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Abstract

A class of functional differential equations in some Hilbert space are studied. The results are
applicable to many quasi-linear parabolic partial differential equations with (possibly) countably
many discrete delays and finitely many distributed delays in the highest order spatial derivatives.
For the linear case, an evolution operator on the underline space H is introduced, via which
a variation of constant formula for the solution of the equation in the underline space H is
derived. Some spectral properties of the generator of the solution semigroup defined on some
appropriate space are discussed as well.
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1. Introduction

In this paper, we study a class of abstract delay equations in some Hilbert
space H. One of the interesting cases which is covered by our results is
the following initial-boundary value problem for a parabolic partial integro-
differential equation:
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(1.1)

( ut(t: X) —uxx(t’ X)
0
= | f(t,0,u(t,x),u(t,x),ut+0,x),u(t+0,x),
u, (t+6,x)do

oo
) +3 gt ut, x), u (t, x), u(t—r;, x), u(t—r;, x),
i=1

u, (t—r;, x)),

xx(
(t,x)€(0,00)x(0,1),

u(t,x)=9(,x),(t,x)e[-r,0]x(0, 1),

L u(t,0)=u(t,1)=0,1t€ (0, ),

where f and g; are some maps and r; € (0, r] are some positive constants.
It is clear that the above equation has the following features:

There are (possibly) countably many discrete delays and finitely many
(which is the same as one) distributed delays appearing in the highest order
spatial derivative terms; the terms with and without delays are nonlinearly
coupled.

At this point, one may realize that our investigation generalizes previous
works relevant to this aspect (cf. [1-4, 11, 19]). We should note that the
mentioned works only discussed the cases with at most finitely many discrete
delays in the highest order derivative terms. The cases in which the delay
only appears in the lower order (including zero-th order) spatial derivatives
were discussed by many authors [5-7, 10, 14, 15, 18, 22]. For a brief survey
of this topic, see [3]. Some other relevant results can be found in [8, 9, 12,
17].

In this paper, we will pose a set of very general conditions under which
the global existence and the uniqueness of the strong solutions to a general
functional differential equation is ensured. This is carried out in Section 2.
Then, in Section 3, we study a delay differential equation which contains
equations of form (1.1). In Section 4, a linear case is discussed. We derive
a variation of constants formula which can be regarded as an extension of
those given in [10]. Finally, the spectral properties of the associated solution
semigroup are studied.

2. An abstract functional differential equation

In this section, we establish the existence and the uniqueness of the (mild)
solution to an abstract functional differential equation. Let us start with some
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assumptions. To this end, we fix a Hilbert space H and a constant r > 0.
(A1) The operator 4: Z(A) ¢ H — H is linear, closed and densely
defined. There exist J, € (0, #/2), @, >0 and M > 0, such that

(2.1)
p(4) D Z(w,, 8,) = {A € C|é, < |argA| < 7} {4 € C|Red < )},
- M
(2.2) AL = 4) | gy < e e e, 8,)-

By [16], we know that under (A1), the operator —A4 generates an analytic
semigroup on H and the fractional powers AP (B € R) are well-defined. We

let (—oo<a<b<+o00)
b 2
/ v (o) dt < oo} ,

L2 (=1, 00; D(A)) = {v(-): [, c0) — F(4)

LYa,b;9(4) = {v(-): [a, b] - F(4)

/ |Av(0)|5; dt < 00,

-r

Vs > ——r} R
and as in {3], we let

F={er

/0 IAe_Atxlz dt < oo} .

For any v(-) € L2(a, b, P(A)) and x € F, we let
b 172
2
0Oz, 00a) = [ / lAv(thdz] ,

) 1/2
2 —Ar_ 2
x| = (lle +/0 |Ae x|Hdt) .

From [3], we know that F is a Banach space and

La,b; D) nW"@a,b; H) < C(la, b]; F),

(2.3)
V—oo<a<b<+oo.

Next, for any v(-) € L,zoc(—r, o0; Z(A)) and t > 0, welet v,(-) € L2(—r, 0;
2 (A)) be defined as v,(0) =v(t+6), VO € [-r, 0].
(A2) The mapping G: [0, oo) x C([-r, 0]; £(A4)) — H satisfies the fol-
lowing:
(i) Forany v(-) € leoc(—r, 00; Z(A)) themap ¢ — G(t, v,(-)) is almost
everywhere defined and is in L,ZOC(O, 00y PD(A);
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(ii) There exist nondecreasing functions w(-:), K(:): [0, r] — [0, o0),
with
(2.4) limw(s) <1,
510

such that for all v(-), 9(-) € L2 (—7, 00; D (4)), s € [-r, 0] and £,> 0,

ty+s 2 2
/ dt
! H

A /t e_A(t_t)[G(t » v1(°)) - G(T ’ ﬁf(.))] dt
¢

0

0

to+s 12
(2.5) < w(s) {/ |A[v(2) - 0(0]!2 dt}

0

“ 1/2
+K(s) { / [v(8) - D(D) dz} ,

o—f

ty+s 1/2 tyts 172
(2.6) {/t |G(z,v,(-))|§,dt} 5K(s){l+[/t_ |Av(z)|§,dt] }

0 i

The above conditions on the map G are very general. In the next sections,
we will see that they include many interesting concrete examples. One of the
contributions of this paper is the discovery of the above conditions.

Now, let ¢(:) € Lz(—r, 0, 2(A4)) and x € F. The abstract functional
differential equation we are going to study is the following:

u(t) + Au(t) = G(t, u,(+)), ae. te€(0, ),
(2.7 u(0) = x,
u(t)=9(), ae.tel[-r,0).
DEFINITION 2.1. A function u(-) € leoc(—r, 00; ZD(A)) is called a mild
solution of (2.7) if it satisfies the following:

p(1), ae. te[-r,0);
(2.8) u(t) = { e—Atx + /'te_A(t—T)G(T’ ur(.)) dT, t> 0.
0

We see that under (Al) and (A2), for any u(:) € leoc(—r, ;D (A4)),
the integral term in (2.8) makes sense. The following lemma plays a very
important role in the sequel.

LEMMA 2.2. Let (Al) hold. Then, for any h(-) € L2(t0 ,00; HY, w>-aw,,
2.9 ¢ / e In(rydr € L3 (t,, 003 D(AN VW' 2ty 003 H),

L
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and

00 t oo
(2.10) 4 [ e On(rydel, dt < (M + 1) / e h(t)[%, d.

Lhs b fh

In particular, for all s >0 and h(-) € L2(t0, ty+s; H),

(2.11) /t o

0

. 2 ty+s
A e Ohmar a1 [T ol e
z

o H LS

PRroOF. For any 4 with Red > —w,, we know -1 € Z(w,, d,). Thus,
by (2.2), we have

M
(2.12) [lAAT + A)~ ".7(11) <1+ lﬂl <M+ 1.
On the other hand, by Theorem 3.2 of [13], we know that the following

problem
{ u(t) + Au(t) = h(2), tety, o),
u(ty) =0
admits a unique solution u(:) € W"z([t0 , 00); H)an(to, 00 ; Z(A)). More-
over, this solution can be represented as

t

u(t) = / h()de,  telty, ).
b

We extend u(-) and A(-) to be zero outside of [¢;, co) (and still denoted

by themselves). Let @ be any complex number with Rew > -w,. By

Plancherel’s theorem ([21]), we get (see the proof of Theorem 3.2 in [13] and

notice (2.12) above)

r

0

2
t
e 4| " Vh(r)dr

b

dt=/ le™ " u() g4y 1
H —00
o0 . -1 —w 2
- /_ (A + id+ o) Fe T hO) dA

2 % —oty 2
<M+ [ e h)} dt,
t
where #(y(t)) stands for the Fourier transformation of the function y(-).
Then, our conclusion follows.
Now we are ready to prove the main result of this section.

THEOREM 2.3. Let (A1) and (A2) hold. Then, for any ¢(-) € L? (-r,0;
D (A)) and x € F, there exists a unique mild solution u(-) of (2.7).
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PrOOF. By (2.4), we may find an § € (0, r] such that

(2.13) w(s) < 1.

For any v(:) € LZ(O, 5; D (A4)), we define

~ _ ¢(t)’ IE[—F, 0):
o) = { v(t), te(O, ).

Then, we see that 7(:) € L2(—r, 5; 2(A)). Thus, by (A2), we can define

(2.14)

(2.15) (Tv)(t) = e 'x + / ' e Gt 5.())dt, t€[0, 3]
0

We observe the following (noting Lemma 2.2)

[ uroor]”s [ -]
+ [/: : dt] 1/2

s 12
(2.16) < |xlp + (M +1) [/0 Gz, ﬁ,(-))lﬁ,dt]

' a1 -
4 /0 e G(r, 6.())

o 1/2
< |x|p + (M + DK(5) [1 + (/ |A¢(t)|§,dt)

+ ( /0 vl dt)l/z]

Hence, we see that 7 maps L2(0, 5; D(A)) into itself. Next, we let vl(-) ,
v’() € L}(0, 5; Z(4)) and define 9'(-) and 9°(-) as in (2.14). Then, by
(A2), we have (note 9'(r) = 9°(¢), a.e. 1 €[—r, 0])

< 0.

[ 1o - oo de < 06 [ 140" 0 - 0 dr,
0 0

that is,

@17) 1T0'() = Tv* Ol .90y < @O () = 0* Oz si000)

Hence, by (2.13), there exists a unique fixed point u(:) € L2(0, 5; ZD(A4))
of the operator T. Then, we define u(¢) = ¢(¢t) on [—r, 0) and (possibly)
change the values of u(-) on a zero-measure set such that (2.8) holds for
t € [0,5]. Then we see that u(-) is a mild solution of (2.7) on [-r, §].
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Next, we note that the mapping ¢ — G(¢, u,(-)) is in L2(0, 5; H). Thus, by
Lemma 2.2 and (2.3), we have

u(-) € L0, 5; 2()) nw" %0, 5; H) — C([0, 5]; F).

In particular, u(5) € F. Hence, the above procedure can be repeated. Since
the step-length § > 0 is independent of the initial data, the existence and the
uniqueness of the global mild solution of (2.7) follow.

Next, let us collect some basic properties of the mild solution of (2.7) in
the following

THEOREM 2.4. Let (A1) and (A2) hold.

(i) Let (x, 9(-)) € F x L}(—r, 0; Z(A)). Then the mild solution u(-)
of (2.7) satisfies the following:

(2.18)  u(-) € L (—r, 003 F(A)) A W20, 003 H) = C([0, 0); F),
and for any s > 0, there exists a constant C = C(s), such that
(2-19) Iu(.)le(O’s;Q(A))nlez(O’s;H) <C(1+ |X|F + |¢(')|L2(_r’0;9(,¢)))3
where
|u(.)|iz(0 S @AY (0, 51 H) = /s |i¢(t)|i,dt+/s |Au(t)|§, dt.
” e 0 0

Also, forany 0<a<1/2 and 0< p<1/2—-a,

(2.20) A%u(+) e C°((0, 0); H).
Moreover, if x € 2(A**’)NF, then
(2.21) A%u(-) € C*([0, o) ; H).

(ii) In addition to (A1) and (A2), suppose there exists a function
K():10,711 10, 00),
such that for all v(-), 9(-) € leoc(—r, 00; D(A)), s€[0,r] and t,>0,

to+s

@222) [ 16, v,())=G(t, 0,(-)] dt < R(s)? /

tO
Let u(-) and a(-) be the mild solutions of (2.7) corresponding to the initial
data (x, ¢()), (X, ¢(-)) € FxLz(—r, 0; D (A)), respectively. Then, for any
§ > 0, there exists a constant C = C(s) > 0, such that

") - o) dt.

te—r

223 () = &N 20, 5; 20apnmw 20,51 1)
- S Cllx = %lp +100) = 00 12_s 0. 904y
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ProoF. (i) First of all, from (2.3) and the proof of Theorem 2.3, we see
that (2.18) holds. Now, let § € (0, r] be such that (2.13) holds. Then, let
v°(~) =0 and

(2.24) V()= (T, n>1,
where T is defined as in (2.15). From (2.13) and (2.17), we see that
(2.25) Tim 0" () = u()l 20,5, 004y = O

On the other hand, we have

n—1i .
Ivn(')le(O,s;Q(A)) < Z w(§)llvl(')|L2(0,f;9(A))
i—0
s 1/2
S o [|x|p o+ ([ 166 30 ar) ]

0 1/2
< 1_;(0(5) {IxIF + (M + 1)K(5) [+ ( g |A¢(t)|§1dt) } }

Thus,

w(3)

x [1 + (/_0 |A¢(t)|§,dz> 1/2] } .

Then, by noting (2.6) and the fact that u(-) satisfies the equation (2.7) in
H , we can find a constant a = a(5), such that

(2.27) ( /O ’ ()5 dt) v + ( /0 ’ |Au(t) dt)

0 1/2
<a [1 + x|y + ( |A¢(t)|§,dt) ] .

s 12
(2.26) ( /0 IAu() dt) < -1_1— {leF + (M + 1K)

1/2

https://doi.org/10.1017/51446788700037101 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037101

182 Jiongmin Yong and Liping Pan 9]

By applying the same argument, we have (note (2.3))

([ wor ) E (/ 40l d’) 1/2
<a [1 + [u(3)| + (/:r | Au(®)|y dt)l/z}
<a {1 +c [(/os la(t)2, d’)l/z + (/: 4wl dt) 1/2]

+ (/_0 ()1, dt)l/z + (/OS |Au(t)|§,dt)l/2}.

Thus, by induction, we obtain (2.19). Next, from the above, we see that the
map

(2.28) t— g(t) =G, u(-))

1smL oc(0,00; H). Thus, forany 0 < a<1/2, 0< p<1/2—a and
t, h>0 we have (note 2(a+p) < 1)

|A%u(t + h) — A"u()|; < (e — D a%e x|,
t+h

4 _p / A0 (| + / A% AR o) d
t

_ T t+h M
< C R AP x),y + C 1P ] ——"*/"g( U / Mgy 4,
t

(t—1)** (t+h-1)"
p| qatp —At ) g3 v ! 2 2
<ChlA47"e “x|yp+C M, h [T—_Z(m] (/0 |g(T)|Hd‘C)

1/2
M, 1-2a [ [ 2
b ( /, |g(r)|Hd1) .

Thus, (2.20) follows. Here, we have used the following estimates [16]:
(2.29)

|[A'g ||_,7(H)<Me '_ﬁ, Vi>0, >0, forsomed >0,
(230) | - Dxly < Cpla’x|,,  vxeD(4"), p2o0.
Now, if x € Z(4**”)NF , we can take ¢ = 0 in the above and (2.21) follows.

(i1) Let u(-) and #@(-) be the mild solutions of (2.7) corresponding to
initial conditions (x, ¢(-)), (%, @(-)) € F x L*(~r, 0; D(A)), re-
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spectively. Let 5 € (0, r] satisfy (2.13). By (2.5), we have
s A2 172 s _at ony2 12
{ [t - aeniyae} < [ [ e - 004
5 t 1/2
—A(t-r) - 2
+ { /0 14 /0 e G(T, u () G(r, i ()] dry dt}
o 1/2
<l - &lp +K() [ Ao~ (el dt]

s 1/2
+ @) [ /0 1AQu(t) - 2@ dt] .
Thus, by (2.13), we obtain (similar to (2.26))

s 2 12 1
[ 14 - aeph | < = (k= 21
0

~ 11—
(2.32) 0

172
+K(5) [ e - o) dt] :

Then, applying similar arguments used in proving (2.19), we can prove (2.23)
(here, we need (2.22)).

We should note that none of conditions (2.5) or (2.22) implies the other.
Next, similar to [16], let us introduce the following notion.

DEFINITION 2.5. A function u(:) € Lfoc(—r, 00; Z(A)) is called a strong
solution of (2.7), if u(-) € W.:*(0, co; H) and (2.7) holds.

PrROPOSITION 2.6. Let (Al) and (A2) hold. Then, for any x € F and
o() € leoc(—r, 00 ; D(A)), there exists a unique strong solution of (2.7).

ProoF. From Theorem 2.4, we see that the mild solution u(-) of (2.7)
uniquely exists and (2.18) holds. Thus by Theorem 2.9 of [16}, we know that
u(+) is a strong solution of (2.7). The uniqueness also follows easily.

Next, we study some asymptotic behavior of the mild solutions of (2.7)
under some further assumptions.

THEOREM 2.7. Let (Al) and (A2) hold. Let there exist a nondecreasing
Sunction K(-): [0, 00) — [0, 00), such that for any v(-) € leoc(—r, 00,
D(A)), there exists 5y >0 and K, > 0, whenever s > s,

(2.33) [ /0 ) IG(t, v, ()5 dt] v < Ky(s) [ /0 ' |4v(0)]}, dt] Y +K,,
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and

(2.34) Ky = im Ky(s) < H1+_1

where M is determined by (2.2). Then, the mild solution u(-) of (2.7)
satisfies

(2.35) u(-) € LX(0, co; (A n W0, 003 H),

and for any « € [0, 1/2),

(2.36) tlgg |A%u(t)|, = 0.

ProofF. From Theorem 2.3, we obtain the unique mild solution #(:) of
(2.7) forany x € F and ¢(-) € L2(—r, 0; Z(A)). Then, by our assumption,
there exist s,, K; >0, such that for all s > s,, (2.33) holds for u(-). Thus,
for s > s,, one has (note Lemma 2.2)

(2.37)

Uos lAu(t)Ii,d,] 12 <|xlp+(M+1) [/OS G, u,('))@d’]

1/2

) 1/2
< x|y + (M + DE,(s) [/0 |Av(z)|i,dz] v K,

Hence, by (2.34), we have

00 ) 1/2 1

Then, u(-) € L*(0, co; H). Thus by (2.33), we have

(2.39) [ /0 “i6, u (N dt] . <K, [ /o ~ |Au(e)), dt] v +K, < oo.

Therefore, by the equation (2.7), we see (2.35) holds. Now, we again let
g(t) = G(t, u,(-)). Then, g(-) € L*(0, co; H). Thus, for any « € [0, 1/2),

t
|4%u(t)|; < 1A% x|, +/0 |A°e_A(t_’)g(r)|H dt

t
<M et x|, + Ma/ e (1 — 1) g(n) |y
0

. 12
<M_e " x|, + M,T(1 - 20)"" ( / e e ()L}, df)
0

-0 (as t — o0).
Thus, (2.36) follows.
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3. A class of delay differential equations

In this section, we apply the results of the previous section to a class of
delay differential equations. Again, we let H be a Hilbert space, r > 0 be a
given constant and 4: & (4) ¢ H — H satisfy (A1) stated in Section 2. We
consider the following equation:

(3.1

u(t) + Au(t) = /Og(t, @, u(t), u(t+ 0)u(dod), a.e. te(0,oc0),

u0)=x,
u(t) = (1), ae. te[-r,0).

We let .2 and & be the Lebesgue o-field and the Borel o-field, respectively,
on possibly different subintervals of (—oo, +00) (which can be identified
from the context). Now, let us make the following further assumption:

(A3) Let u(-) be a finite regular measure defined on ([-r, 0], &), and
2:[0, o) x[-r, 0] x Z'(A) x D (A) — H be a given mapping satisfying the

following:

(i) For any x, y € &(A), the map g(-, -, x,y) is strongly & x &-
measurable;

(ii) There exist nonnegative constants L,i=0,1,...,4 with

1/2

(3.2) @(Aﬂ1)u([—r,01)"2[L,u<[—r,01) + Lou(-s, 0p'*1< 1,

such that for all (¢, §) € [0, c0) x[-r, 0] and x, X, y, y € Z(A), we have

(3.3) . .
+L3|x —'-xly +L4|y _ylHa

(3.4) 18(t,6,0,0), < L.

REMARK 3.1. Ifin (A3), one has L, = 0 (thatis, themap g(¢, 0, x,y) =
g(t,0,y)) and u(-) is non-atomic at 0 (that is, lim,, u([-s,0]) = 0, or
equivalently, u({0}) = 0), then, (3.2) is automatically true. Also, if instead
of (3.3), we have

(3.5) 186, %,9) =8, 0, %, )y < LylA" (x = D)y + L1 4° 0 = )y
+L3|x "-’AclH + L,y —J‘}lH,
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forsome § € [0, 1), i.e., the delays do not appear in the highest order spatial
derivative terms, then, by [16] (see [20] also), one has that for any ¢ > 0,
14" x|y < Clxly P ax(f,

<eldx|y + Clx|y, VYxeZ(A).
Thus, we also see that for suitably chosen constants L, ’s, one has (3.2).

It is not hard to see that condition (3.2) essentially means that the paraboi-
icity of the equation is not ruined by the (delay) perturbation terms. Since u
can be a very general regular measure, (3.1) includes equations with count-
ably many discrete delays and finitely many distributed delays in the “highest
order spatial derivative” and “lower order spatial derivative” terms. At this
stage, we note that equation (3.1) contains a very wide class of delay equa-
tions. We will make some comments on the constant L; a little later.

In the following, we will assume L, = L, = 0 for notational simplicity.
It is not hard to see that these terms cause no difficulty in the proofs. Also,
the statement of the results is not changed after setting L, = L, = 0. The
following lemma is basic for the integrals in (3.1) to have meaning.

(3.6)

LeEMMA 3.2. Let (A3) hold. Let v(-) € Lloc —r, 00; D(A4)) with Av(-)
Borel measurable. Then, the integral

(3.7) 0g(-,0,v(-),v(-+0)) (d0) € L} (0, o0; H),

and forany 0 <, <t < oo,

| 10 2 12
[/ g(t, 0, v(t), v(t + 8))u(do) dt}
o |/-r H
" 1/2
(3.8) < u(l-r, O]) {Lo(tl —1)'? + L, ( / |4v(0)|5 dt)
L

. 172
+L2(/ |Av(t)|i,dz) }

0

PrOOF. Since Av(-) is Borel measurable, we can find a sequence of Borel
measurable simple functions w,(-) = 3, wk xE,( ) with wk €H and E, €
# (the Borel og-field on [—r, 00)), such that

(3.9) lim jw, () - V()| =0,  Vie([-r, ).

We define v, () = A_l'wk(-) . Then, we see that the map (¢, 0)— g(£,0,v,(¢),
v, (t+0)) is £ x F-measurable. Thus, from (3.3), we know that (¢, 8) —
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g(t,0,v(),v(t+ 0)) is ¥ x F-measurable. To complete the proof, it
suffices to prove (3.8). By (3.3) and (3.4), one can obtain

t 0 2 1/2
[/ | / g(t, 8, v(1), v(t + 6)u(do) dt]
1 —-r o
t 0 2 1/2
< {/‘ [ (L0+L1IA'U(t)|H+L2|A’U(t+e)lH)/l(de)] dz}
(] =r .

3 1/2
< Lou([-r, O1)(t, — t)"* + L u([-r, 0]) ( / |dv(2)|, dz)

t, 0 1/2
+ Lyu((-r, 0)"/? ( / v (e + 0)|;u(do>dz)

o -r

f 1/2
< p([-r, 0]) {L(,(tl — 1)+ L, ( |Av(2)] dt)

tO
: 172
+L, (/ |Av(z)|§,d:) }
t,—r

(]

Hence, (3.8) follows.

Next, let us make some observations. We note that for any v(:) € leoc(—r s
00; D(A)), Au(-) is Lebesgue measurable, in general. However, we can find
a Borel measurable function w(-) € leoc(—r, oo; H), such that

Av(t)=w(t), a.e.te[-r, o).
(Here, a.e. is with respect to the Lebesgue measure.) Let
o(t)y=A""w(t), te[-r, o).
Then, A0(-) is Borel measurable and
v(t)=0(t), a.e. te[-r,o0).

We call 9(-) a Borel correction of v(-). Now, if 9(:) is another Borel
measurable correction of v(:), then

0(t)=0(t), ae. te€[-r, ).
Hence, for all given 6 € [-r, 0],
g(t,0,0(t),0(t+0))=g(t,0,01),0(t+0)), ae te[-r,oo).
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Thus, we have

¢ 0
/ e 0 [ g(z,8,0(1), (1 + 0))u(dd) dt
0

0
= / / e Vg1, 0, 0(1), 9(t + 0)) dru(d)
(3.10) —rJo

_ /0 /’ —A(t—7)
= e g(t, 8,0(r), 9(t + 0))dtu(do)
—-rJo

t —A(t-1) 0 _
=[e g(t, 0,0(7), 0(t+0))u(db)dr.
0 -r

In the sequel, only the integrals of the above type will be involved. Hence,
hereafter, without loss of generality, we may assume that for any v(-) €
leoc(—-r, 00; P(A)), Av(-) is Borel measurable. Then, the following defini-
tion makes sense.

DErFINITION 3.3. Let x € H and ¢(-) € L} (—r, 0; Z(4)). A function
u(-) € leoc(—r, 00; Z(A)) is called a mild solution of (3.1), if it satisfies
(3.11)

p(t), ae. te[-r,0);

1) = t . 0
u(t) e_’"x+/e A=) [/ g(t, 0, u(t+0)udd)| dr, t>0.
0 —r

A function u(-) € Lfoc(—r, 00; D(A)) is called a strong solution of (3.1) if
u(-) € W':2(0, co; H) and (3.1) holds.
Now, let us prove the following

THEOREM 3.4. Let (A1) and (A3) hold. Then, for any x € F and ¢(-) €
L2(—r, 0; Z(A)), there exists a unique mild solution u(-) of (3.1). More-
over, this solution is also a strong solution.

ProoF. For any ¢(-) € C([-r, 0]; Z(A4)), we define

0
(3.12) G(t, 9())= | &(t,8,0(0), ¢(0))u(do).

We will show that G satisfies (A2). By Lemma 3.2 and our convention,
we see that (i) of (A2) hold. Now, let v(-), 0(:) € L12<>c(_” 00; Z(A)),
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se(0,r],

ty+s
I= /
1 f

ty+s 0
<@+ [ [ [ wiaew -0,

t, 2 0. Noting Lemma 2.2 (with @ = 0), we have
) 1/2
b A1) R
Al e [G(t, v,(+)) — G(z, D.(-))]dz| dt

H

1/2
+L,|A(v(t + 6) — 0(t + 6))| ;) u(d6)]’ dt}
(3.13)

tots
<(M+1) Llu([—r,on[[ |A(v() - D())]:, dt

0

1/2

+s 0
+ Lyp(-r, o))" [ / 4w+ o)

f

1/2
—o(t + 0))|5,(d0) dzl } .
Now, let us set

w(t) = [A(w(t) - ()],

and estimate the following (noting s € [0, r]):

/ L e+ 0)u(d8) dt

_/t’o+’/ t+0)ll(d9)dt+/tt H/; w(t + 0)u(d0) dt

=/_,/,: ow(t+0)dtu(d0)+/_s[ +sw(t+0)dtu(d@)

ty+s

(3.14)

<u(l-r,0) [ w(ydt+u(-s, O] /

-1

Hence, by (3.13), we have

1/2

I< o) [ / " LA - o) di

0

(3.15)

t 172
+ (M + 1)L,u([-r, 0]) [/t |[4(v(t) - ﬁ(t))lz dt] ,

o—T
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with

(3.16)  o(s) = (M + (-, O)*[L,u((~r, 0D" + Lou((~s, 0)'"*).
Then, by (3.2), we see that (2.4) holds. From (3.8) we have

to+s 12
[ / Gt v dt]

(3.17) o "
< [t([—", 0])(L0\/§+ Ll + L2) [1 + (/ ’ lA'U(t)IiI dt) ] .

Hence, we may choose K(-) suitably, such that (2.5) and (2.6) hold. Then,
Theorem 2.3 and Proposition 2.6 apply.

If L, and L, are not zero, then, instead of w(s) in (3.15), we have
(s) + &(s), with the function @(-): [-r, 0] — [0, oo) having the property
that

(3.18) lim é(s) = 0.
s—0

Thus, the appearance of L; and L, does not affect the result of Theorem
3.4. It is not hard for us to realize that the constants L, actually can be
replaced by some functions of ¢ and 6. More precisely, (ii) of (A3) can be
replaced by the following:

(ii') There exist % x %&-measurable functions a;: [0, o0) = [0, 00) and
constants @, >0 (i=0, 1, 2, 3, 4), with the following properties:

o+ 0 2 172
(3.19) [/H (/ ao(t,e)u(dG)) dt] <a,, V1,20,
A -r
(3.20)
0 0
/al(t,e)u(dO)Sal, /a3(t,0)u(d0)sa3, ae t€[0,o00),
(3.21)
0 1/2 o 1/2
( / a2<z,e>2u(d0>) <a,, ( / a4(t,0)2/t(d9)> <a,,
ae te[0, oc0),
(3.22) @(M + D)2, + a,u((-s, 0)*1< 1,

such that for all (¢, ) € [0, o0) x[-r,0] and x, X, y,y € Z(A), we have
lg(t, 0, x,y)—g(t, 0, %, )y <at, 0)|A(x - %)y
(3.23) +ay(t, O)AY - )y
+a3(t, e)lx _xly +a4(t, 0)|y _ﬁly,
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(3.24) 1g(¢, 6,0,0)|, < ayt, 0).

Due to the above theorem, hereafter we will not distinguish the mild and
the strong solutions and simply call them solutions.

As in the previous section, we can also obtain a result about the asymptotic
behavior of the solution #(-) of (3.1). We omit the details here.

4. Linear Case

In this section, we consider linear delay equations with delays appear in
the “highest order spatial derivative” terms, namely, we are interested in
studying the following type of equation:

u(t) + Au(t) = L(u,(-)) + f(t), ae. t>0,
(4.1 u(0)=x,
ult)=9(), ae. tel-r, 0],
where we assume that 4 satisfies (A1) and L: C([-r, 0); Z(4)) — H isa

linear operator satisfying the following:
(L1) There exist a nondecreasing function w(-): [0, r] — [0, oo), with

(4.2) limw(s) <1,
s]0

and a constant K, such that for any v(-) € leoc(—r, 003 Z(A)), the function
t+ L(v,()) isin L} (0, 003 H) and

(4.3) /0

Let us look at an important case in which (L1) holds. Suppose {A4(f) :
0 € [-r, 0]} is a family of closed linear operators satisfying

(4.4) D(A(0)) D Z(A), ve e [-r, 0],

and there exist a finite regular measure u defined on the Borel o-field
Z[r, 0] and a function

2
dt

H

b ag-v) )
y /0 eI (v () dr

2 [* 2 2 f° 2
< w(s) / v de+K* [ lav)hde,  vselo, 1.
0 -r

2 0 2
a(-) € L([-r,0)) = {a(-): [-r,0] - R / a(6)” du(de) < oo} ,
with the property that
0 1/2
(4.5) lim(M + 1) ( / 6(0)2u(d0)) u(-s, 0D < 1,
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(the constant M is determined by (A1)) such that

(4.6) |A(0)x|y < a(0)|Ax|y, VYx €D (A).

Then, for any ¢(-) € C([-r, 0]; Z(A4)), we set

0
(4.7) Lip()) = | A(0)p(0)u(d0).

We can check that such an operator L satisfies (L1) for

0 1/2
w(s) = (M +1) ( / a<0)2u<de)) u([-s, op'’?,
and |
0 1/2
K=(M+1) ( /_ ﬁ(0)2#(d9)) u(-r, oD (= w(r)).

A similar observation to that made in Section 3 shows that (4.6) can be
replaced by

(4.6") |4(0)x|y < a(0)|Ax|y + a(0)|x|y, VX ED(4),

with the function a(-) being the same as that in (4.6), and some function
a(-) € LX([-r, 0]) (without condition (4.5)).

It is not hard to see that the above case covers many interesting cases
such as finitely many or countably many discrete delays and/or finitely many
distributed delays appearing at all possible orders (no more than the order of
the main operator A) of spatial derivative terms. Thus, this is a very wide
class of linear delay differential equations. In particular, (4.1) contains the
cases discussed in [3, 10, 22].

By the result of Section 2, we have the following

PROPOSITION 4.1. Let (A1) and (L1) hold. Let f(-) € L2 (0, c0; H).
Then, forany (x, ¢(-)) € F x L2 (—r, 0;, D(A)), there exists a unique solution
u() € Ly, (~r, 003 D(4)) N W,e.2(0, 003 H) — C([0, o) ; F)
of (4.1) satisfying the following estimate:

/ li(t) %y dt + / Au(o), dt
0 0

(4.8) 2 0 2 s 2
SC(S){|x|p+ i |A¢(t)|Hdt+/0 lf(t)lydt}, Vs >0,
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with some nondecreasing function C(s) independent of the data (x, ¢(-),

).

We note that since the problem is linear, an assumption similar to (2.22)
does not have to be made, and the condition (4.3) is enough to obtain the
estimate (4.8). The first purpose of this section is to derive the variation of
constant formula for system (4.1). To this end, let us make the following

assumption
(L2) The operator L satisfies
(4.9) L: C([-r, 0); 2(4")) —» D(4),

and the operator
L=ALA™": C([-r, 0; D(4)) - H

satisfies (L1) with some @(-) and K . Moreover, for all v(-) € leoc(—r, 00}
2(4)),

(4.10) /Ole(v,(-))li,dthz _S|Av(z)|i,dt, Vseo,rl,

4.11) /OSL(vr(-))d‘t:L (/Osvr(-)d‘r), Vs € [0, o).

Again, for the operator L defined by (4.7), we see that (4.10) and (4.11)
are automatically true and in order the other conditions of (L2) hold, it
suffices to assume that

(4.12)  |44(0)A" ' x|, < a(0)|4x|,, Vxe€D(4), 0€[-r, 0],
that is,
(4.13) l44(0)A | gy < a(0), VO e[-r, 0],

for some a(-) satisfying (4.5).
We notice that in (L1), (4.6) means

(4.14) 14(0)A || gy < a(0), VO €[-r,0].
It is not hard to understand that (4.13) implies (in the case of delay partial
differential equations) that the coefficients of the spatial differential operator
A(6) have certain regularity in the spatial variables.
With the aid of (L2), we have a strengthened version of Proposition 4.1.
PROPOSITION 4.2. Let (A1) and (L2) hold. Let f(-) € L2 (0, 00; D (4)).

0C
Then, for any (x, ¢(-)) € A~'F x L*(-r, 0; .@(Az)), there exists a unique
solution u(-) of (4.1) satisfying

u(-) € L2 (-r, 00; D(A)) N W30, 005 D(4)) = C([0, 0); A7 F),
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and the estimate (4.8) also holds (with a possibly different function C(-)).

Proor. Consider the following problem

o(t) + Av(t) = Lw(t(-)) + Af(f), ae. t>0,
(4.15) v(0) = Ax,

v(t) = Ap(t), a.e. te[-r,0).
By Proposition 4.1, there exists a unique solution v(-) of (4.15) with

v(-) € L2 (-7, 005 D(4)) N W20, 003 H) — C([0, ) ; F).
Thus, by setting
ult)=A""v(), Vie[-r, o),

and the uniqueness of the solution of (4.1), which is ensured by (4.10), we
obtain our results. O

At this moment, let us make the following simple observation: Condi-
tion (4.11) will play an important role in deriving the variation of constant
formula and it is not needed in Proposition 4.2.

Now, let us consider the following homogeneous problem

w(t) + Aw(t) = L(w,(-)), ae. t>0,
(4.16) w(0) =x,
w(t)=0, ae te[-r,0]

Let us assume (Al) and (L2). Then, from the proof of Proposition 4.2, we
know that (4.16) has a unique solution w(-), provided x € F. Thus, we
can define a family of linear operators as follows: For any x € F,

(4.17) ()x =w(), Vte[-r, o).
Then, it is clear that
(4.18) ®(-): F — Ly (—7, 00; D(A)) N W2: (0, 00; H) = C([0, 0); F),
and
(4.19)

@(): A7'F - L} (~r, 00; D(A)) N W30, 00; D(4))

— C([0, 0); A”'F).

From the definition, we also see that ®(.) satisfies the following

0, t<0,
4.20 D(f) = U i
(4-20) ® eI, + / e L@ ())dr, 120,
0
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where
L(®_(-))x = L(P,(-)x).
Equivalently, we have
O(1) + AD(r) = L(D,(-)), ae. t>0,
(4.21) ®(0) =1,
D(t) =0, te[-r,0),

The main result of this section is the following

THEOREM 4.3. Let (Al) and (L2) hold. Then,
(i) For any h(-) € leoc(O, oo; H), the map

¢
t— /0 d(t — 1)h(1)d7

is in leoc(O, 00; D(A)n WI;C’Z(O, oo; H)— C([0, ©0); F), and there exists
a nondecreasing function C(-): R* — R, such that Vh(-) € L. (0, co; H),
T>0,

(4.22) /0 "4 /0 t Ot — 1) dt

(ii) (The Variation of Constants Formula) For any x € F, ¢(-) €
L*(~r,0;D(A)) and f(-) € leoc(O, oo; H), the corresponding solution of
(4.1) is given by
(4.23)

¢(t) ’ < 0’
i) = { ®(1)x + / ot - )L, (N dr + / o-nmd, 120,
0 0

where ¢(-) is extended to be zero in (0, ).

2 T
dt < C(T) / ()%, dt.
H 0

ProOF. Let us first prove (ii) for the following case:
(4.24)

xed'F,  p()eC(-r,01;2(4D), f()eC(0,); D(4).
By (L2) and Proposition 4.2, we know that the maps
t— O(t)x,

tm [ @-0Lip )z,

t— /otd>(t—1)f(t)d1:
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are all in L,ZOC(O, 00; Z(A)). Thus, the operator L is applicable to them.
Next, by (4.23) and (4.20), for ¢t > 0, we have

u(t) = D(t)x + /0 Ot - 1)L(p, () d1 + /0 ®(¢ — 1) f (1) de
(425) =e “'x+ /0 te_A('_’)[L((Dt(-)x) +L(p (-)) + f(z)]dt

t pt—1
+ [ [ e I @ L) + L@, (SN ds e
0 JoO
Observe that

/t AL (u () dr
0

? t
= [ Lt e i+ [ L () dr,

while, by noting that ®(¢) =0, for ¢ < 0, we have
(4.27)

t
/0 e TILU(T + )X, o0 dT

(4.26)

_ /t —A(t—1) T+*

=l e LI ®(t+)x +/0 DO(t+ - ~5)[L(p,(+)) + f(s)lds | dt
0

= /t e I L@(t + xdr
0

+ /0 Pl ( /0 " @t + - — )[L(g,(-)) + f(s)]ds) d.

On the other hand, for g(s) = L(g,(-))+f(s), which is in L,zoc(O , 00; Z(A)),
by some direct computation, in which the condition (4.11) has to be used,

we have
t —A(t—1) T+
e L D(t+-—-5)g(s)ds | dt
0 0

t t—1 —A(t—t— )
=/ / e T L(@, () g (1)) ds d.
0 JO
Thus, combining (4.25-4.28), we obtain

/0 e~ AL ()x) + L(p, ()] dx

(4.28)

t—1
+ / [ e L@, L0,(0) + L@, (SN dsd
0 J0

t
=u(t)—e ¥x —/ e rnydr, t>0.
0
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Thus, by the uniqueness, we see that (ii) is proved for the case (4.24).

Now, for any A(.) € leoc(O, oo; H), we can find a sequence A, () €
C([0, 00); D(A)), such that
(4.29) tim / I, (&) — k(D) dt =0, VT >0.

Then, using the above, we see that

(0, te[-r,0);
u,(t) = { /t(p(t -7)h,(1)d7, te[0,c0)
0

is the unique solution of (4.1) corresponding to the data

x=0, ¢()=0, f()=h,().

By Proposition 4.2, we see that (since our problem is linear)

T
/ i, (8) — i1, (1) dit + / A, (1) — u, (D)) dt
(4.30)
< C(T)/ b (&) = h () dt, VT >0.
Thus, we see that (i) follows. Finally, for any
x€F, () el (-r,0;D(4), f()€ Ly (0,0;H),
we can find a sequence (x,, ¢,(-), f,(-)) satisfying (4.24), with the property

0
lim x, - %l =0, lim [ 4(p, (1)~ p(0)l;dt =0

T
lim/ (0 - f@)hdt=0, VT >o0.
n—oo 0

Then we let u,(-) and u(-) be the solution of (4.1) corresponding to (x,,,9,(-),
£,(-)) and (x, ¢(-), f(-)), respectively. By Proposition 4.1, we see

T g2 s 2
/0 |un(t)—u(t)|Hdt+/0 | A(u,(t) — u(t)|, dt

0
(431) <C(T) {|xn —xp+ [ 140, (0) - 915 dt

T
+/0 lfn(t)—f(t)ﬁ,dt} ., VYT>0.

Hence, our conclusion follows from the proved (i) and the uniqueness of the
solutions.
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Next, we would like to study some properties of the operator ®(-). To
this end, we let S be defined as follows: For any (x, ¢(:)) € F x leoc (-r,0;
' (A)), let the corresponding solution of (4.1) be u(-). Then,

(4.32) S@) (q)’(‘.)) = (:,((t'))) . Vt>0.

We have the following proposition, the proof of which is obvious.

ProrosITION 4.4. The operator S(t) is a Cy-semigroup on Z = F x
L} (—r, 0; D(4)).

From the above proposition, we have
PROPOSITION 4.5. The operator ®(-) satisfies

!
(4.33) D(t +5) = D(1)D(s) + /0 Ot — T)L(G, ()X, () dt,
where
(4.34)  L(®,, (X, (DX =L@+ T+ )xx_, _5()), Vx€F.

PrOOF. Since S(¢) is a Cj-semigroup on Z, we see that for any x € F
and ¢, s >0, by (4.23),

(st 730) =50 ()
w39 =stoso(5) =0 (42%,)

_ (d)(t)d)(s)x + /0 Dt~ L@+ T+ xx,, () dr) .

Thus, (4.33) follows.

From the above proposition, we see that in general the evolution operator
®(.) is not a semigroup in the underline space H .

The rest of this section is devoted to a study of the generator of the semi-
group S(?).

THEOREM 4.6. Let (L1) and (L2) hold. Let the operator L be continuous

Sfrom Wl’z([—r, 01; Z(A)) to H. Then, the generator A of the semigroup
S(¢) is characterized by

(4.36) D(A)={(x, 9()) € D(4) x W ([-r, 0]; D (4))
9(0) =x, -Ax + L(¢(-)) € F},
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and

X —Ax + L(p(-)) )
4.37 A =( . R Yix, o(-)) e Z(A).
(4.37) (460) iy (x, 9()) € Z(A)
The proof is almost the same as that given in [3].
Next, we define an operator

(4.38) Ax =Ax+Ax — L(e*'x), VxeP(4),AeC.
A

Then, we see that A, : Z(A4) — H. In the finite-dimensional case, the equa-
tion

detA, =0
serves as the characteristic equation ([8]). Thus, we can use the operator A,

to characterize the spectrum of the operator A. For the infinite dimensional
case with

k 0
Lip()) =) A,p(0-r)+ | A(0)p(6)db,
i=0 -r

where 4, € Z(H), 0<i<k and 0=r,<--- <r, =r < oo, the operator
A, was also used to characterize the spectrum of A (see [22]). In [4], the
case with .

L) = 4,90 -1)+ [ a0)4,)0(s)ds,

-r

where 4, € L(D(A4), H), i =1,2; a() € L*(~r, 0) was studied. A set
of technical conditions were assumed to obtain the characterization of the
spectrum of the operator A via A, . In our case, we take a direct approach
to the problem, which is a little different from [4]. Before stating the result,
let us introduce the following space:

Wy *([-r, 0); Z(4)) = {v € W ([, 0]; D (4))|v(0) = 0}.
We assume the following further hypothesis:
(4.39) LW, *([-r,0]; 2(4))) + F = H.

We see, in particular, that if L maps Wol ’2([—r, 0}; & (4)) onto H, then
(4.39) holds. More concretely, let us observe the following case:

0
(4.40) L(¢('))=/ a(0)Ap(-)u(dd),  Vo() € L*(-r, 0; D(4)),

-r

with a(-) being Borel measurable and bounded, satisfying the property that

0
(4.41) ¢ = / a(0)b(0)u(d8) # 0,

-r
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for some scalar function b(-) € W1’2([—r, 0]) satisfying b(0) = 0. Then,
we claim that condition (4.39) holds. In fact, for any h € H, we let

_b(0) -1
p()=Z=Ah
Hence we see ¢(:) € Wol’z([—r, 0]; Z(4)) and

L(p(:)) = h.
We see that (4.41) is very general.

Next, we let p(A), g,(A), 0.(A) and o,(A) be the resolvent, the point,
the continuous and the residual spectrum of the operator A, respectively
([21]). We denote the null space and the range of the operator A, by .#'(A,)
and #(A,), respectively. Then, we have the following result.

LEMMA 4.7. Let (4.39) hold. Then, for any A€ C,

(4.42) H(A=D)#0 e H(A,)#0;
(4.43) RGA-N)=Z e RA,)=H;
(4.44) FA_N LD 5 7 B = h.
PRroOOF. Let
(p6y) €@ANO),
such that

o (fy) o

o(:) = et x.

This implies that

Thus x #0 and
Ax=0.

Conversely, let x € Z(A4), x # 0, such that
Ax =Ax+Ax - L(é" x) = 0.

Then, it is easy to see that

() eznoy,

(A -A) (effx) =0.

and
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This proves (4.42). Now, we let

FA-AN=Z.
Then, for any h € H, by condition (4.39), we can find y € F and w(:) €
W, 2({-r, 0}; D(4)), such that

h=y—Lw().

Let
w() = w() +aw() € LX(-r, 0; D(4)).
Then, we let (x, ¢(-)) € Z(A), such that

(4-A) ((v)(c-)) - (wJE-))'

Ax =h.

Conversely, let #Z(A,) = H. Then, for any (y, y(-)) € Z, there exists an
x € Z(A), such that

AAxE/lx+Ax—L(/ e’l'x)=y-L(/ el('—r)'//(f)d‘f)
0 0

Then we let

This gives

o(-)=e"x - /0- STy (1) dr

It is easy to show that
X
cZ(A),
(w(-)) )

o050 ()
Thus, (4.43) follows. Finally, let

—— _HxL}~r,0;P(4))

and

H(A—A) DZ.
Then, for any 4 € H, thereexista y € F and w(-) € WOI’Z([—r, 0]; 2 (4)),
such that
h =y - L(w(-)).
Let

() = () + Aw(:) € L (-r, 0; Z(4)).
Then, one can find a sequence (x,, ¢,(-)) € Z(A), such that

(A—A) (&'.)) - (v%-)) , in H x LY(=r, 0; 9(A)).
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This implies
Ax,—y—-Lw()=h, inH.
Conversely, let
Z@,) =H.
Then, for any (y, y(-)) € Z, there exists a sequence x, € Z(4), such that
Ax —y-L( [ & Pyma in H
Xy, =Y — Oe w(t)dt], inH.
Let .
9,(1)= el.xn - /0 el('_”v/(‘r) dt.
Then, we see that (x,, ¢,(-)) € Z(A) and
X y . 2
A—-A( ")—v( ), in Hx L(—r, 0; Z(A4)).
=M ,00) 7 \we) ( )

This completes the proof.
From the above lemma, we can easily obtain the following

THEOREM 4.8. Let (4.39) holds. Then,

(4.45) A€ p(A) & A: D(A) — H is bijective;

(4.46) A€a,(A) & A (Q) #£0;

(4.47) A€o, (N)=>4(A)={0}, ZA)#H, ﬂ(AA)H =H,;

(4.48) lea(A)«n(A)=1{0}, F@,) #H.
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