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ON FUNCTIONAL PROPERTIES OF
INCOMPLETE GAUSSIAN SUMS

K. I. OSKOLKOV

ABSTRACT. The following special function of two real variables x, and
x) is considered:

e27r i(n2X2 +nxy)
H(x,x)) =p.v. 3, —— = lim
n£0 2min N=00 o ful <y

and its connections with the incomplete Gaussian sums

-an2
W(w,g) =3 P g=12,....(a,q =1,
q

n
unJ

where w are intervals of length |w| < 1. In particular, it is proved that for
each fixed x; and uniformly in x; the function H(x2, x;) is of weakly bounded
2-variation in the variable x; over the period [0, 1]. In terms of the sums W
this means that for collections Q = {w}, consisting of nonoverlapping
intervals wy C [0, 1) the following estimate is valid:

sup card {wk :
Q

W(wk;:—;)’ > 5\/6} Sce“z (€ > 0),

where card denotes the number of elements, and ¢ is an absolute positive
constant. The exact value of the best absolute constant x in the estimate

(o)<
q
(which is due to G. H. Hardy and J. E. Littlewood) is discussed.

1. Introduction. We study here the special function of two real variables x;, x,

e21ri (n xa4nxy)

(1.1) H(xz,x;) =p.v. 3, —————— = lim

nF0  2min N—oo | 12y

and its connections with incomplete Gaussian sums, i.e.,
A amiel o . _
(1.2) Wlw;—| = e v59g=12,....;5a=0,%1,...;(a,q) = 1,
q new

where w denotes closed intervals on the real axis, with the length |w| satisfying 0 <
|w| < gq. (If one or both endpoints of w are integers, we take the corresponding sum-
mands with the factor 1/2). For [w| = ¢, W(w) turns into complete Gaussian sum for

which we use the notation S g ; moreover, let

b q 2mian® +bn
S(‘—’,—) =3 T ab=0,%1,... (a.g) =1
q9 9 n=1
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The sums S were introduced and computed by K. F. Gauss, and in particular their moduli
are defined by the following classical relation

(1.30) 'S(g,g)l:\/a if g=1 (mod?2);
(1. 3ii) ’S(g,g)‘ = /O + (1)) if g=0 (mod?2), Q= g,

The following estimate is valid for incomplete Gaussian sums:

(1.4) W(w,g) << /4.

Here and in what follows relations such as A << B mean, for a complex quantity A and
nonnegative B, that |A| < c¢B where c is an absolute constant; A denotes the conjugate
of A. If |A| < ¢yy... - B, where the factor ¢ depends only on 7,4, ..., we use the nota-
tion A <<y;.. B. We comment on (1.4) a little later, and now immediately illustrate
relationships between incomplete Gaussian sums and the function H(x,, x; ) or its version

mix 1
(1. 19) HCo,x)=e 1 (H(%Z,xx) — QH(Xz,le))
e —1r2ixz e27ri(u2xz+ux| )
= p.v. > .
2 vw=1/2(modl) 2miv

(See Section 2 for the proof.)

LEMMA 1. Let 0 < a < 1,q a positive integer, a an integer with (a,q) = 1,d’ the
solution of the congruence aa’ =1 (mod gq) ( unique mod q)

We (g) = W([o,qa];‘f) N

q nel0,qa ]
Then
' (5)=5(3) (e () 0= moa

(1.50) Woel-|=S|-]|a+H o |}, ifg=1 (mod 2);
q q)\" q

(1.5ii) W, (9) - s(‘f) (a+ 1ﬁ(‘i,2a)), ifg =0 (mod 4);
q q 2 \gq

(1. 5iii) We (9) = 5(9,1) H (‘i,a), ifg =2 (mod 4).
q q'q q

It is clear from the assertion that the general problem of distribution of values of
incomplete Gaussian sums is equivalent to that of investigation of functional properties
of H(xy, x;). In particular, the estimate (1. 4) is equivalent to the boundedness ofH(x;, xy)
on the whole real plane E* = {x = (x2,x1),X2,% € E' = (—00,00)}.

Estimate (1.4) is due /to G. H. Hardy and J. E. Littlewood [5]. Although (1.4) has
not been explicitly emphasized in [5], it is a corollary of iterative application of the
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approximate functional equation which was discovered by Hardy and Littlewood in [5]

for the sums
n

W;()Q,xl) = Z e"i(mle+2m'), (x2,x1) € E2.
m=1

Those iterations were carried out in [5, pp.212-213]. E.C. Titchmarsh commented on
[5] in [5i], and presented (cf. [5i, pp. 113—114]) a more detailed estimate of incomplete
Gaussian sums in terms of denominators of continued fractions from the variable x;.
That comment implies (1.4) as a special case. We note also the joint paper of H. Fiedler,
W. Jurkat and O. Koerner [4], devoted to the asymptotical formula of I. M. Vinogradov’s
type for the quadratic exponential sums W/, with real variables x,, x;. [4] also contains
the proof of (1.4), using iterations of the above-mentioned functional equation (cf.[4,pp.
138-139]), which is also derived in [4]. To a certain extent, the approach which we apply
here to incomplete Gaussian sums is related with that of [4]. We also note that W/ (x3, x;)
for real x;, x), after the Hardy-Littlewood’s paper [5], have been considered by several
authors. For a survey of those results, the reader may be referred to [5i], [4].

On the other hand, the total boundedness of the function H(x, x;) and hence also the
estimate (1.4), (cf. (1.5)) is a consequence of a more general result, which was proved
in [1] using I. M. Vinogradov’s method of exponential sums (cf. [8]). Namely, for each
fixed positive integer r the following discrete Hilbert transforms

. )
2mi(n" x,+-4+n"x2+nx))

e
Hy(Xr, ... x,x1) = -
1<inf<n 2min
are uniformly bounded in N = 1,2,... and real coefficients x,,...,x»,x) of the polyno-

mial in the imaginary exponent. Furthermore, as N — 00, the limit

H(x,,...,x1) = lim Hy(x,,...,x1)
N—o00
exists at all points of the real space E" = { (x,,...,x2,x1)}.

Here we present a more detailed analysis of the function H(x2,x;), and apply it to
further considerations of incomplete Gaussian sums. Recall some necessary functional
definitions.

Let h(¢ ) be some complex-valued and bounded function of the real variable £ on a
certain interval w, and let

osc(h,w) = sup{ |A(€) — h(n)| : €,n € w}.

LetY > 1 and consider collections Q = {w;} of nonoverlapping subintervals wy of w.
If

sup Y_osc” (h,wy) < 00,
Q %

the function 4 is said to be of (strongly) bounded 7y -variation on w; we use the notation
vary (h,w) for the value of the sup at the right hand side. Furthermore, fix a collection
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€ and a positive €, and count the number (denoted by card) of those wy € Q, for which
osc(h,wy) > €. If

supsupe’ card{ wy : osc(h,wy) > £} < 00,
Q >0

we shall say that 4 is of weakly bounded 7Y -variation on w, and denote wary (h, w) the
value of the sup above. The notion of (strong) 2 -variation was introduced by N. Wiener,
and usefulness of 7y-variations in Fourier analysis has been thoroughly studied, cf. e.g.
[2, Ch. 4]. We can easily see that for 1 <7 < §

wary(h,w) < vary(h,w);  (vars (h,w)'/® <<y 5 (wary(h,w)'/?,

so that if for example A is of weakly bounded 2-variation, then it is of strongly bounded
7 -variation for each v > 2.
The following assertion is valid.

THEOREM 1. 1) For each fixed real x; the function H(xy, x,) is of weakly bounded 2
-variation in the variable x| over the period [0, 1) and this property is uniform in x; :

(1.6i) sup war(H(xz, +), [0, 1)) < 00

2) Let Q = {wi} be an arbitrary set of nonoverlapping intervals on [0,1];q =
1,2,...;5a = 0,%£1,...,(a,q) = 1. Then the following estimate holds true for the in-
complete Gaussian sums which correspond to the intervals quy:

(1. 6ii) card {wk :

W(qwk, g)‘ > 6\/?1} << e (e > 0).

It is clear that for sufficiently large ¢ the left hand side of (1.6ii) is less than 1 due
to (1.6ii), i.e. card = 0, which in particular implies (1.4). Furthermore, by (1.5)‘and
(1.3) the second assertion is a consequence of (1.61). We also note that Theorem 1 is best
possible, that is we cannot take strong instead of weak 2-variation in (1.6i), and it can be
easily seen that

2
91 2min?

(1.7) )

k=1

>> gloggq, where w; = (2¢)~"/2(k'/?, (k + 1)/?).

>e

nequi

For more details, see section 5 where the proof of Theorem 1 is carried out. In (1.6ii) and
(1.7) qw is used to denote the interval w’ = {£€ : € = gn,n € w}.

Consideration of the local properties of H(x,,x;) (see Theorem 2, Section 5) enable
also to estimate the exact value of the absolute constant times ,/q in the right hand side
of (1.4). The corresponding extremal problem, say in the class of odd denominators g,
deals with the computation of the quantity

a

Ko = sup {q"/z‘W(w,l;)} Hw| <q,(a,q) = 1,9 = 1,3,5,...}.
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This problem was posed by A. A. Karatsuba in a personal conversation with the author.
It can also be split into parts, corresponding to the cases of short, middle-length and long,
i.e., almost complete sums. The corresponding asymptotic constants can be defined as
follows. Let g — 00,g = 1 (mod 2), and let 3 > 0 be such that 3g — 0; furthermore,
let

]
=8, w=5+5, a=1-4,
Kk; = limsup max q"/ZWaiq (f) i=1,2,3;
q

g—oo  alag)=1
Bg—0

3 X2 ] mi £ o2
Fi = max / e ™ d\|, F,=max|; +67/ e TN dN],
€>0 /0 >0 |2 0
e ¢ 2
F3 = max |l — —/ eI
£>0 V3 Jo

Each of the latter three quantities is expressed in terms of incomplete Fresnel integral,
ie.,

i € 2
(1.8) g(&):ez/o NN (€ >0).

They provide lower bounds for the constants k;,i = 1,2,3 (see Proposition 1 below).
The explicit value of k( remains unknown. However, it also can be expressed in terms
of incomplete Fresnel integral, taken over periodic intervals on the real axis. We call a
set &J in (—00, 00) a periodic interval iff there are a positive number 7 and an ordinary
interval w in (—00, 00) such that

G={:6=kT+n,k=0,%l,....,n €Ew}

and associate with each & the corresponding Fresnel integral, understood in the Cauchy
principle value sense:
xmi 00 2 i 3
~\ — % ~ —TiA — o5 i
GWb)=e 4p.v. me(w,/\)e d\ = e 451—1?00 PR

where x(&,A) = 1,if A € & and x(&,\) = 0, if A & &. (Note that convergence
and boundedness of G (&) is a serious matter. In fact it is equivalent to (1.4) or the
boundedness of H, cf. Section 3, Lemma 3, and also relations (3. 3)).

PROPOSITION 1. The following relations are valid:

(1.9i) Ko = sgplg(@)l,

where the sup is taken over the set of all periodic intervals & ;
(1. 9ii) Ko > 2F, = 1.341...;
(1.9iii). Ky =F > %;

(1.9iv) Ky > F, > 1;

13
(1.9v) Ky > F3 > 12

https://doi.org/10.4153/CJM-1991-010-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-010-0

ON FUNCTIONAL PROPERTIES 187

It can be seen from (1.9) that incomplete Gaussian sums exhibit, with respect to the
corresponding complete ones, a kind of the well-known Gibbs phenomena in the theory
of Fourier series, cf. [10, Ch. 2, Section 9].

We also note that Theorem 1 can be equivalently formulated in terms of functional
properties of generalized solutions to the Cauchy initial value problem for Schroedinger
equation

2
N Y Wl = 0
with periodical (of period 1) initial data f(x). (For more details concerning this relation
cf. [6], [61]). Namely, let var(f, [0, 1)) < o0, i.e., f(x) is of ordinary bounded variation
on the period. Then there is a solution to (1.10) in the class of regular W(x, r), which
is bounded everywhere on E? = {(x,n}, and moreover, for each fixed z, ¥(x, ) is of
weakly bounded 2-variation in x over [0, 1), and

sup war,(W(-, 1), [0, 1)) << var? (£, [0, 1)).

(1.10)
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2. Identities for Gaussian sums and Vinogradov’s continuations. Let f(\) be a
complex-valued, periodic (of period 1) function of the real variable A, integrable over
the period, and let f(n) stand for its Fourier coefficients

fA(n):/OIf()\)e’z’”"’\d)\, n=0,%+1,... .

We define the Vinogradov’s series (V-series) of f in two real variable (x;, x;) (cf. [6],[61])

as follows:
(2.10) V(f;Xz,X]) ~ Zf‘(n)€2"i(n2x2+"xl),
where n= 0, %1, ... . The sum of the series (2. 1i), whenever it exists is called the (two

dimensional) V-continuation of f. In our case, we understand the sum of (2. 1/) as the
limit of the sequence of symmetrical partial sums of the series:

V(f;x0,x1) = I\}Lﬂ(}o V(5 X2, X1),

Vw(fixa,a) = 35 flmyetmiomm)

[n|<N

(2. 1ii)
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If var;(f, [0, 1)) < oo, then V(f;s,,x]) exists on the whole real plane E? = { (x2,x)}
and is a bounded function of (xy, x;) (cf. [6],[61]; the main point here is the existence and
boundedness of H(xy, x)).
From this point of view H(x,, x;) coincides with the V-continuation of the Bernoulli
kernel of the first order:
2min\

e 1
2.2) H(xp,x1) = V(B;x2,x1), B(\) =p.v. r;) i T {)\}

where { A} denotes the fractional part of A € (—00,00), A # 0,=£1,.... At the rational
points on the plane E? of the kind (x,x;) = (g, Z), where (a, g) = 1, it is not difficult to
compute a representation for H as a finite sum:

b 1 9= can? +bn n
(2.3) H(g,~) = _—.Zeszﬁl cot .
9 9) 2qi,5 q
V-continuations of general functions possess the following periodicity properties in the
variables x;, x:

1 1
2.4) Vif;x+ Lx) =V({ix,xg+ ) =V + i,x. + E) = V(f;x2,x))

and the symmetry properties of H(x, x|) are expressed by

1+46 1 -0,
23 HO0,0) = 6 S HO )+ Hxo )

(6, = £1,0, = *+1).

Next we note some necessary elementary properties of the complete Gaussian sums
(shift-formulae in the linear variable). Let g be a positive integer, a, b, v -integers, (a, q) =
1, and denote by a’ the (unique in modgq) solution of the congruence

ad’ =1 (mod q).

Then
(2. 6i) S (f, Efg) _ efz,r,»«u“i,*"”s (,(f, IZ) .
9 q q 49
b+ amid @y 242 by b
. 6ii) S(?, ﬁf—/f) - ei‘Az'#s(a, 7) Lifg=1 (mod 2).
9 q q9 9
Note thatif g = 1 (mod 2) and Q = "7” , then
2.7 =04=0%...,2% =0 k=0,1,...).

Furthermore, given a function (), we let
_ 1 A A+l Vo 2min\
i) = 5 (f(i) +f (**2‘)) ;f(Zn)e s

roo= 5 (1(3) = (*31)) ~ Sen— e,
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The following lemma collects identities that are valid for V-continuations. We assume
that the values of f(\ ) everywhere equal to the sum of its Fourier series, which converges
everywhere in the sense of limit of symmetrical partial sums. In particular,

JO+0) == 0)
2

whenever both of one-sided limits exist. In particular

f) =

1
(2.8) {0} = 5.

LEMMA 2. 1) For each \ € (—00,00)

. a 19 (a v v

2. 8i) V(f;—,/\):‘ZS(—,—)f(A——).
q 9v,=0 \49 4 q
In particular, for odd q and Q = q”
.. . a 1 a g1 mu(Qu)

(2. 8ii) V(}‘;*,/\):fs(*)z o fOA = *)

q 9 \9)v=0
For even g and Q = 4
(2. 8iii) V(f;g,)\) ( ) }: e O — v)

ifg =0 (mod 4).
1 1) &1 mu(u +v) 2 1
(2. 8iv) Vi) = —S(f,-) S e o -
q q9 \49 q9) v=0

ifg =2 (mod 4).
2) Define the following rational points on the plane E*:
ab , a b—1 a a'b
Y=4{=-|, Y=|="H——|, Y+=— —
q 49 9 49 q’ q
" db—1 4a) (2a)'b
y;:(%,ﬁ(_‘)); y**z—(( a)’(a) ) ifg=1 (mod 2)
q

q q
Then if g =1 (mod 2), we have

¢] (m +lm
(2.90) Zf( ) FTT — SOWV(Fya):

n=1

ifg =0 (mod 2), then

(2.9ii)

1M

f(g) zm(un ) = SOV(fe; yas) + SOHV(F3 Vo),

n=
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and in the latter case only one summand at the righthand side can be nonzero, i.e.
SMSG) =0

The proof of all the assertions is the same. Its background is the following relation

1 ‘12*:‘ i 1, ifn=0 (mod g),
q.-0

T 0, ifn#0 (mod g),

and it suffices to check the identities for functions f of the form f,,(\) = €™ 'm =
0,=%1,... (cf. also [6]). Relations (2.8ii1)—(2.8iv) follow from (2.81) and (2.6), where one
should take b = 0 in the cases (2.8ii) and (2.8iii), and b = 1 in the case (2.8iv) cf. also
(1.3i1). Relation (2.9i) follows from (2.6ii), (2.9ii) is a corollary of (2.6i), and here the
cases of f;,(\ ) with even and odd m should be treated separately, cf. also (1.3ii). We omit
the details.

Next we apply (2.91), (2.9ii) to the case, when f(X) is the characteristic function of
some interval w = [a, 8], whose length |w| satisfies 0 < |w| < 1. We continue that
characteristic function periodically, with period 1, over (—00, 00). Then

—27mina __ ,—2minf

(2.10) f0) = |w|, fm)= (n=+£1,42,..)).

27min
Given a function A(\ ), denote
h(M)|rew = h(B) — h(a) (v = [e,B]).
Using (2. 10), we see that (here again we omit the details of simple calculations)
V(fix2,x1) = (A — H(x2, x1 — M) rew,

1
V(fr;x2,x1) = (A — S HOox — 20)|xews

e 1
V(ixx) = €O HOo, 00— 20) —H(’%"‘ ;xz

Thus if we define the vector x = (x, x)) in three different ways corresponding to Asser-
tion 2) of Lemma X = y,.,X = Y, X = Y., then keeping in mind that H(—x) = —H(x),
we arrive at the following relations (cf. also (1.11))

(4a)’ 2a)'b

- >\))|/\€u)~

(2. 11i) V(£ Yax) = (A +H(T’ +M)|rews
.. 1-d db
(2. 11i) V(e ¥6) = (A + QH( — +2)\))|,\6w,
q 4
_midb — a’ a’b
) +>‘)|)\€w~

(2. 11iii) V(fiye) = e o H'(—,
q 2q

In particular, for b = 0,w = [0, ], (2.11) and (2.9) (see also (1.3i)) imply (1.5),
which proves Lemma 1.

3. Incomplete Fresnel integrals. The following assertion is of equiconvergence
type and connects the values of V-continuations with the corresponding Fresnel integrals.
It may also be considered as a version of the Poisson summation formula.
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LEMMA 3. Let f(\) be square-integrable over the period [0, 1) and let & ,n be real
numbers, & # 0. Then

B.1i) €% /WA TTVFAE+mdy — Y f)emTERM 0 (A — o0).
= n:|n€|<A

In particular, if var|(f, [0, 1)) < o0, then both the integral and the series converge in
Cauchy principal value sense, and

. 2
(3. lii) p.v. ¥ /_ °:o eTNFNE +n)dX = p.v. S fm)em R — V(f;%,n).

PROOF. For fixed £, and A > 2¢ denote A(A) the expression on the left hand side
of (3.11). Then using the estimates

e —mi\? : -1 .
] — — <
e /IA enl< e dh — 1 << min(l,(A—|€n])™") if [En| <A,

mi

—miA? . Ayl :
ed /|)\7§n|S/\e dd << min(1,(|én| — A7) if |[En| > A,

and observing the Fourier expansion of f, we obtain the following estimate:
(3.2) AN << P 1f )| min 1, [A = [€nl| 7).

Here, the right hand side tends to 0 as A — +00. To see this, fix a real number M with
€] <M <A, and let

wy=A{n:|A—&n|| <M}, wy={n:|A—|&n|| > M},
AAM) =3 |fm], MAM) =3 |f) || A—[€n ]

new| ncw,

We have Aj(A,M) — 0 as A — +00, since |f(n)| — 0 and w; consists of two intervals
whose lengths are fixed and equal to 2M|¢|~! and the centres +A|£| ™! tend to +o0.
Furthermore,

A= [En) =€ 3 (n| — AJE]TH T2 << (Mfg])!

new; n€w,
which, after application of the Cauchy inequality implies that Ay (A, M) <<, (M| € |)"/ 2,
and thus by (3.2) lim sup,_,., A(A) <<, (M|&|)~"/2. Since M can be arbitrarily large,
it follows that A(A) — 0 as A — +oo, which completes the proof of (3.1i). Finally, if
var;(f, [0, 1)) < o0, then cf. (2.1ii) the limit V of symmetrical partial sums Vy exists by

the results in [6],[6i], and (3.1ii) follows.
A comparison of (3.1ii) with (2.91) shows that if g =1 (mod 2), then

. Lo (Y amie? (a) O e
3.3 - « =8l-]p.v. e? A&)dA,
(3.30) n;f(q)e g o et [ e
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where £ is an arbitrary real solution of the congruence

2 2 ./ + l
Y o mody (0=
2 q 2
In particular, for odd g the incomplete Gaussian sums (1.2) can be expressed as product of

the corresponding complete sum and the Fresnel integral G(&) over appropriate periodic

(3. 3ii)

interval:
jan a\ s
(3. 3ii) AT s (,) oy [ e an,
by p fos
Here
G={XNAN=k+n,k=0,£1,...;n €w};
(3.3iv) { n n }

¢'o={x:x=¢"y,neas}.
and ¢ satisfies (3.3ii). Thus, relation (1.91), which provides the implicit value of the best

posssible constant times ,/q for ¢ = 1 (mod 2) in (1.4) is a consequence of (3.3).
Next we consider some properties of the following integral analogue of the function

H(xz,x1):
2r(Ax+Ax))
+00 ¢
3. — ) . R P 1 .« .
(3.4) G(x2,x1) = p.v /ﬂ) 27k A /%Ln(l) /6<|M<A

PROPOSITION 2. ) Letx, # 0,0 < § < A,w = (8,A). Then

21 (AZxa+Ax))

e o . 2 —1/2
3.5) /m@ S dh << min(L @] +8]x )7,

In particular, the integral defining G exists in the Cauchy principal value sense. 2) Let
g(€)(& > 0) denote the incomplete Fresnel integral

_ % € —miX?
g&)=e+ /(; e d\,
and let t be a real parameter. Then the values of G satisfy the following relations:
(3.60) G(xztz,x,t) = signt - G(xz,x1);
€ a1 \2
(3. 6ii) G(xz,x1) = Signxlfo MG gy e = x| (2]x)) 2,

or, with the same value of £ and 0, = +1,6, = =1,

1+6 1—6
(3. 6iii) G(02x2,6,x1) = 6, (fz 2g(6)+ ) 2a( )):
(3.6iv) max |G, x)| = Fi = rglgg)(lg(i)lz

3) For each fixed x; the function G(x», x;) is of weakly bounded 2-variation in the variable
x| over the whole real axis (—00,00), and this property is uniform in x;:

3.7 sup warz(G(x2, -), (—00, 00)) < 00;
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4)ifx; # 0, then G(x2, x1) is not of strongly bounded 2-variation in the variable x| over
(—00, 00).

PROOF. The estimate (3.5) is a special case of the following more general one, which
is true for real polynomials of higher degree in the imaginary exponent:

2T Xt 4 X 2xa4Ax))

; el 4. -1/
(3.8) /6<1A|<A N dX\ <<, min(1,§"|x,| +---+8|x )"/ ".

For the proof of (3.8) see [6i]; we note that (3.8) follows by integration by parts from
I. M. Vinogradov’s estimate of oscillatory integral (cf. [8, Ch. 2, Lemma 4]):

1 S
(3.9) /0 SN AN < min(132 | x |70, | xfl= max |l

(3.61) immediately follows by change of variables in the integral, defining G. For x, >
0,x; > 0, (3.61) implies:

(3.10) G =G (%,xmzxz)—‘/ 2) —hE). € =xQu)

where
400 ewi()\2+2,\§)

h(E) = p.v. /_oo S dA €> 0
We have h(0) = 0 = g(0) and

H(E) = p.v. /+°° MO\ miEy /j’" LS
—00 o0

mi

=¥ = g6) (£>0)

(it is easy to see that in the above differentiation under the sign of integral is in fact
justified). Thus A(€) = g(£€), and (3.10) proves (3.6ii) for x, > 0,x; > 0. Relations
(3.6ii)—(3.6iv) then follow, since the symmetry properties of G(x;,x;) are the same as
those of H(xy,xy), cf. (2.5).

To prove assertion 3) according to (3.6ii) it suffices to show that

3.11) warx(g, [0, 00)) < o00.

Fix a £ > 0. Since |g'(\)| = 1, we have

3
vari(g.10.€) = [" [gO)] dx = €.

Thus, given a collection 2 = { wyit of nonoverlapping intervals wy on [0,00) and e > 0,
Chebyshev’s inequality yields

(3.12) card{ wy : osc(g,wi) > €, wiN[0,€1# 0} <e '¢ +1.

Furthermore,

_ 1 _ i [ —rin? -1
g00)= 5. goo)—g©)=e [TeTNar << (€ >0,
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which implies, that for £ lTc<e
(3.13) card{ wy : osc(g,wi) > €, wU [€,00) # ¢} < 1.

Choose some ¢ with e 7! << € << e7! so that (3.13) is valid; then (3.11) follows
from (3.12).

We note that assertion 3) remains valid for traces of the function G(x;,x;) on a much
wider class of curves on the plane E? than just lines parallel to x;-axis. In particular,
representation (3.6ii) implies that G(x,, x;) is of weakly bounded 2-variation on every
straight line in E2.

To prove assertion 4), it again suffices in view of (3.6ii) to show, that

(3.14) var(g, [0, 00)) = 00.

We make use of the following estimate of the tails of the Fresnel integrals:

—mi€?

(3.15) e ¥ (g(00) — g(€) — S << £ (£ 0).

2mig
If we take & = k2 k=1,2,..., we see from (3.15) that

1

1
|8(€) —8(601" = 1 << 1575

and thus for A > 0
vara(g, [0,AD) > Y |g(€k) — g(€0|?

k:€re <A
1 1 2
> — — —const ~ TlogA (A — 00),
T 1<k<A2—1 T

which proves (3.14).

REMARK 1. Let r > 3, and consider the following improper oscillatory integral:

00 e27ri()\’x,+-~+/\x|

G(xpy...,X1) = Pp.V. /

o 27N d\ = 61% Gs A(Xry - .-, X1),

A—00
where x,,...,x; are real variables and (cf. (3.8))

eZ‘rri()\zx,+w+)\x|)

G,Sy/\(.xr,... ,Xl) = /5<i)\|<A f d)\

Then it follows from (3.8) that G converges and represents a function which is bounded
in the whole r-dimensional real space E" = { (x;,...,x;)}. The boundedness result can
be easily derived from the corresponding one for the discrete sums Hy, mentioned in the
introduction. (In fact, Darboux sums for the integral G5 5 taken with respect to equidistant
partitions of [0, A] are exactly of the form Hy).
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However, the assertions concerning the boundedness of G5 5 and G are not new. They
are due to E. M. Stein and S. Wainger [7] and the author learnt about it recently from the
book [3] where the integrals G are discussed in [3i] and [3ii], particularly, the case r = 2.
For more details on G(x,, ..., x;) and H(x,, . .., x;) as functions of real variables x,, . . . , x;
and for applications to Cauchy initial value problems for a class of Schroedinger type
equations see [6i].

4. Local properties of H. Due to (3.6) the origin (0,0) is the only point on the plane
E? at which G(xy, x;) is discontinuous. The set of points discontinuity of H(x;, x; ) is much
more rich, cf. [6i], in fact, it is everywhere dense on the plane. For g = 1,2,... let R(g)
denote the set of rational points on the plane E2, defined as follows:
ab
R@@) ={y= 2,y = (;1,;1) 5 9=12,...5ab=0,%1,...,(a,q) = 1}.

and let (cf.(1.3))

o0

R=UR(@; R ={yeRS(y) #0}

g=1
Then R’ is precisely the set of all points, where H(x,,x;) is discontinuous. Moreover,
if we fix a vector y € R/, and consider increments of H in small neighbourhoods of y
in the variable x;, we can easily compute the exact value of the jump of H at the point

y=(5%)
@.1) Jim (Hz, 31 +€) = HO2 1 = 1) = )

Here and in what follows s(y) for y = (y2,¥1) € R(q) denotes the normalized Gaussian
sum:

s(¥) =g 'S(y).
Relation (4.1) is an easy consequence of (2.8i), if we recall that H(x,,x,) is the V-
continuation of the Bernoulli kernel of the first order (cf. (2.2) and (2.8)), and thus

(5= 5 (G G-0-2)

Furthermore, it was shown in [6i] that in small neighbourhoods of each rational point
y the increments of H (with respect to H(y)) approximately reproduce those of G, the
coefficient of reduction being exactly equal to s(y):

4.2) (H(y+z) — H(y)) — s(y)G(z) = 0 (z—0).
in particular we have
(4.3) Hx)—G(x)—0 (x—0).

These relations are valid for all » > 2 (cf. [6i]). Here we specify the case r = 2 and
provide a more detailed description of increments of H in rectangular neighbourhoods
of each y € R. These neighbourhoods are of the form

(4.4) S(y) = {x=(,x), |0 —n| << g4 |xn—yn| <0.5¢7"}
ify = (y2,51) € R(g).
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THEOREM 2. Let g = 1,2,...,y = (y2,y1) € R(q), and let z = (22,21),( =
((2,61) € E? be such that the points x = y+z and ¥ = y +( belong to —(y). Then
the following asymptotic formula holds true:

(H(y+2) — H(y +¢)) — s()(G(2) — G(Q))

45
*:2) << ¢ (2| 2+ (G2 + |z = GD.

PROOF. The main point of the proof is the following auxiliary statement which pro-
vides asymptotic formulae of Vinogradov’s type (cf. also [4]) for finite quadratic expo-
nential sums.

LEMMA 4. Let w be an interval on [1,00), k a real number and q a positive integer,
y = (y2,¥1) € R(q),x = y+z, where 7 = (22,21) € E* and let

(4.6) 8nglz| <1 (n€w); 2qlz| < 1.

Then the following estimates hold true:

(4.7i) En”e(x,n)—s(y)/ Afe(z A) dXh <<, q‘/zTaxM,
new w Ew

(4. 7ii) ) n“e(x,n)——s(y)/me Me(z\) dh <<y ql/erEax/\",
|n|€w v w

where

e(x, ) = TR for = (x),x1) € E%, A € (—00,00),

(—1)* = €™, and in (4.7ii) the summation is taken over all positive and negative inte-
gers nwith |n| € w.

We postpone the proof of Lemma 4 to Section 6, and now make use of this proposition.
Given a point x = (x2,x1) € E?, consider the sequence of continued fractions (cf. [5],
or [9, Ch. 1]) of the leading coordinate x;:
aj .
yp=yp)=—= (=12,...).
Qi
We add Qy = 1 to the sequence of denominators Q; = Q;(x), and if x, is a rational
number, then the sequence of y;, is finite, and we add Q = +o0 as the final denominator.

Furthermore, fix j = 0,1,... and define the rational number y;; as the closest to the
coordinate x; among the fractions (not necessarily irreducible) with denominators Q =
Qj(x), ie.,

b 1 b 1

- = <x-=< .

Q 20 Q0 20

Lety, = (yp,¥1),2; = x—y;,j = 0,1,.... We make use of the following three well-
known properties of continued fractions (cf. [9, Ch. 1]) and best rational approximation
to real numbers:

yit = yu(x1,x2) =
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(4.8i) the denominators Q; increase at least as the Fibonacci numbers do:

Oio > Q1 + Q3

(4.8i1) the errors zy; satisfy relations

E}

1 1
<l £
20QiQjn 122 Q;Qj+1
(4.8i1i) yj is the closest rational number to x, among all those whose denominators do
not exceed Q;
(4.8iv) if € is areal number, Q = 1,2,..., A an integer (A, Q) = 1 and

A 1
£-2l< =,
Q| 20
then 4 is the closest rational number to £ among all those rationals whose de-

(4]
nominators do not exceed Q.

The latter statement may be complemented as follows:
(4.8v) If £ isreal, Q = 1,2,..., and for some constant ¢ > 1 and integer A we have

€ — A < <

0|~ 2¢?

then each rational number of the form B/ P with P < ¢~ ' Q is not closer to £ than

A/ Q. Since otherwise we would have had
L _[B_A| | _B
PO~ |P Q P

which obviously contradicts the assumption P < ¢! Q.
Furthermore, we also make use of the following estimate of the tails of the integral G
(cf. (3.5))

+

A 1
ol <

ez, A) . —1 ~1/2 I 2
[\SIAISL : d)\|<<mm(1,A |22 ) (A> 0;z=(20,21) € EY),

su
L>A

and we obviously have (cf. (1.3))

(4.10) sop = Q'S << 02

Next we define the following intervals on [1/ 8, 00), which depend on the denomina-
tors Q; = Q;(x2) of continued fractions to x; of x = (x2,x1);

4.1 wj:{)\:Qj(xg)SS)\<Qj+|(xQ)},j:0,1,...

(Note that wy may be empty.) If N € w;(x»), then on account of (4.8ii) and the definition
of y;; we have

8nQzyl <8nQLl <1 (new) 20zl < 1.
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Thus by Lemma 5 with & = —1 and by (4.9), (4.10) and (4.8ii) we obtain

A
(4.12i) DN ) fe, BN ax << N1Q)
|nlewlnj>n 2N
(4. 12ii) ) o  N10Y2 4 07 mingl, N0 %0l0)
l le n J J
lnlzzle
and in particular also
(4. 12iii) s ) ol
n] €
[n|>N

(Note that it may so happen that there are no integers » satisfying |n| € w; and |[n| > N,
and in that case the corresponding sums obviously equal 0.)

Estimate (4.12iii) along with (4.81) imply in particular the everywhere convergence
and uniform boundedness of the sequence of symmetric partial sums

e(x,n)

Hy(x)= 3}

1<inl<N 2min

Obviously, for that purpose less accurate estimates than (4.12iii) would also be sufficient.
Next, for sake of definitiveness, we assume that |z| > || and consider separately
the following two cases:

(4.13i) 2¢°| | < 1;
(4.13ii) 1< 2¢%|2| <c,

where ¢ denotes the value of the absolute constant in the sign <<, occurring in the
definition (4.4) of = (y). In the case (4.131) we let

=322 7V% M= |8qz|""y N =32¢|7"2 M =84 "
Then N <M < M',N<N'.Letw = [1,N],

e(x',n) _ e(x, n)

2win

Aw)= >

|n|€w

mew 2min ’

and z(f) = (1 — )z + ¢ for 0 <t < 1. Then

_ e(y, n) de(z(t), n)
Ay = [ (%ij e )dt,
@.14) &zLé?,ﬂ = 2min((z2 — 2)n + (G — 21)),
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and consequently

(4.15) A = [ | 3 (G- 2n+ @ - aei.n) | dr
0 |

n|€w

with x(r) = y + z(#),0 <t < 1. For each fixed ¢t € [0, 1]

@D =z,

[22(0)] = |22(1 — ) + &t| < max(|z2],
and thus for |n| € w,t € [0, 1] we have (cf. also (4.4))

8|ngza(r)| < 8Ng|z| = NM~' <1,
2lgzi(0] < 2gmax(|z],[¢]) < 1.

From this we see that for each fixed ¢t € [0, 1] the conditions of Lemma 5 are satisfied. We
apply that lemma, taking £ = 1 and k = 0. Then using (4. 7ii) we see that forz € [0, 1]

> (G —22)n+ (G — u)ex(t), n)

|n|€w

—s(y) | (@ — 2)A + (G — z1)e(z(n), A) dX

Al€w
<< g "G —n|N+|G - ).
Next we integrate this relation over ¢ € [0, 1]. Interchanging the orders of integration

and keeping in mind the definition of N and (4.14), we then arrive at the following ap-
proximate representation for A(w)(cf. also (4.15)):

e, A) — ez, A)

12 11/2 2,
A€ 27N dA << g (G + | A+ [G =)

(4.16i) Aw)—s(y)

If we also apply the estimate | sinu| < |u|(S(u) = 0) and
G, N) — ez A) << [@ —2[A?+[(G — Al
we immediately can substitute (4.161) by

(4.16ii)
N e((,A)—e(z,\)

Aw)=s) pv. [ TR A << g Gl 2+ ] 2 |G- al).

Furthermore, let w; = (N,M),w| = (N,M’). Then Lemma 5 is still applicable, and
using (4.7ii) with K = 1 we get:

' e(x,n) e(z,\) 1201 1/21,11/2
. — N s
“4.170) in|§eQ] min s(y) e Dmin d\ << g << g7 7|
.. e(x',n) e¢.N) 1/21,.(1/2
. S —s d\ .
@ 17i) Injecy, 2min s0) NeQ, 2min <<q'zl
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It follows from (4.9) that

7A — P
(@180 50D 1o e;irin) dr << ¢'°M V2|7V << ¢ 2] V2,
, e(C, A T
@.18i) o) [, (247”") X << ¢/ 2MY G| T2 << g2 g) V2

Next we turn to the estimates of the remainders

R= ¥ e(x,‘n), R - e(f,'n)'
Injom 2min Injsp 2min

Since we deal with the case (4.13i), it follows from (4.8iv) and (4.8iii) that there is
such aj that g = Qj(xy), i.e., g belongs to the sequence of denominators of the continued
fractions for x,. Then by (4.8ii) we also have

1
Slan)l = o] < 5.
2) |22i(x2)| = |22] < qQj+1(x2)

1
2qQj1(x

Moreover
M= 1 > Ojr1(x2) .
8q| 22 l 8

Thus using (4.12iii) with j + 1 instead of j and M instead of N we see that

(4.19i) R<< 0, () << "7 2) /2,
Exactly the same observations show that
(4.19ii) R << ¢'?¢|'2

Now (4.16)—(4.19) imply (4.5), which completes the proof in the case (4.13i). As for
the case (4.13ii), we notice that (4.5) is equivalent to

(4.20i) Hy+2)—Hy+() << ¢ '/

The proof follows the same lines as in the case (4.131) and uses the property (4.8v) instead
of (4.8iv) when estimating the remainders R and R’. We omit the details.

REMARK 2. Let
b b+0
= (f,_) € R(q).,Y = (6—1,;) where 8 = 0Oor £+ 1,
q 4 q q
and let x € = (y), X € = (/). Then

(4.20ii) Hx)—HX) << ¢ '/2

This is an easy consequence of (4.201).
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5. Proofs of Theorem 1 and Proposition 1 (completed). Given x,, a collection
Q = {w} of nonoverlapping intervals of [0, 1) and a positive number ¢, let

h(€) = H(x2,£), Qe) = {wr € Q,0sc(h,wi) > €},
5.1 Qi(e) = {wi €Qe), Q) < |wi] <Q7'}.
Clearly, we can assume that osc(h, wy) = | h(Bx)—h(ou)|, where wy = [0, Bx]. In(5.1) O;
denotes the denominator of the continued fraction for x, under consideration (cf. Section
4). Note, that we may due to (2.4), assume that 0 < x; < 1 / 2, and moreover that x;
is an irrational number (the case of rational x, can be obviously treated by a continuity

argument). Let y; = anj_' denote the continued fractions themselves, and for each fixed
jand b =0,=%1,.... Let

=jb = { €2x1)  [& — vyl < Q)" 2l — Q| < 0"}

Theorem 2 can be applied to estimate osc(h, wy) for the intervals wy in Q;(¢), and thus
due to (5.1), (3.6iv) and (4.20ii), the set w;(e) is empty if Q; > ce —2, where c is a suitable,
sufficiently large, but absolute, constant. On the other hand, since |wy| > ij} for wy €
Q;(e), we trivially have

cardQ;(e) << Qj1

which by (4.8i) implies that
(5.2) ST cardQie) << e %

JO<<e?
Therefore, we are left to consider only those j’s for which the two-sided restrictions
(5.3i) 0 << €2 << Qi
hold true. By (4.8i) the number of such j’s is bounded uniformly in €:
(5. 3ii) card{j: Q; << e << Q1 } << 1.

Fix aj with (5.31) and first consider all those wy € €;(¢) which contain points of the type
(b—0.507!, where b = 0,%1.... Clearly, the number of such wy’s does not exceed
Q;, and thus their total number over all j with (5.31) is << €72 on account of (5.3ii). For
each of the remaining wy € ;(¢) there is such an integer b that

(5.4) wi C Lip = [(b—0.5)07", (b +0.5)0; 1.

In order to estimate osc(h, wy) from above, we make use of Theorem 2 with
Y= DYjp= (anfl,bel),Zz =@ =x—gq fl,
a1 = — b0 G = B — bQ; !, where wy = [, Bil.

Then by (4.5) we see that for each wy € Q;(e),wx C I;, one of the following three
estimates is valid:

(5.50) e << @2 +1¢1VY << 07

j+1
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(cf. (4. 8ii));

(5.5ii) e << 08—l = 0wl

(5. 5iii) £ << Q;'/2|G(zz,ak — b0 — G(z2. 8 — bQ; .

Due to (5.3i) relation (5. 5i) is either impossible or it means that Q1 << Q; << e?
and thus

(5. 6i) S card {wy : (5.5i) holds ,wi € Qi(e),wi CLjp} << e ?

1<b<Q,

Furthermore, since 3 |wx| < 1, by Chebyshev’s inequality and (5.3i) we have
(5. 6ii) card{wy : (5.5ii) holds } << Q%™ << e 72,

Finally, to estimate the number of those k for which (5.5iii) is valid with a fixed b, we
apply (3.7). It follows that this number is << (& Q} / 2= £ ?Q;" and consequently

(5. 6iii) S card{k: (5.5iii)holds } << 72
1<b<Q;

Estimates (5.6) and (5.3) imply that card Q(¢) << e 2, and thus
wary(h, [0, 1)) = wary(H(x2,), [0, 1)) << |

which completes the proof of Theorem 1 ((1.6ii) is a corollary of (1.6i) and Lemma 1).
Furthermore, to prove (1.7), we make use of the following well known asymptotic
formula (cf. Lemma 4 with g = 1,k = 0)

. owim?

> e
m=1

If we take oy, = (Qk/ 2)'/2,k =0,1,2,...,32k < Q,and put wy = [ox—1, o) we readily
see that (cf. (3.15))

n 2mim®
—/Oesz)\ <<1 (8n1<Q,0=12..)

2
>> QlogQ,

2mim?

5 o

neQuy

D

k

and (1.7) follows.
We proceed to the proof of Proposition 1. (We have already proved (1.91), cf. relations
(3.3)). First of all note, that

o +O0 _win? _ }
g(+oo)—e4/0 e d)\ = >
and thus, using the asymptotical formula (3.15) we see that the following strict inequal-
ities are valid for the quantities F', F>, F3:

1 1
Fy > g(+00) = X F> > 3 +g(00) = I3

(-7 1 i \W
Fy>|1— — =[1— =42
3>‘ ﬁg(m)‘ ‘ Ni' B
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Now denote by &, €2, €3 respectively, those values of ¢ for which the max in the defi-
nitions of the quantities F, F,, F; is attained. We present below explicit (up to the numer-
ical values of £, &>, &3) examples of “bad” denominators ¢, arguments 3 and intervals
w, for which the corresponding incomplete Gaussian sums are “large” in the asymp-
totical sense as ¢ — 00. We consider odd denominators g only, and use the notation

Q=(g+ l)/2 (cf. (2.7)).
1) In the case of the short sums, i.e., Wy (aq“) with a g = o(q), (¢ > 0) as ¢ — 00,
fix an integer k = 0, 1,. .., and let

(5.8i) a= Q" (ie., (@a) =2, aq=€\/2"q.

1i) In the case of short sums, symmetrical with respect to 0, i.e., W(w,aq™") with w =
[—agq, aql,xqg = o(g)(a > 0), define a and « as above, cf. (5.81).
3) In the case of middle-length sums, i.e., W(,(aq") with o = 1/ 2+ (3, where 8 >

0,8q = o(q) (g — 00), let
(5. 8ii) a=Q, (ie,(da) = Q) ag= g +824/9.

4) In the case of almost complete sums, i.e., Wo(ag™") with &« = 1 — 3, where g >
0,89 = o(g) (g — 00), let :

qg=—1 (mod 6);a = —.?»Q2 (ie., (4a) = —-22),

(5. 8iii) 3
29
ag=q—§& 3

In all these three cases we use the identity (1.5i), and the following asymptotic rela-
tions, which are special cases of Theorem 2 (see also (3. 6ii)) (z2 > 0,z; > 0).

(5.9i) H(Zz,Zl)_g('(%),/z) << ?+z

. 1 i 4 1/2 i
(5.9i) H(§+Z2,Zl) %g (EW) << gz +z|(%—s(§,0)).
Case 1). Let (cf. (5.81)), for some fixed k = 0, 1,...

4q) 2k 2k+1 ) _
12=( ) =—, zg=a={¢§, . ie,zQRa) V=6
q q q

Then we see from (1.51) and (5.9i) that
a a
Wa (*) - S(—) 8 << 1,
q q

and the result follows by the definition of £;.
Case 2). Let (cf. (5.8ii))
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ie.,

Q)2 =6,
and use the identity (cf.(2.4))

1 1
H(X2 + i,xl + 5) = H(Xz,xl )

Again by (1.51) and (5.91) we have

() 5() (o) <o

and the result follows from the definition of &;.
Case 3). Let (cf. (5.8ii1))

4a)y 1 2 1 1
Lo a1 20 1

g "3 3¢ 3 3¢

2 . _
a=1—a=%§&.,|-—, ie,z(2z]) /2 = &.
J3q

Then by (1.51) and (2.4), (2.5) we have
a _ 1
Wi, (f) = S(—) (I—z1+H(@m— —,1—z1))
q q 3

q’

a _ 1 1
S(;) 11—z _H(§ + iI’Z]))’

and therefore, by (5.9ii),

a a i

W (f) —S(f) (1 — —g(.{g)) <<1,
“\q q V3

which concludes the proof of the estimates x; > Fy,k = 1,2,3.

Finally we show that in the case of k = 1 we actually have equality K = F; (cf. (1.9i-

i1)). This assertion means that the maximum F, of incomplete Fresnel integrals equals
the best possible value of the constant X /q in the estimate

a _
We () << va
for incomplete Gaussian sums of short length (i.e., o > 0,aqg — 0(g — 00); we

consider only odd denominators g, but an appropriate modification seems to be also true

for even g). We already have the inequality k; > F; and thus (cf. (1.5i)) to prove the
assertion, it suffices to establish the following estimate for H(x;,x):

(5.10) |H(xp,x1)| < Fy +¢|xi|'/?,
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where ¢ is an absolute positive constant. Clearly, we can assume that x; € (0, 1 / 2),x1 €
(0, 1/ 2). Consider the continued fractions anj_‘, Jj=0,1,2,..., corresponding to x, (see
section 4; we let ap = 0, Q9 = 1), and find a number j such that

1 1
X < —,x > .
' 2077 T 205

Lety, = (anT‘,O); then x = (xp,x1) € =3 (y)) (cf. (4.8ii) and (4.4)) and H(y;) = 0.
Thus, we can apply Theorem 2, and it follows from (4.5) and (4.8ii) that

H(o,x) — s(3)G — a0 ' vx) << 0} (2 — 4,0V + |x])
<< @2+ << a2

Since |s(y)| < 1 forally € R and max |G| = F (cf. (3.6iv)), (5.10) follows, thereby
completing the proof.

6. Some formulae of summation. The main goal of this Section is to prove Lem-
ma 4, which was used above in the proof of Theorem 2. This is achieved by auxiliary
statements—Lemmas 5 and 6, which are of a well known type in Analytic Number The-
ory: oscillatory sums are substuted by appropriate integrals, and the corresponding error
terms are estimated. This general scheme originates from early papers of Vinogradov
and the work of Van der Corput.

Let B(\) denote the Bernoulli kernel of the first order, (cf. (2.2)), i.e., B(A) = l/ 2—
{A} for real nonintegral A, and it is again convenient to assume, that B(m) = 1/2,
if m = 0,%1,.... Fix a complex parameter ¢, p # £1,£2,..., and let for the real
variable A (cf. also [5i, p. 234])

£2minA 1 T e2mieB) 1
6.1i AMe\y=pv. ) 5 == | — — |,
(6. 1i) (p,A) =p.v ,;3027”'("*“”) 2mi \ sinme o

) aA(go,/\) e27rin/\
6.1 AD(p A) = =y —,
(6. 1ii) (P X)= "5 S0 2mi(n + @)
azA(W )\) e21rin/\
liii AQ) , — AR R
(6. 1iii) (¢, ) 32 o mi(n+ )}

LEMMA 5. Letw = [a, 3] be a closed interval on the real axis, |w| = 8 —a > 0,
and ®(\) a complex valued function, twice continuously differentiable on w, |®(\)| >
- O(\ € w), and possessing the property: the logarithmic derivative

1 @\
2mi D)

(6.3) p\) =
does not take on any integral values on w, with the possible exception of zero, i.e.,

(6.4) min min |e(A\)—n|=p>0
New [nf=12,..
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Furthermore, let (cf. (6.2))
D($)= ¥ 'D() — [ @) dA,

VEW

(Y denotes the sum in which the summand, corresponding to the end point of w is taken
with the factor 1/ 2 whenever this end is an integer),

a(\) = Alp(A),A), b)) = AD(p(A),A) (A Ew).
Then
(6.50) D(®) = @M\ )aMlrew = [ DO OIBA) dX.
In particular, the following estimate is valid:

(6. 5ii) D(®) <<, max |®|(1 + var|(¢,w))

= max|®](1+ [ [¢'O)]dN).

PROOF. For each fixed ¢ # +1,42,...,A(p, ) is differentiable for A # 0,
+1,+2,...,and
dA(p, \)
oA
This may be easily checked using the explicit representation of A in (6.1i). Moreover,

keeping (6.4) in mind and using the series representations of B(\) and a(\) (cf. (6.11)),
we see that the function

(6.6) +2mipA(p, ) = —1 (A #0,%£1,...).

eZ?rinA

c(A) = B(A\) —a(A) = p(\ e

) )=l ),§)27rm(n+<p(/\))
is continuous on w, and is continuously differentiable everywhere on that interval except
for the integral points A € w. On account of (6.6) and definitions of a(X), b(\) the
derivative ¢/ (\) is computed as follows:
_9A(p, M)

oA

=2mipN)a(\) — p'MbN) (A #0,%1,...,\ €w).

;o OA(p, A
o = ) P2

dN) =B\ —d\) = —1

p=p(X)

In particular, c()) is absolutely continuous on w, and integration by parts shows that
D@) = [ ®dB= [ ®da+c)
= [ @da+ [ @ dx =<Da|w+/((bc'—d)'a)d)\
w w w
= Qq|, +/ @ - 2mipa— ¢'b—2wipa) d\
w

= ®d, —[ ®p'b d),
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and (6.51) follows. The estimate (6.5ii) is a consequence of (6.51) and (6.4), since
6.7) laM)] +|bV)] <<, 1T (A €Ew).

LEMMAG. Letq be apositive integer, e = e,, (im = 0, %1, ...) a sequence of complex
numbers, periodic in m with period q i.e.,

(6.8) emeg = €m  (m=0,%£1,...)

and let

1 4 n
s=-)Y em V= max

qd m=1 1<n<g

el .
m=1

Furthermore, let w be an interval in (—00,00), and F(\) a complex valued function on
w, three times continuously differentiable and vanishing nowhere on w, and assume that

the function
1 F(\)
A)=———
PN =5 TN
does not take on any values of the form 3, a=*£1,%2,... on w except perhaps the value
0, ie.,
6.9) min min |gp(A)—al =p > 0.
AEw [a|=1,2,...

Then the following estimate holds true:

(6.10) S enF(m) — s /

mew w

5
F(X\) dX\ <<, V(max |F]|) (1 + 26})

where
5
o =8y = max | "¢l dri (@.8) Cw.|8 —al <q}.
=60 9 =q [ ¢l d\: 8 =69 =q" [ oy dx;
54:54(ao”,q):q2/w|tp”| dX; 55255(w’,q)=q3[d|w'|2dk-

In particular, if R(p") and (') are piecewise monotonous and the number of intervals
of monotonicity does not exceed an absolute constant, then

(6.11) ) emF(m)—s/ FO\) dX\ <<, V(max |F|)(1 + 582 + &7 + 8¢57),

mew
where 66 = qmax,, | p|,87; = ¢* max,, | ¢'|.
PROOF. With no loss of generality we can assume that: a) max,, |F| = 1;b) g > 2

(cf. Lemma 5); ¢) w is of the form [1, ], where o > 1.
First consider the case of short intervals w, namely « << g. Then we obviously have

(6. 12i) s [ Fax << g 'Viw| << V.
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Letp = [a] and
Wn‘_—zemv 1§”§P
m=1

Since p << g, we have W,, << V, and thus using summation by parts we see that
p—1
(6.12ii) ) enF(m) = W(F(m) — F(m + 1)) + W,F(p)
=1

mew m=

p—l m+1

== Wa [ FO)dr+W,F(p)
m=1 m

<< V([ IFOldx + 1) << V([ [o0] dr +1)

<< V(1 +6)

Estimates (6.12) imply (6.10) in the case when |w| << g. Now, it suffices to consider
intervals w of the form w = [1, Ng], where N is a positive integer. For such an interval

o G =[0,N—1],®(u,A\) =Flp+Aq) (A €w,1<pu<g),
I = /Q(D(m,)\)d)\ m=1,2,....9.
Using (6.8) we see that
(6. 13i) 263 emF(m) = %qjl emF(m) = qul em (2 cb(m,z/)>
mew m= m= j€w

Summation by parts as in (6.12ii) easily shows, that for each fixed v € & we have
q
> en®(m,v) << V(1 +6)),
m=1
and thus, up to the same error, we can substitute 3~ by ¥’ in (6.131) (cf. Lemma 5)

(6. 13ii) > emF(m) — i em ' D(m,v) << V(1 +6)).

mew m=1 VEW
Furthermore,

N—1 1 (N=1)g+m
1,,,_/O F(m+)\q)d>\—c—1/m FO\) d),

[In — Lnnt] <2q7%

|
_ - <
I, q/wF()\)d)\,_ 1,

and thus after summation by parts we obtain:

q q-1
Z emIm = Z Wm(lm _Im+l)+ qu s

=1 m=1

—1
©6.14) 3 enln—s [ fO)dX << V(qz iy — Let |
m=1 w m=1

1
+ |1, — ZI/WF(/\)d/\I) << V.
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Now we apply the identity (6.51) to the functions ®(m,\)form = 1,...,gand A € &.
By the assumption (6.9) the requirement (6.4) is satisfied for all these functions, since

D(m, A
(6.15) (27ri<l>(m,)\))7'—a g: ) =qe(Ag+m) (m=1,...,q; I €J).
Then, using (6.13ii1), (6.14) and (6.51) we see that
(6. 14i) ) e,,,F(m)—s/ FO\) d\ << V(1+6)+|R, — R|,
mew w

where for 1 < pu < g (cf. (6.1))

q
Ry = 3 enA(m), A(p)+D(p, Na(p, N)|res:

m=1

a(p, X)) = Algp(Ag+p),A);

q
Ry =3 enBm), By = [ ®(u, Mg ¢’ (g +mbu, ) dX,

m=1

b, A) = AV (gp(Ag+ ), \).

To estimate R; and R,, we use summation by parts once again. For convenience we will

use the symbol d to denote differentiation with respect to the parameter y, i.e., d = %.

Then we have

(6.160) |Ri| < V(/lq |0A(k) dp + lrgfgqlA(u)l) ,
(6. 16ii) |Ra| < V(/,"lan)dw ]gféqlB(u)l),

According to (6.9) (cf. also (6.7)) we see that
(6.17) la(u, M| +[b(p, )] <<, 1 (n€llq], X €d)

and therefore

(6. 18i) max |A(p)] <<, I;
HeEll gl

(6. 18ii) max |B()| <<, ¢* max /_|<p’(/\q+u)| dX
pell gl wEllglJo

Sq/w | o' ()| dA = 6.
Fix a A € & and introduce the notations

O, A) = @), a(p,A)=au,, Ag+p)= @,
e'Ag+p) =g, ©"Ng+p) =gy, blu,\)= by,
AP(geAg+p), X) = hy.
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We have
0, = ag% _oF (’\a‘l’: W i,
da, = qp' Mg+ A (gp(Ag+p),\)
= qp'(Aq+p) b, \) = g} by;
abu = ‘I‘PLhM
(6.190) 0Dy, a,) = a,0®, + Pyda, = ©,Qmipua, +qe,by);

(6.19ii)  ADug ¢, by) = P Q2ip, ), + by +q(p),) hy).
Keeping in mind (6.17) and the analogous estimate for 4, namely
h,| < @ , 1
|| < max max [AP(ge(Aq+ ). M| << 1,
we see (6.19) that

[0(@ua,)| <<, [¢ul +4lepl,
|0(®,q* @b, <<, (puppl + o) +4lepl®).

It follows from these estimates and from (6.16) that

IR <<, V(l +rpgg/]q(|<p(/\q+u)l +QI<p'(Aq+u)I)du)
<<, V(1461 +62),

|Ral <<, VG2 +47 [’ + 10" DA +4" [ 1#70)
= V(b3 +63 + 04 + b5).

These estimates and (6.14i), (6.16), (6.18) imply the validity of (6.10) with¢;, 1 <j <5,
in the remainder terms. Now, if R¢’()\) and S¢’()) are piecewise monotonous, the same
is true for Rp (M) and S (XA). In this case we have

b6 <bg: 6 < gq var(p,w) << § < 1 +662;
53 S(quxlapl) (g var)(p,w)) << 662;

by < @ var(p',w) << ¢*max |¢'| =673

85 < (¢" max [¢']) - (g vari(p,w)) << &b,

and (6.11) follows, completing the proof of Lemma 6.
Now we are in a position to complete the proof of Lemma 4. Let

e(m) =e(y,m): F(\)=Xez ) (\€Ew)
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Then (cf. (1.4))

1 q
(6.20i) = > e(y,m) = s(y);
m=1
1 FQX) ok )
pA) = Eﬂ’_lm = 2niN +2Xz + 215
/ _ X .
PR = e P
(6.20ii) V= max |3 e(y,m)| << ¢'%
1<n<q|,,=)

We first consider (4.7) for the intersection @ = w N [1,q]. If & # 0, we estimate the
integrals trivially:

S(y)/)\‘E(z,)\)d)\ << ¢ ?max A", g =q"/?max A"
w w w
and apply summation by parts to >;:

> nte(x,n) = 3 e(y,n)n"e(z,w)

new new

new

<<V (Z |n*e(z,n) — (n+ 1)e(z,n + 1) +rAnax/\">
€w

<< q'/2(m3xm (/l"”(lzm +]z]) dX + 1) .

Therefore we see from (4.6) that both the sum and the integral of (4.7) which correspond
to the interval & can be included in the remainder term ¢'/2 max A\*. Thus we are left
with the case when min,, A > g. In that case we have the following estimates for the
remainder terms d¢ and 67 of (6.11)(cf. (4.6)):

(6.21i) 86 << g(max A\ 7' + max | 2| +|z1])) << 1,

(6.21ii) 67 << gA(max A 2 +|z]) << 1.
On the other hand (4.6) ensures that the condition (6.9) is satisfied with p = %, and

therefore (4.71) is a consequence of (6.11), (6.21) and (6.20).
As for (4.711), we let, for A € w,

e*(m) = e()’» —m) + e(_m)v F*(A) = F(—)‘) = (—A)ﬂe(zv _A )’
and from exactly the same considerations as above we conclude that

(6.22) S (—n)Fe(x, —n) —s*(y)Aew(—A)”e(z,—A) dx << g'/*max A",

new

where

1 1
s (y) = p Yo efmy= -3 e(y,—m).

m=1 m=1
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It is a very simple, but essential consideration, that s*(y) = s(y), since (—m) runs over
the same complete system of residues modg as m does. Thus, (4.7ii) is a consequence
of (6.22) and (4.7i).

REMARK 3. In connection with Theorem 1, it seems to be of interest to consider
variational properties of H(x;,x;) on other curves on the plane E?, in particular, those of
H(&,x)),€ €10,1) for fixed x;.
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