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A sequence of non-negative numbers, Moo Byr oo B

.., 1is called completely monotonic [5, p.108] if

(-i)nAn pkzo for n,k=0, 1, 2, ... . Such sequences occur

in many connexions, such as the Hausdorff moment problem
and Hausdorff summability [1, Chapter XI, 5, Chapters III
and IV].

It is natural to inquire as to the circumstances under
which the inequality '>'" above can be strengthened to ''".

As it hapi:ens, this can be done always, except for sequences
all of whose terms past the first are identical. The formal

statement follows. (In it, as above, NS By is the n-th forward

0 n n-1
iff 3 i.e., = N =
difference, i.e., A My = My A b =4 Mrer g
n-1 )
p'k'
If {p.k}'c; is a completely monotonic sequence, then
n n
(-1) A" p, >0, for n,k=0, 1, 2, ..., unless p, =p_ =
k R — 1 2
SIS

Proof. Suppose that there is a pair of integers n and k
such that A" By = 0 and suppose that the zero elements of

lowest order in {A” Hk}k n have order N and that the first
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. N

such zero element in the sequence {A pk} K occurs for

k=K . Consider first the case N even. The sequence

{AN p.k} , k=0, 1, ..., is non-increasing and non-negative,

N
so that A },LK+,=O, j=0,1,2,.... Thenfor K>0,
J

AN Py >0 . (The case K =0 leads to a polynomial sequence,

which, being completely monotonic, must be bounded and hence

constant. ) Let the positive element /_\.N Me 4 be denoted by b .
N

If K>1, i.e., if there be a previous element, say a =A Mg 2

N+2m —Azma-a 2mb > 0 ;

Fk-2 ~ - Z5

m=1, 2, ... . But this is clearly impossible, since a and
b are fixed positive constants. Thus, there can be at most
one element preceding the first zero in the sequence

{AN
MK+j

it must be positive. Then A

},j=0,1, ..., and the result is immediate.

The same argument holds when N 1is odd, so that the
result is established.

This result yields an alternative proof of W. W. Rogosinski's
remarkK [4, p.170] that the moment sequence generating a totally
regular1 Hausdorff summation method contains no zeros.

To see this, we note that results of W. A. Hurwitz [2, esp.
p- 243] show that for such a method the moment sequence is
completely monotonic. If any of the moments were zero, then,
by the result above, all but the first would also have to be zero,
so that the method could not be regular [1, Theorem 202, p.256].

Rogosinski' s remark can be rephrased (in view of [1,
Theorem 199, p.250]) to state that the diagonal elements in the
matrix of a totally regular Hausdorff summation method are all
strictly positive. Thus, such methods are '"mormal'l.

1. A sequence-to-sequence summation method is "“totally
regular" if the transformed sequence of {s } approaches
n

s whenever {sn} does both for s finite and s infinite.
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Our result on completely monotonic sequences is equiva-
lent to one on compvletely monotonic functions on (0,®) (i.e.,

functions p(x) such that (-1)" p®) (x) >0, n=0, 1,

)

0 < x < w), to which the transition can be made in a familiar
way, using [5, Chapter IV, §14].

The statement in question reads as follows: If p(x) is

(n) o

compbletely monotonic, 0< x< o , then (-1)n ) (x) >0,

0<x< oo, unless p(x) is identically constant. A direct proof
—_———r
of this last assertion is given in [3§9] where it is used as a

lemma.
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