1(U;) is infinite. It
follows that f(K)is a point y of Y. Finally, suppose that Y contains a point z differ-
ent from y. Let U and V be two disjoint open sets containing y and z respectively.
Then K = f~!(U) and hence K—f~1(V) is infinite. Thus it has been shown that
either f(K) is infinite and saturates Y or Y consists of a single point.

COROLLARY. A continuous map of a saturated space into E' is a constant map.

THEOREM 5. Every separable metric space X is a subspace of a saturated com-
pletely separable locally metrizable Hausdorff space Z such that Z— X is countable.

ProoF. Let H denote Hilbert space, and let H' denote the set of all points
(x1, x5, - ) of H such that x; = 0. Let X be embedded as a subset of H'. In what
follows, an e-net of the metric space M is a subset N of M such that each point of
M is within a distance of & of some point of N, and the mesh of N, denoted by
[N|, is defined by |N| = inf {d(x, y)|x, y € N and x # y}. For each i, let g; = 1/2".
Clearly, there exists a sequence N,, N,, ' - - of subsets of H— H’ such that for
each i, N;is an ¢;-net of H—H', |N,| = ¢;, and N; = N,,,. Since H' is the boun-
dary of H—H', each N, is an ¢;-net of H. Let w, = N,, and for each i > 1, let
w; = N;—N,_,. Itis easily seen that for each i, w; is a 4¢;-net of H, |w;} = ¢;, and
if j # i, d(w;, w;) > 0. Since each w; is countable, there exists a countable subset
K of (H—H')—{Ji%, w; such that K is dense in H. Let W = |2, {w;}, let
Y=XuK,andlet Z=WuY.

We now define a topology for Z. For each i and each point x of w,, let
Ui, Uj, -+ - be a sequence of spherical neighborhoods of x in H such that for
each n, Uj; has radius g;/3n. For each i and n, let U,, = | ] {Uj|x e w;} and let
Vie = (U n Y) U {w;}. Let # denote the relative topology of ¥ in H, let €
denote the collection of all such sets V;,, and let Z = # u €. It is easily seen that
& is closed with respect to set intersection, so that & induces a topology .# on Z.
Also, since Z has a countable base and % is countable, some countable subcollec-
tion of 4 induces .#. In what follows, Z is considered as a space with topology ..

Suppose x and y are distinct points of Z. Clearly, if x, y € Y, there are disjoint
open sets in Z containing x and y respectively. Suppose x € ¥ and for some i,
» = w;. There exists an n such that &,/3n < d(x, w;). Hence (H—U,,) N Y and
Vi, are disjoint open sets in Z containing x and y respectively. Suppose x = w;and
y = w;. Let ¢ = d(w;, w;). There exists an n such that (g;+¢;)/3n < &/2. Hence
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V., and V;, are disjoint open sets in Z containing x and y respectively. Therefore
Z is a Hausdorff space.

Suppose Uis an open sctin Z. Let pe U n Y, and let S be an ¢-neighborhood
of pin Hsuch that S n Y = U. There exists a k such that g, < ¢/4. Hence for each
i>k,w;n S # 0. Suppose i > k and Vis an open set in Z containing w;. There
exists an n such that V,, < V and for some point x of S nw;, U] = S. Since K is
dense in H, U;; contains a point y of K. Hence ye ¥ n U and y # w;. We have
thus shown that for each open set U in Z there exists a k such that if i > k, then
w; is a limit point of U. It follows that W saturates Z.

It remains to be shown that Z is locally metrizable. If U = § = H, Clg (U)
denotes the closure of U in the subspace S of H. For each i, let Y; denote the sub-
space Y U {w;} of Z. Since the relative topology of W is discrete, Y, is open in Z.
Furthermore, the relative topology of Y in Y; is the same as the relative topology
of Yin H. It follows that Y is a regular subspace of Y;. Suppose ¥ is an open set in
Y; containing w;. V is open in Z. Hence there exists an » such that V,, < V.
Let m > n. Since Cly (U;,) € U, Cly, (Vi) € V. Therefore Y; is regular at
w;. Suppose x € Y and U is an open set in Y, containing x. There is an open set V'
in Y containing x such that Cly (¥V;) € U. Cly (V;) = Cly, (Vy)—{w;}. Since ¥;
is HausdorfT, there exists an open set ¥, in Y; containing x such that w; ¢ Cly, (V).
Let V=V, nV,. Then Cly, (V) < Cly, (V1) 0 Cly, (V3) € Cly, (V1) —{w;} =
Cly (Vy) € U. Therefore Y; is regular, and since Y; is also completely separable,
it is metrizable. Thus Z = | J2, Y;, and for each i, ¥; is an open metrizable sub-
space of Z. It follows that Z is locally metrizable. This completes the proof of the
theorem.

THEOREM 6. Every countable metric space S which is dense in itself is a subspace
of a countable completely separable locally metrizable Hausdorff space Z such that
Z— S is closed, discrete, and saturates Z.

INDICATION OF PROOF. In the proof of Theorem 5, let X be empty. Y is then a
countable subset of Hilbert space hecmeomorphic to S. In fact, E” for any n = 1
may be used in place of Hilbert space.

From Theorem 6, we obtain an example of a nondegenerate countable con-
nected Hausdorff space. Of the other known examples, the one which seems to
resemble ours the most is the one given by Bing [1]. It is not hard to see that in
Bing’s example there exist three open sets U, ¥, and W such that U n V.~ W = 0.
It follows that Bing’s example is not saturated.
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