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Alexandrov’s estimate revisited

Charles J. K. Griffin, Kennedy Obinna Idu, and Robert L. Jerrard

Abstract. Alexandrov’s estimate states that if Q) is a bounded open convex domain in R" and
u: Q — R is a convex solution of the Monge-Ampeére equation det D*u = f that vanishes on 9Q,
then

jue) - u(l < @(x = yD(C[ AV for @(8) = Cy diam(0) 8.

We establish a variety of improvements of this, depending on the geometry of 0Q. For example,
we show that if the curvature is bounded away from 0, then the estimate remains valid if () is
replaced by Cq & it . We determine the sharp constant Cq when # = 2, and when #n > 3 and 0Q is
C?, we determine the sharp asymptotics of the optimal modulus of continuity wq (8) as § — 0. For
arbitrary convex domains, we characterize the scaling of the optimal modulus wq. Our results imply
in particular that unless dQ has a flat spot, wq (8) = 0(8"/") as & — 0, and under very mild nonde-
generacy conditions, they yield the improved Hélder estimate, wq (8) < C8* for some o > 1/n.

1 Introduction

Alexandrov’s estimate states that if Q is a bounded open convex domain in R”, and
u : Q - Ris a convex function such that # = 0 on 0(Q, then there exists a constant C,,

such that

(L1) [u]1/n < Cp diam(Q) " |Ju(Q)|".
Here,

(1.2) [u],x = sup M’

X, yeQ,x+y |x _y|a

and du denotes the subgradient of u, whose definition is recalled in (2.1). For now, we
just mention that if u is C?, then [0u(Q)| = |det D*u| 1 (q).

Estimate (1.1) plays an important role in the regularity theory of the Monge-Ampere
equation (see, for example [4, 2]), and it is a key ingredient in some basic linear elliptic
PDE estimates (see, for example, [3], Chapter 9).

In this paper, we establish some improvements of (1.1). Before stating them, we
introduce some notation. We will write

Cs*™(Q) == {u e C(Q) : uis convex,u = 0 on 9Q}
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2 C.J. K. Griffin, K. Obinna Idu, and R. L. Jerrard

and

(L3)
wg(é) = sup {W(X)_u(m

EMONE tu e Cy°"(Q), unonzero, x,y€Q, |x—y|< 6}.

The definition immediately implies that for every u € C§" (Q),

(L4) [t]w, == sup [u(x) —u(y)] < |ou(Q)|Y"
X, y€Q,x+y wQ(|X - )’|)

and that this is sharp in that it fails for some u € C5°*(Q) if wq is replaced by
any smaller function. With this notation, Alexandrov’s estimate (1.1) amounts to the
assertion that wq (8) < C(Q)6Y" for all § > 0.

In this paper, we give a precise description of wq, depending on the geometry of
0Q. This allows us to show that for any bounded, convex domain Q) whose boundary
satisfies a very weak nondegeneracy condition (see (1.12)), there exists some a > 1/n
such that wg (8) < C(Q, a)8“ for all § > 0 or, in other words, that

(1.5) [4]a < Ca, Q)u(Q)|*  forall u e C(Q).

Beyond that, we aim to characterize the range of « for which an estimate like the above
holds and to estimate the optimal constant C(«, Q) in (1.5), in terms of the geometry
of 0Q).

Our first result addresses domains for which the Gaussian curvature x of the
boundary satisfies
(1.6) inf K = Ko > 0.

20

Except where stated otherwise, we do not impose any smoothness conditions beyond
those that follow from convexity, which imply that 0Q is twice differentiable, and
hence, the Gaussian curvature is defined, 7{"! a.e.. The left-hand side of (1.6) should
be understood to mean the infimum over all points at which & is defined.

Theorem 1.1 Assume that Q c R" is convex and bounded and that (1.6) holds. Let
@y i=3 + 5. Then

1/2
. wq () 23/2
(1.7) if n =2 then su = ( i
f 5>§ 80‘* TI\/ Ko
2 (n+1)/2 1/n
(18) Ifn >3 and 0Q is C*, then lim ©a(9) _ ,
o0 om Bl

where |B| denotes the volume of the unit ball in R".
Remark 1.2 The theorem implies that for n = 2,

3/2

[ulss < ( ﬂz\/ﬁ_o

1/2
) lou(Q)[/? for all u € C*"(Q)
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and that the estimate is sharp in the sense that it does not hold for any larger
Holder exponent or any smaller constant. Similarly, for n >3, since wq(9) is
continuous (this follows from (1.1) and the subadditivity of wq, which is easily
deduced from the definition) and constant for § > diam(€), the theorem implies that
sups.o 0 “wq(8) < oo, and hence that (1.5) holds, if and only if & < a..

Note also that conclusion (1.8) may be described as an asymptotically sharp bound
for the Holder-a, constant of u € CS°"(Q) on scales < 8, as § — 0. It is natural to ask

wo(8) ( H(n+1)/2 )1/"?

for n > 3, is it true that sup =
|BI[\/Fo

550 0%
This again would yield the sharp constant in (1.5) for the critical space. We are tempted
to conjecture that the answer is “yes,” but we do not have any evidence to support this.
We believe that the requirement that Q is C? is unnecessary and that convexity and
(1.6) should suffice for (1.8).

Our other main result is less precise but completely general, in particular applying
to domains for which the boundary curvature may vanish. As we will see, it implies
that we can improve (1.1) to stronger Holder norms as long as the domain satisfies a
very weak nondegeneracy condition. It requires more notation. If O c R” is a convex
set, we write )° to denote the polar of Q, defined by

Q°:={yeR":x-y<1forallx e Q}.
For a € Q and v € $™7!, we write

S(a,v)={xeR":x-v=0, a+x€Q}
S°(a,v):={yeR":y-v=0, x-y<1 forallx € S(a,v)}
= polar of S(a, v) within the hyperplane v* = {x e R" : x - v = 0}.

If PcR" is a k-dimensional subspace and A c P is a subset with relatively open
interior, we will write

|A] := H¥(A) = k-dimensional Hausdorff measure of A.
For example,
|Q°] = L"(Q°), 1S°(x,v)| == H"(S°(x, 7)), etc.

as long as S°(x, v) has open interior within v*, which will always be the case for us.
For a € Q, we will write

(1.9) da(a) :=dist(a, 0Q) = min la - b

and

(L10) N(a) = {v €S"':3yeaQsuchthat|a-y|=dg(a)and v = |y_ a|}
y-a

for the set of outer unit normals at boundary points closest to a.
We now state our second main result.
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Theorem 1.3  Assume that Q is a bounded, convex, and open subset of R". Then for
every positive § < maXaeq do(a),

S 1/n no 1/n
(L11)  sup  sup () <wqa(d)< sup inf () .
da(a)=6 veN(a) \ 2IS°(a, V)] da(a)=0 veN(a) \ [S°(a, V)]

In principle, given a domain Q) with vanishing curvature, estimate (1.11) allows us to
determine the exact scaling of wq (8) as § v 0,and hence the exact range of exponents
a > 1/n for which estimate (1.5) holds. We illustrate this in Section 3 below with several
examples. For now, we note the following:

Corollary 1.4 For Q as above and o > 1/n, the Holder-« estimate (1.5) holds if and

only if

(1.12) liminf inf sup 6°|S°(a,v)| >0
§—-0 dg(u):SveN(a)

for B =na—1

We omit the proof, as this follows directly from Theorem 1.3.

Remark 1.5 It is known that if S ¢ R" is any bounded convex set with nonempty
interior, then

(L13) 1S[1S°] > cus

see [7] for a proof with a good estimate of ¢, (whose sharp value is the focus of the
Mabhler conjecture). Thus, (1.11) implies that there exists C = C,, such that

(1.14) wa(8) < COY" sup inf [S(a,v)|Y".
dg(a)=8 veN(a)

Remark 1.6 1t is not hard to check that if x € dQ is a point at which 0Q is twice
differentiable, with Gaussian curvature k, and if v is the outer unit normal at x, then

V[B |

(L15) I$°C = ovm)l = o5y

(1+0(1)) asd — 0.

We present the short proof in Lemma 3.4. This provides a quantitative link between the
curvature at x € Q) and the rate of blowup of |S°(x — §v, v)| as § N 0. In view of this,
it is natural to interpret (1.12) as a degenerate positive curvature condition, growing
more degenerate (and yielding a weaker Holder exponent) as 5 decreases.

To conclude this introduction, we note that several recent works have established
sharp estimates of Holder seminorms of solutions of Monge-Ampére equations of the
form

(L16) det D*u = F(x, u, Du)

for particular geometrically meaningful functions F(x, u, Du); see, for example, [1, 5,
6, 8, 9]. Some of these papers allow for domains in which the boundary curvature
can vanish, and they determine Holder exponents that reflect the boundary behavior
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in a way that has some similarities to what we find in Theorem 1.3; see Corollary 3.1.
The proofs in these references rely on careful constructions of sub- and supersolutions
or. even in rare cases. explicit solutions. These play no role in our arguments.

2 Preliminaries, and the proof of Theorem 1.3

Like all the results in this paper, those in this section are elementary, and many if not
all (apart from the proof of Theorem 1.3, which. however, is an immediate corollary of
other results) are presumably known to experts. For the convenience of the reader, we
nonetheless provide complete proofs, mostly self-contained.

First, we recall some standard definitions. For u € C5°*(Q) and x € Q,

(2.1 ou(x) ={peR":u(x)+p-(y-x)<u(y) forall y e Q},
andfor Ac Q,
(2.2) ou(A) := Ugepou(x).

As mentioned above, if u is C* and strictly convex, then by the change of variables
p = Du(x),

|det D*u11(q) = /QdetDzu = /;spu(n) dp = |ou(Q)|.

(This remains true under somewhat weaker assumptions.) Given a € Q, we will write
u, : Q = R to denote the function defined by

u,((1-6)y+6a)=-6 for every y € 0Q and 6 € [0,1].
The definition states that
u, =0onoQ, ug(a) =-1,

and u, is linear on the line segment from any point on 0Q to a. When we wish to
explicitly indicate the dependence of u, on Q, we will write ugq ,. It is well-known
and straightforward to check that u, is convex.

Next, we define fo : QO - Rby

fa(a) :=]0u, (Q)] = L"(du.(Q)) where u, = uq ,.

The following result implies that to understand the modulus of continuity for func-
tions u € C§°"(Q) with |ou(Q)| finite, it suffices to study the asymptotics of fqo(a) as

a - 0Q.

Proposition 2.1 Let Q) be a bounded, convex, open subset of R". Then the modulus wq
defined in (1.3) satisfies

(2.3) wa (8) = sup{fa(a) ™" : do(a) < 8}.

Proof Step I. We first claim that for u € C5°(Q) and any a, b € Q, there exists G € Q
such that

(24) da(a)<la-bl,  |u(a)|2[u(a)-u(b).
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We recall the proof, which is standard. Consider a, b € Q such that u(a) < u(b) <0.
Let b be the point in dQ) on the ray that starts at a and passes through b. Then there
exists some 6 € (0,1) such that b = (1 - 0)a + 6b. We next define a@ = 6a + (1- 6)b.
These definitions imply that

a-b=0(a-b)=a-b.
Thus, do (@) < |a — b| = |a — b|. Moreover, by convexity,
u(b) —u(a) =u((1-0)a+0b) —u(a) < 0(u(b)-u(a))
=u(b) - [(1-0)u(b) + Ou(a)]
<u(b) —u((1-0)b+0a) = u(b) - u(a) = |u(a)|.

Since do(a) < |a — b|, this proves (2.4).

Step 2. Given u € C5"(Q), § >0 and x,y € Q such that |x — y| < §, fix ae Q
such that dg(a) < §and |[u(x) — u(y)| < |u(a)|, and define w(x) = u(a)u,(x). Then
u<w<0in Q and u=w =0 on 90, so standard arguments (see, for example,
[4, Lemma 1.4.1]) imply that

(2.5) 0u(Q)] 2 |ow(Q)] = [u(a)[" fa(a),
with equality if and only if u = w. The definition (1.3) of wq then implies that

(2:5) -1/n 1/n
(2.6) lu(x) —u(y) <lu(a)l < fa(a)"""|ou(Q)["".
Thus, for nonzero u € C5"(Q),

|u(x) —u(y)| 1/

————=2 < sup fa(a)™'".
ou( Q)" 4y (a)es

It follows from this and the definition of wq that

wa(8) < sup fo(a)V".
dn(ﬂ)ﬁ(s

if |x — y| < 8, then

However, given any a € Q such that dg(a) < §, consider u = u,, and fix b € 0Q such
that dg(a) = |a — b|. Then

us(a)-u =ug(a)| = :7@”“(9)‘1#1
i (0) =0 (0] = ()] =1 220,
and thus,
wa(8) > sup szg(a)_l/” whenever dg(a)<d. =

le—yl<s  |OUa (Q)[M/n

Motivated by Proposition 2.1, we record some properties of f and related notions.
Lemma 2.1 du,(a) = du,(Q).

Proof It is clear that du,(a) c du,(Q). To prove the other inclusion, assume that
p € du(xg) for some xq € Q. We must show that p € du(a). We may assume that
Xo # a, $0 we can write xo = 0a + (1 - 0) y for some y € 0Q and 6 € (0,1).
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For x € Q) and peR", we will write /s ,(2):=us(x)+p-(z-x), so that
p € duy(x) if and only if £y , <u, in Q. Since u, and /y, , are both linear when
restricted to the segment {sa+ (1—s)y:s € (0,1]}, and because x, belongs to the
interior of this segment and u, > £, , on this segment, we see that u, = £, , on this
segment, and in particular at x = a. Thus, £, , is a supporting hyperplane at a; in fact,
Lyy,p = La,p. It follows that p € du,(a). ]

Lemma2.2 IfacQcQ, then fo(a) > far(a).

Proof If p € dug:,4(Q), then p € duqs 4(a), which implies that £, , < uqs 4 in Q.
But it is easy to check that ug: , < ug 4 in Q,and it follows that £, , < uq 4 in Q, which
implies that p € duq ,(a).

Thus, duqg:,,(Q") c duq ,(Q), from which we deduce that fo:(a) < fo(a). =

Lemma 2.3 Assume that Q c R" is bounded, convex, and open, with a € Q.
Then

fa(a)=1(Q-a)°|, where Q—a={x-a:xeQ}.
An equivalent statement appears as an exercise (problem 3.3) in the recent text [10].

Proof We first prove the lemma for a = 0. We know from Lemma 2.1 that duo(Q) =
0u(0). Then

pedug(0) < up(x) >ue(0)+p-xforallx e

— up(x)2-1+p-xforalxeQ.
Since 1o (x) < 0in Q, it follows that
peduy(0) = -l+p-x<0forallxe Q) = peQ°.

However, if peQ°, then /g ,(x):=-1+x-p is an affine function such that
Lo,p <0 =ug on 0Q and £y, ,(0) = -1 = uo(0). It follows from this and the definition
of ug that £y, < ug in Q, and hence that p € du((0).

It follows that du (Q) = Q°, and hence that fq(0) = |Q°|.

For general a € (), the definitions imply that for every x € Q,

Uqg,qa(x) =tug_ao(x—a), and thus, duq ,(x) = dug_40(x — a).
Thus, fo(a) = |[duq,q(a)| = [dua-a,0(0)] = [(Q - a)°]. =

Lemma 2.4 Let M:R" > R" be an invertible linear transformation, and let
MQ := {Mx : x € Q}. Then

fMQ(Ma) = |detM|71fQ(a).
Proof The definitions imply that for every x € Q,

uma,ma(Mx) = ug q(x).
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Thus, for every x € Q,

pe auMQ,Mu(Mx)
<~ upa,ma(Mz) > upa,ma(Mx) + p- (Mz — Mx) for all Mz e MQ)
= uq4(2) 2ug(x)+Mp-(z-x) forallz € Q.
— MT"peadug(x).

We deduce that dupq aa(MQ) = {M Tp:peduqg,(Q)}. Now the conclusion
follows from basic properties of Lebesgue measure. ]

Lemma 2.5 Assume that Q c R" is a bounded, open convex set containing the origin.
For any subspace P of R", define

Qp:=QnP, Qp:={yeP:x-y<1forallxeQp}.

(Thus, Q3 denotes the polar of Qp within P rather than within the ambient R".)
Let mp : R™ — P denote orthogonal projection onto P.
Then

Q3 = mp(Q°).
Proof We will show that (7p(Q°))° = (Q3)° = Qp, where our convention is that if
A c P is convex, then A° denotes the polar within P, whereas if A is a convex set not
contained in P, then A° denotes its polar in R”. Then
ye(mp(Q°))° < yePandy-x<1 forallxenp(Q°)

< yePandy-mpx<1 forallxeQ®

< yePandy-x<1 forallxeQ’

<= yePn(Q°)°=PnQ=20p,
completing the proof. [ ]
Lemma 2.6 Let Q) be an open convex subset of R” with nonempty boundary. For a € Q,
let x € 0Q) be a point such that |a — x| = do(a), and let v = o (Thus, v e N(a), in
the notation introduced in (1.10).) Then

(2.7) %dg(a)_1|8°(a,v)| < fa(a) <2dq(a)™!S°(a,v)|.

Remark 2.7 A curious consequence of (2.7) is that for a € Q, if there exist more than
one point b € Q) such that dg(a) = |b - 4|, then

sup [S°(a,v)|<2n inf |S°(a,v)|.
veN(a) veN(a)

Proof Step 1. After a translation and a rotation, we may assume that a = 0 and that
x=1(0,...,0,-98), where § =dq(a). Then —e, is the outer unit normal at x, and
hence, Q c {y € R" : y,, > —=8}. One can then quickly check that

(2.8) {-se,:0<s< %} cQ°.
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Let P := R x {0}, so that Qp = S(a, v). It then follows from Lemma 2.5 that
(2.9) $°(a,v) =mp(Q°).

Now let T' denote the Steiner symmetrization of QO° with respect to the hyperplane
X, = 0. Well-known properties of Steiner symmetrization imply that | T| = |Q°|, that T
inherits the convexity of 1°, and, owing to (2.8), (2.9), that

o 1
S°(a,v) c T, {i%en} cT.

By convexity, T contains the cones in R” with base $°(a, v) ¢ R"™ x {0} with vertices
at +55e,,. Each of these cones has measure 3-[S°(a, v)|. We conclude that

o 1 o 1 - o
Q%] = T| 2 5-18°(a,v)| = —da(a)™'|S°(a,v)].

Step 2. Let P* = {0"'} x R, the orthogonal complement of P. Since a = 0 and
do(a) 26, it is clear that QN Pt = Qp. 5 {07} x (=4, 6). It easily follows that
Q5. c{0" '} x (—%, %) In addition, Lemma 2.6 implies that

ﬂPl(QO) C Q;i'
It follows from these facts and (2.9) that
11
58
(writing S°(a, v) as a subset of R"™! rather than of R"™! x {0}). Thus,

Q°cS°(a,v)x (-

o o 2 - o
07 <15°(a )] x 5 = 2da(a) 5@ V)], .

Proof of Theorem 1.3 Estimate (1.11) follows directly from Proposition 2.1 and
Lemma 2.6. ]

3 Examples
Our first illustration of the utility of Theorem 1.3 addresses a class of convex sets
considered in several recent papers.

Corollary 3.1 Let Q be a bounded, open convex subset of R", and assume that there
exist positive constants y and pi, ..., px, with k < n —1, such that at any b € 0, after
a translation and a rotation,

(3.1) b=0 and Qc{xeR":x,>n(|x P+ - +]xx|"*)}.
Then there exists a constant C, depending on y, n, diam(Q), such that
) 1 k1
[u]a < Clou(Q)M™  forallu e C*(Q), wherea = —(1+ . p—)
n j=1 Pj

Note that (3.1) allows Q to be completely degenerate at b in n — k — 1 directions.
In [1, 6], sharp Holder estimates on domains satistying (3.1) at every b € 0Q (for
a suitable b-dependent choice of coordinates) are proved for solutions of certain
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ko1
J=1p;
Holder exponents in these results, modified by other parameéers appearing in the
nonlinearity on the right-hand side of (1.16).

Proof Let §>0 and aecQ with dqg(a) =|a—-b| =3 for some b e dQ. After a
translation and rotation, we may assume that (3.1) holds. We necessarily have that
a=(0,...,0,9). Indeed, suppose a; #0 for some 1<i<n—1 Then from the
supporting hyperplane {x, = 0}, we obtain

da(a) < dist(a, {x, =0}) =|a,| < |a| = da(a),

equations of the form (1.16). Interestingly, the quantity ) also appears in the

a contradiction, verifying the claim.
Now, relabeling coordinates, we write the unit outer normal at b as v = —e,, and
have that

k
S(a,v) c {x eR" < {0}:8> ) [xilP, [(Xkstr - Xnr)| < diam(Q)}.
i=1

Thus, |S(a, v)| is bounded by the volume of the set on the right, which is

1

C 5;T+"'+ "
for a constant C depending' on 7, p1, ..., px, k, n — 1, diam(Q). Since a was arbitrary,
(1.13) and Theorem 1.3 (or see (1.14)) imply that
wa(8) < Co%.
Hence, the result on the Holder estimate. ]

If there is any point b € 0Q) such that after a translation and a rotation
1
b=0 and Q2{xeR":x,> (| + - +|xx|P*), [(Xks1>...,%0)| <h}
n

for some positive numbers 7, py, . .., Pk, h, then by a similar argument to that above,
one can show that wq (8) > ¢8“ for all sufficiently small § and the same « as above.
This would use the fact that if S is a centrally symmetric convex body in R¥, then
NI

The following lemma provides a way to generate a large class of examples.

Lemma 3.2 Assume that Q c R? is a smooth convex set of the form
(3.2) Q= {(x1,%) € R?: |xy] <R, h(x)) < x5 < D = h(x)}

forsome R, D > 0, where h : [-R, R] — [0, 00) is an even function, smooth on (-R, R),
such that h(0) = h'(0) = h"'(0) = 0 and h(R) = %

1Using a formula derived by Dirichlet and quoted on the “generalizations” section of the Wikipedia
page for “Volume of an n-ball,” one can check that the constant this computation yields is

zkr(1+i)~-~r(1+i)

Pk n—k-1| 3. n—k-1
B | diam(Q)

4. 4L [B] ’

r(1+ ot + Pk)

(L 1
C(p>--»pr>mkon=-1) =1 Grtpe)
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Assume, moreover, that the boundary curvature is nondecreasing as one moves in the
direction of increasing x; along 0Q) from (0,0) toward (R, D/2).

Then, writing h™'(8) to denote the unique positive solution of the equation h(x) = §
for 0 < 8§ < D/2, there exists 8y > 0 such that

(33) %\/5;171(5) <wa(®) <VI/OR(3)  for0<d<d.

The lemma implies that given any modulus of the form w(&) =+/8h~1(8) for
h satisfying the above hypotheses, we can construct a domain for which the sharp
modulus of continuity wq in the Alexandrov estimate exactly agrees with w, up to a
factor of 21/2.

Proof Assume that 0 < § < 9, to be fixed below.

Step 1. Tt is clear from (3.2) and properties of h that if § is sufficiently small (in fact,
here, 8y < D/2 is sufficient), then the origin is the unique closest boundary point to
(0, 8), and hence that N(a) as defined in (1.10) consists of {—e, }. Then the definitions
imply that

$((0,8),~e2) = (=h7'(8),h™'(8)) x {0}

Recall our convention that $°(a, v) denotes the polar within the subspace v*. If a and
b are positive numbers, then (a, b)° = [, 1], so it follows that

S°((0,6
‘ (( ) —€2 )| 1(8)
This and Theorem 1.3 imply the lower bound for wq (8) in (3.3).
Step 2. To complete the proof of the Lemma, again by Theorem 1.3, it suffices to
show that if dg (a) = 6 and v € N(a), then

o 1

(3.4) IS°(a,v)| > n1(0)’

if 8o is small enough. Fix any a € Q such that dg(a) = § and any b € 9Q such that
do(a)=|a-0b|,andletv = ‘h | Noting from (3.2) that Q is symmetric about the x;
axis (since h is even) and about the line x, = D/2, we can assume that b € {(x7,x;) €
0Q:0<x <R, x; = h(x)}.

Then we define Q to be the set obtained by translating b to the origin and rotating
so that Q) c {(x1,x2) : x > 0}. This operation moves a to the point (0,8). Next, we
let /1; be the function whose graph parametrizes the lower part of 0Q, defined by
h(x1) := inf{x; € R : (x1, ;) € Q}. By our assumption about the monotonicity of the
boundary curvature along the short arc connecting (0,0) to (R, D/2), we see that if
0p is small enough, then

curvature of 9Q at (x, h(x;)) < curvature of 9Q at (x1, i(x;))

for 0 < x; <h™'(8). Since h(0) = A’(0) = h(0) = h'(0), and because 0 = k"' (0) <
h"(0), this implies that h(x;) > h(x;) for 0 < x; < h™(8p).
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12 C.J. K. Griffin, K. Obinna Idu, and R. L. Jerrard

Computing $°(a,v) in the coordinate system of Q, we find that S(a,v) =
(=a, B) x {0}, where —a, j3 are the negative and positive solutions, respectively, of the
equation h(x) = 8, and thus,

1 1 1
[S°(a,v)| == +—2>—.
B a B
But the fact that i > h for 0 < x; < h™'(8,) implies that 8 < h™1(8), proving (3.4). =

Based on the above lemma, it is straightforward to construct examples of domains
Q c R? such that wq (&) ~ 87 for given p > 2. Another example is obtained by taking
h(x) in (3.2) such that

h(0) =0, h(x)=e VM foro<|x|<a

and extended (after choosing a small enough) so that the graph of & has increasing
curvature until the point where its tangent becomes vertical. Then the lemma implies
that for the resulting domain Q,

1/2 1/2
1 ) )
“|— 2| —=) .
z(|1og6|) g“"’(‘”M(Mog&)

In this spirit, it would be straightforward to construct sets with wgq, for example,
having logarithmic or other corrections to Holder moduli 6 for some + < a < 1 + 5.

The next lemma shows that, loosely speaking, the scaling in the classical Alexan-
drov estimate (1.1) is almost never optimal:

Lemma 3.3 Let Q c R” be a convex, open domain, and assume that Q) c By for some
R > 0. Then

A, 8¢ > 0 such that wg (8) > ASY" for 0 < 8 < & — 0Q has a flat spot.

In fact, if wq(8) > ASY" for 8 € (0,8y), then there exists a supporting hyperplane P

such that

, — . A"B?

P n 0Q contains an n — 1-dimensional ball of radius ————.
n=ly Rn-2
The estimate of the radius of the ball is not sharp.
Proof We first claim that for R, ¢ > 0 and S c R¥,
Bk—1|
(3.5) if ScBrand|S°| <, then B, c Sforr= —+——.
2¢(2R)*1

Indeed, for r <R, suppose S c Bg does not contain B,. By a rotation, we may
assume that there is a point of the form b = (0,...,0,r) with 0 < r; < r such that
ds(0) = |0 - b| = r1. Then the plane {x : x; = 11} is a supporting hyperplane at b, so
S c Brn{x:xx <r}. We claim that

1 1
3.6 ! RFEIXR: Y| < —, 0<yp < — )} c S°.
(3.6) {(Vs yi) € xRy <o 0< 2r1}c
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This is clear, since if y = (¥, y,) belongs to the set on the left, then one readily checks
that x- y <1forallx € S ¢ Bg n {x : xx < 1}, proving (3.6). It follows that

Bk71 Bk71
c> |So| > | 1 | > | 1 | .
2r1(2R)k-1 7 2r(2R)*1
k-1
This cannot happen if r < %. So for such r, it must be the case that B, c S,

proving (3.5).

Now assume that there exists A > 0 such that wq (&) > A8"”, and fix a sequence
ajeQ and vj e N(a;) such that dg(a;):=9; >0, and [S°(aj,v;)| < nA™". The
existence of such sequences follows directly from Theorem 1.3. Upon passing to
subsequences (still labeled aj,v;,d;) we may assume that a; — b € dQ. After a
translation and a rotation, we may assume that b = 0 and Q c {x e R" : x,, > 0}.

Appealing to (3.5) with k = n -1, we find that B, c S(aj, v;) with r = zlﬁnzllﬁz.
Then the definition of S(aj, v;) implies that

{aj+x:x-v;=0,]x|<r} cQc{x:x,>0} foreveryj.
This implies that v; - —e, as j » oo and a; — b = 0. Then
{aj+x:x-vj=0,|x|<r} — {x:x-(-e,)=0,|x|<r}=B"x{0}

as j — oo, in the HausdorfF distance. It follows that B"~! x {0} c (), and hence, since
Q c {x:x, >0}, we conclude that B"™! x {0} c 9Q. Thus, we have found a flat spot.

We omit the proof that if 9 has a flat spot, then wg (8) > ¢8"" for some ¢, which
is a very direct consequence of Theorem 1.3. [ ]

Finally, we present the proof of a fact already stated in the introduction.
Lemma 3.4 If x € 0Q is a point at which Q) is twice differentiable, with Gaussian

curvature k, and if v is the outer unit normal at x, then

n-1
(3.7) |S°(x = v, v)| = (2\/(5)|£1_1)/|2(1+0(1)) as & — 0.

Proof Choosing coordinates so that x = 0 and v = —e,,, we find that locally near 0,
Q has the form {x = (x’,x,) e R"" xR: x, > h(x")} for h such that h(x) = 3x’-
Qx'(1+0(1)) as x" — 0, with det Q = . From there, the definitions imply that

S(x - 8v,v) = {x' e R" 1 : h(x") <8} x {0}.

The expansion of ki for small x’ implies that for any € > 0, there exists 8y > 0 such that
if 0 < § < §y, then

{x"eR" ™ :x"-Qx' <28(1-¢)} c {x" e R" ' : h(x) < 8}
c{x' eR"":x"-Qx' <28(1+¢)}.

Since the ellipse {x" : x"- Qx’ < r*} has volume r"~!|B/~!|/\/det Q, we deduce (3.7)
from the standard fact that |E| |[E°| = |By~*|* for any ellipse E in R"™!, a consequence
of affine invariance. u
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14 C.J. K. Griffin, K. Obinna Idu, and R. L. Jerrard

4 Proof of Theorem 1.1

The proof of Theorem 1.1 is distributed among Propositions 4.1, 4.2, and 4.3. Before
starting their proofs, we give a preliminary lemma.

Lemma 4.1 Let E c R” denote the ellipsoid

2 2
X X
E:={xeR": 2L 4 ... 420 <1},

leta:=(0,...,0,—a)forsomea €[0,¢,),andlet p = (0,...,0,-¢,) € OE. If a is close
enough to £,,, then

Vr(p)|BY|

Je(@) = (@)@ b, g (a)) [P

Proof We recall that if S c R" is a convex set, the support function oy is defined by

os(y) =supx-y.

xeS

It is rather clear from the definitions that

$°={yeR":05(y) <1} 0s-a(y) =0s(y) —a-y, o (y) = [yl

Step 1. Let B denote the unit ball Bf'. Then using the properties of the support
function noted above,

fa(@) = |(B-a)°| = |{y € R" :05_a(y) <B}| = |{y e R : |yl - a- y < 1}].

For a as above, by writing y = (¥, y,) € R"™ x R, by squaring both sides, completing
a square, and rearranging, we find that

)<

The inequality on the right defines an ellipsoid whose volume is easily found, yielding

Metvay=1-ay, = (- +-a?V(n+ s

fa(a) =|(B~a)’| = (1-a®)""*D2B]].

Since dyp(a) =1 - &, we can rewrite this as

Bl
[d3(a) (2~ dp(a)] T

Step 2. Now let E denote a general ellipsoid as in the statement of the theorem.
Noting that

fa(a) =

E=MB for M =diag(4,...,4,),
we find from Lemma 2.4 that

fe(a) = fup(a) = (4 L) fp(M"a).
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Also, since M7'a=(0,...,0,-a/(,), we see that dp(M'a)=1-2& =2,
Substituting into the above formula, we obtain

n-1
2

o 1By
T = L (- BT

It is clear that if « is close enough to £,,, then ¢,, — « = dg(a). So to complete the proof,
we must show that x(p) = €27 /(¢2---¢%_,). This is an easy computation. Near p, we
write JE as the graph

52 2 1/2
xn=g(x"),  g(x') =L, (1—(;+.-. T ) .
gl En—l
We compute that Dg(0) = 0 and D*g(0) = ¢,diag(¢;2,...,¢,%,), and it follows that
k(p) = detD*g(0) = 271/ (¢3---(3_)), as claimed. -

Proposition 4.1 Let Q2 c R" be a bounded, convex open subset of R" for n > 2, and
assume that (1.6) holds. Then

H(nt1)/2 \ /"
(4.1) lim inf w“ﬁ?) > ( _ ) .
6—0 S |B1 |\ /Ko

Proof Given ¢ > 0, choose a point p, € dQ at which 0Q is twice differentiable and
K(pe) < (1+ €)ko. We may assume after a translation and a rotation that p, = 0 and
that there exists r > 0 such that in a neighborhood of p,,

(4.2) QnB!={(x",x,) € Bl : x, > g(x')}

for a convex g such that
1 n—1
(4.3) g(x") = 3 YA +o(|x'?)  asx'| -0,
=1

with

n—-1

Aj=r(pe) = k(0), Aj>0forall j.

i1

-

Now let E; be the ellipse

x? x2 (xn — 4 )2
Es:{xER":—l+...+"7*1 ¥<1}
G e I

for

¢ 1/2
¢, = 1 to be chosen, éj:()t(li)) .
j &

We claim that

(4.4) if # > 0 is taken to be small enough, then E, c Q.
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16 C.J. K. Griffin, K. Obinna Idu, and R. L. Jerrard

In view of (4.2), it suffices to show that if # is small enough and x = (x', x,,) € E, then
x € B, and x,, > g(x').

It is clear that there exists 770 > 0 such that E, ¢ B} whenever 0 < # < 7.

Second, we use the concavity of the square root to see that

f _ 2 n—lxz
ers — %Sl_ 7;
¢ =t Ej
2 1/2 2
(¢ xn) Z_:] 122 x;
_J <1- 47224,
0 =¥z 25 e
=9 1+¢) 1=
- 527
j=1 J

Note also that the definitions imply that |x'| < C,/7 for (x,x,) € E, so the above
inequality and (4.3) imply that there exists #; € (0,#9) such that if 0 < 5 < #;, then
xn > g(x"), completing the proof of (4.4).

We henceforth fix 5 < ;. Let a5 = (0,...,0, ) for § <¢,, and note that a;s € E,
when 8 < 2¢,. Note also that dq (as) = dg,(as) = 8 for all sufficiently small § > 0.

It follows from Lemma 2.2 that fo(as) < fg,(as)(a), so we use (an easy modifi-
cation of) Lemma 4.1 to conclude

n+l n+l1 \/ 0 Bn \/ 0 B?l
lim 62 fo(as) <limd 2 fg, (as) = lim re O)IB| _ Ve (OB
N0 N0 SN

0 (2- )2 - 22 2

where kg, (0) denotes the curvature of JE; at 0, which is
kg, (0) = (1+&)"'k(0) < (1+€)" k.

Applying Proposition 2.1, we find that

1 (ni1)/2 \ /"
llmlnf8 5 wo (8) > —— ( - ) .
V1+e \ VB

Since € > 0 was arbitrary, conclusion (4.1) follows. [ |
Proposition 4.2 Let Q be a bounded, open, convex subset of R? satisfying (1.6). Then

wa(8) [ 222 \"*
P 5/ :(\/ ) '
5>0 RoTt

Proof We will show that for any a € Q,

1 \/KoTl
da(a)i 27
In view of Proposition 2.1, this implies that

wa () ( 23/2 )1/2
Vor)

(4.5) fa(a) >

sup
§>0 84
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This will complete the proof of the Proposition, as the opposite inequality follows from
Proposition 4.1.

To prove (4.5), fix any aeQ, and let bedQ be a point such that
da(a) = |a - b| =: 8, not necessarily small. After a rotation and a translation, we may
assume that b = (0,0) and a = (0, §). Clearly, Bs(a) c Q,and 0 € dBs(a) n 0Q. From
these facts and the convexity of ), one easily sees that Q ¢ {(x;,x2) : x, > 0} and

90 [(=6,8) x (0,8)] c {(xl,xz) L0 <, <8 1/02 —xf}.

Let I = {x;: (x1,x2) € Q for some x, } be the projection of Q onto the x;-axis. Then
writing the lower part of dQ) as the graph of a function g : I — R, we have

g is convex, 0<g(x1)<6—1/0%-xf, Qc{(x,x):x1€L,xy > g(x1)}.

Note that g is differentiable at x; = 0, with ¢’(0) = 0.
We now claim that

(4.6) g(x) =2 %xlz for x; € I, andthus, Q c D= {(x1,%;) : %2 > koxi/2}.

We will prove this for x; > 0; the argument for x; < 0 is basically identical. Let us write
S :={x € I: gis twice differentiable at x; }. To prove (4.6), we recall assumption
(1.6), which implies that

g"(x1)
W 2 Ko for every xj € S.

This clearly implies that g" (x;) > K in S. Since g is convex, g’ is increasing function,
so for positive x; € I, elementary real analysis yields

g (x1) = ¢ (x1) - g'(0) 2]{ g (t)dt > kox,.

teS:0<t<x; }

Since g’ is locally Lipschitz, we obtain (4.6) by integrating again.
In view of (4.6) and Lemma 2.2, in order to prove (4.5), it suffices to show that

(4.7) fo(a) = 20y

This is a straightforward computation. First, let

LR
- 26
wer(VE ).

Then D := MD = {(x1,%,) : x, > x?} and Ma = (0,1) = e,. By Lemma 2.4,

S|

fo(a) = 28532 f5(e2)
and

f5(e2) =I(D-e2)’| =y eR* s 05, (1) <1}].
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Given y€R? we compute o5_, (y) by attempting to find x that maximizes

x + y-(x — e;) subject to the constraint that x € D. It is clear that a maximum can
only occur for x € dD, so one can use Lagrange multipliers to find that

( ) +00 lf)/z >0
GD—ez y1’y2 - —% - )/2 lfyz < 0.
It easily follows that
N o 2 1 ? i
(D-e)°=3(y,y2) 1 +4(y2—5) <1y, and hence, fB(eZ)ZE’
concluding the proof of (4.7). ]

The remaining assertion of Theorem 1.1 is contained in the following proposition.
The idea of the proofis to approximate 0() from the outside, locally, by a quadratic. We
need to be able to do this in a uniform way and. having done so, to extract information
about du,(Q) from its quadratic approximation when this approximation is only
local.

Proposition 4.3 If n >3 and 0Q is C?, then

wa(d) o (n+1)/2 1/n
s sz - NG

Proof In view of Proposition 4.1 and Proposition 2.1, we only need to prove that

(4.8)

n
s B lv/%o
“9) iint it 0"V fo(a) 2 S

Step 1. We first claim that for any & > 0, there exists ro > 0 such that for any b € (),
there exists a rigid motion $ (that is, the composition of a rotation and a translation)
and a convex C? function g : B}:™! — [0, c0) such that

$(0)=b,  S{(x',g(x")): x| <r0}) c 091,
and g(0) = 0, with
(4.10) ID*g(x") - D*g(0)| < & for x" € B1(0),

where | - | denotes the operator norm. Informally, this states that 9€) is uniformly C.
Since 9Q) is C? and compact, on some level this is clear, but we provide some details
nonetheless. Our proof of (4.10) will also show that there exist positive Apmin < Amaxs
independent of b € 9, such that

(4.11) Apin M <o <A1 < Apaxs {A;} = eigenvalues of D*g(0).

First, the compactness of 0Q) implies that there exists R > 0, ] > 2 and

« maps S;: R" - R" for j=1,...,], each one a rigid motion (the composition of a
translation and a rotation),
« C? functions h; : Bjz' - [0,00) forj=1,...,],
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such that |[Vhj| < 1 in B! and
00 =Ul, U U= ({( () 2 e BRY).

For every j, clearly, hj, Dhj, and D*h; are uniformly continuous on Bjy’, and there
are only finitely many of these functions, so there exists a common C? modulus of
continuity for {h; } _, on Bz", by which we mean a continuous, increasing function

y:[0,00) =[O0, oo) such that 4(0) = 0 and
(412) |hj(x) = hj()| + [Dhj(x) = Dhj(y)| + |D*h;(x) = D*h;(y)] < u(lx = y)

forallxand yin Bjz'and j=1,...,].

Now consider any b € 9Q. Fix some x’ € By '(0) and je{1,...,J} such that
b=S;(x',hj(x")). By a further translation, we may send (&', h;(x")) to the origin
in R”. Then by a rotation in R", we can arrange that part of the (translated and
rotated) graph of h; over By (') can be written as the graph over some ball B} ' of a
convex C? function g : B"™* - [0, 00) such that g(0) = 0 and Vg(0) = 0. By applying
Lemma 4.2 below to h(x") = hj(x" - %") - hj(x"), we find that independent of the
choice of b, the domain of the resulting function g can be taken to be By, and g has
a C* modulus of continuity in B~ that can be estimated solely in terms of y from
(4.12). This proves (4.10). Similarly, (4.11) follows from (4.25) in Lemma 4.2, which
we prove below, together with the fact that for every j € {1,..., ]}, the eigenvalues of
D?h; are bounded away from 0 in B}, being positive on B}z’

Step 2. We now prove (4.9).

Step 2.I: Normalization and approximation by a quadratic. Because 0Q is C* and
compact, there exists 8y > 0 such that if § :=dq(a) < &y, then there is a unique
b € 0Q such that dg(a) = |a - b|. Fix some such a and b. In view of Step 1, we may
assume after a rigid motion that a = de, = (0,...,0,8) and b = 0, and that there is a
nonnegative convex function g, vanishing at x” = 0, such that (4.10) holds for some ¢
and ry(¢;) to be specified in a moment, and with {(x’, g(x")) : |x| < ro} contained
in the (rotated and translated) 0Q.

Fix £ > 0. Using (4.10) for a suitably small choice of & and calculus, we can
guarantee that

A=8) 7 oy
g(x) > == 2 Qx inB!!,  for Q =D’g(0).
[Dg(x") - Qx'| < x|

(4.13)

Let M := Ql/ 2 the positive definite symmetric square root of Q, and define

ﬁ::{(%,?):(x',xn)EQ}, g0y = %g(\/gM_ly')-

Due to (4.11), the eigenvalues of M are bounded between AY? and A%ﬁx Thus,

min
To

(4.14) ly'| <rs:= T — VoM<
min
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The definition of g is chosen so that

{(,8(0) Y| <rs} € Q.

Hypothesis (1.6) implies that det Q = (curvature of 9Q at b = 0) > ko, so we deduce
from Lemma 2.4 that

(4.15) D2, (a) = |det M| f5(a) > ko fz(a)  for a= % = e,.

In addition, using (4.14) and requiring that ¢ < %Am,-n, we can translate properties
(4.13) into statements about §. It follows that(y’, §(3")) € Q and
3 (1-¢)
g0 > =T
(4.16) in B},

IDZ(Y") =¥ < Al < 51
Fix 2’ such that |2/| <75/2 and let ®(y’):=2"+y" - Dg(y'). Then the second
inequality in (4.16) implies that ® maps B} to itself, for r, = 2|z’| < r5. Thus, the

Brouwer Fixed Point Theorem implies that @ has a fixed point )’ in B:‘z‘l. But
O(y') = y' exactly when Dg(y') = 2’. It follows that

(4.17) B < {Dg(y") <y < B}

Step 2.2: finding a large subset of dug |, Q).
We will write 15 := ug ;. We next will show that

rs
418 E.s:={s(z,-1): || <=, 0<s<|1+

-1
|z'|2) } c 0is(Q).
To see this, fix 2’ € B”~), and using (4.17), find y’ € B}~ such that Vg(y’) = z’. Let

1’5/2’
0oty e V8GN -1 - (x - (0. 8(y)))
y (%) = YOS .
L+y-vg(y')-&0)
We claim that £,/ is a supporting hyperplane to the graph of i1; at d = e,. We must
show that /,/(d) = i1;(a) = -1, which follows directly from the definition, and that

0, < iz in Q. Since both ¢, and 7 are linear on line segments connecting 9Q to 4,
it suffices to check that £, < éi; = 0 on Q. This follows from noting that £, vanishes

exactly on the hyperplane {x € R" : v(y) - (x — y) = 0}, where y = (¥, §(")) € 0Q
and v(y) is the outer unit normal to 9 at y. This is a supporting hyperplane to 99,
s0 £, does not change sign in Q. Since £, (d) < 0, the claim follows.

Thus, V4, (d) € diiz(a). Since it is clear that 0 € 9 (d) and 975 (4) is convex, it
follows that the segment {sV/,/(d) : 0 <s <1} c diiz(a); that s,

1
< . .
1+y-vg(y)-g(y)

(4.19) {s(vg(y'), -1) : 0<s } c dig(a).
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However, recalling that V¢(y’) = 2, and using (4.16) and elementary inequalities,

1-¢) 1
/. S\ 5 /</./_( /2< 712
Yy vy =80y <y 2 A ‘2(1—8)|Z|

We deduce (4.18) by combining this and (4.19).
Step 2.3: conclusion of proof. Since a was an arbitrary point such that dg(a) = 4, it
follows from (4.18) and (4.15) that for all sufficiently small §,

(4.20) d 1{‘? 66(n+1)/2f0(a) > \/Ko|Ee,s-
ala)=
We will show that
. PN
(4.21) lim |Ec ] = (1-¢) Tk

Since € > 0 is arbitrary, this and (4.20) imply (4.9) and thus complete the proof of the
Proposition.

To establish (4.21), note first that E, 5 forms an increasing family of sets as § \ 0.
Thus, the Monotone Convergence Theorem implies that lims_.q |Ec,s| = |Ee,ol, for

-1
1
Eco:=UgsoEes = D :peRL 0<s< |1+ "2 .
€0 = UssoEe,s {s(p )i p s 2(1_8)|p|

We claim that, in fact,

2 1
(422) ES,O = {(q,,qn) eR": (1 ~ g) |q,|2 + 4(% + 5)2 < 1} =: €£,O~

Indeed, both &, ¢ and E, g are contained in the set {0} U {(q’, gx) : g» < 0}. It is clear
that the origin belongs to both sets. Any point with (¢q’, g,, ) with g,, < 0 can be written

t(p’,-1)

(4.23) (q'.qn) = p— for some p’ e R" ' and t > 0.
2(1-¢)
Then
|q/|2 — t2 |p,‘2
(1 + 2(11_5) |p,|2)2
and

2
(_1 + 2(11_5) |p,|2)
(1 o |pP)?

t
4(g, + 5)2 = (2gqu + t): =+t

>

from which we see that
2 2

"2 ts
— 4(qu+ =) =12
(1—s)|‘1| +4(qn +3)
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One then checks that
2
(1-¢)
For g, <0, the right-hand side is larger than 1 if and only if # > 1. Thus,

, 1
lq'|> +4(q, + 5)2 =1+4(1-t)q,.

0<t<1lin(4.23) <= (q'.qu) € &cpo-

Since (q', qn) € E¢,p if and only if 0 < ¢ < 1in (4.23), this implies (4.22).
_e)y(n-D/2 gn

And it is clear that |, o| = %, proving (4.21). |

Finally, we establish the lemma used above. In the proof, we find it helpful to write
points x = (x',x,) € R" = R"™! x R as column vectors (¥ ).
Lemma4.2 Let h € C*(Byg') satisfy h(0) = 0 and | Vh| = <

Then there exists a rotation S € SO(n) and a function g
vg(0) =0,

(4.24) {(g(yy,,)) 1y'] < R} c {s(h(x;,)) |x] < 20R/11},

and such that the C* modulus of continuity of g can be estimated in terms only of the C*

modulus of continuity of h in Bjjx - Moreover,

1
Z-
€ C*(BR™") such that

(1+ mz)‘l/zhx,.xj(O) ifi,j<n-2
(4.25) 8iy;(0) =3 (1+m*) hy (0)  ifi<j=n—lorj<i=n-1
(1+m?) >Ry, (0) ifi=j=n-1,

for some m € [-1, 11, and if h is convex, then g is convex.

The conclusion of the lemma is a little stronger than we need for the proof of
Proposition 4.3.

Proof We may assume by a suitable choice of coordinates that Vh(0) = me,_; for
some m € [—i, i], where e,,_; is the standard basis vector along the x,_; axis.
We then define (temporarily adopting column vector notation for ease of reading)

X1 X1
S : 1 8 m
Xp-2 | = Xn-2 ) o= —F—, N
X1 WXt + B V1+m? V1+m?
Xp —Bxn-1 + axy,

Clearly, S € SO(n). Note that & > 4/\/17 > 4/5 and || < 1/1/17 < 1/4. We next define

®: B > R”
S(h(x;')) =0 = (fn((xx,')))’
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where we will write the components of ¢ as (¢', ..., ¢" ), for ¢ and ¢" taking values
in R""! and R, respectively. We now define

y=¢", g=¢"ovy.
We now verify that these functions have the stated properties.
Proof that g is well-defined on By ': From the definitions, we see that
(4.26) dip)=06] ifj<n-2,  D¢"'=ae" +pDh.

Thus, writing | A| to denote the operator norm of a matrix A and I the k x k identity
matrix, we check that

9
(4.27) [D¢ = Iq| <1 -af +|f] < % everywhere in Bjg'.

Now fix any y’ € B!, and define ®(x’) = y + x' — ¢(x’). Then for any x’, 2’ € Bz,

D(x) - D) = ‘f S 0(sx' + (1-)2') ds| < sup |Dg - [ -2/

Bnl

9
(4.28) < %|x' -7

Thus, ® is a contraction mapping. Note also, that when y = 0, we find from (4.28) that
|¢(x") = x'| < 55 |x'|. So if [x'| < 20R/11, then

@G <ly|+lo(x) - < T,

So @ maps BY - .. to itself, and the Contraction Mapping Principle thus implies that

20R /11
there is a unique 2z’ € B} 2 /1 such that (") =72, which says exactly that (p(z’) =y

These facts imply that ¢! = y is well-defined in B}, taking values in B} % . ., and

20R/11
hence that g is well-defined in B! as well.

Proof that (4.24) holds: The definitions imply that if y' = ¢(x’), then g(y') =

¢"(x"), and thus,
(gt9)~ () ==}

We deduce (4.24) from this and remarks above about the range of y.
Proof that Vg(0) = 0: We compute

(4.29) gy = (9%, o) 1/’?,»

Since ¢(0) = 0, it is clear that (0) = 0. It thus suffices to check that V¢ (0) = 0. This
follows from the choice of a and f3, which guarantees that

ah, (0)=0 ifk<n-2
¢, (0) = (0) IS
-B+ah,, (0)=0 ifk=n-1
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C? modulus of continuity of g: By differentiating (4.29), we obtain

(4.30) iy = (B, o WIVS W + (P50 W)Y, -

Moreover,
vy, = [(DP) oyl w = (B0, W) VL ¥ U,

For every x’ € Bjz!, it follows from (4.27) that D¢(x") belongs to the compact
set {Ae M"':|A-1I| <9/20} on which the map A~ A™" is smooth and hence
bounded and Lipschitz. Hence, Dy is bounded in B ', and v is Lipschitz continuous.
Then elementary estimates show that first Dy and then Dy have moduli of continuity
estimated only in terms of the C* modulus of continuity of ¢, which in turn is
controlled by the C* modulus of continuity of h. Then similar arguments show that
the C? modulus of continuity of g can be estimated only in terms of that of k.
Formula for D*g(0). Computing as in our verification that Vg(0) = V¢"(0) = 0,
and recalling that y(0) = 0, one easily checks that D?¢"(0) = D*h(0). Similarly,
nothing from the definitions that 9,_;¢""*(0) = & + fm = 1/a, one checks that

D¢(0) = diag(L,...,1, l), andso Dy(0) = diag(1,...,1, a).
o

We deduce (4.25) from these facts and (4.30).
Finally, it is clear that if & is convex, then g is convex, as then the graph of g is part
of the lower boundary of a convex set. ]
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