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The Smallest Pisot Element in the Field of
Formal Power Series Over a Finite Field

A. Chandoul, M. Jellali, and M. Mkaouar

Abstract. Dufresnoy and Pisot characterized the smallest Pisot number of degree n > 3 by giving ex-
plicitly its minimal polynomial. In this paper, we translate Dufresnoy and Pisot’s result to the Laurent
series case.

The aim of this paper is to prove that the minimal polynomial of the smallest Pisot element (SPE)
of degree 1 in the field of formal power series over a finite field is given by P(Y) = Y" —aXY"~1 —a”,
where « is the least element of the finite field IF;\{0} (as a finite total ordered set). We prove that the
sequence of SPEs of degree n is decreasing and converges to a.X. Finally, we show how to obtain explicit
continued fraction expansion of the smallest Pisot element over a finite field.

1 Introduction

In the real case, the closedness of the set of all Pisot numbers P implies that it has a
minimal element. In 1944, Siegel [9] proved that it is the positive root of the equation
x®>—x—1 = 0 (Plastic constant) and is isolated in . He constructed two sequences of
Pisot numbers converging to the golden ratio ¢ and asked whether ¢ is the smallest
limit point of P. This was later proved by Dufresnoy and Pisot [4], who also deter-
mined all elements of P that are less than (. Not all of them belong to Siegel’s two
sequences. Vijayaraghavan proved that P has infinitly many limit points; in fact, the
sequence of derived sets P, P’ P’’, ... does not terminate.

In this paper we give smallest Pisot elements (SPE) over a field of Laurent series
with coefficients in a finite field.

The paper is organized as follows. In this section, we give some preliminary defi-
nitions. In Section 2, we define the lexicographic order over a field of Laurent series
with coefficients in a finite field and we give the SPE of degree n in Laurent series case.
In Section 3, the continued fraction expansion of the SPE over a field of Laurent series
is studied.

Let I, be a field with g elements of characteristic p, F,[X] the set of polynomials
of coefficients in Iy, and IF;(X) its field of fractions. The set I ((X 1)) of Laurent
series over [, is defined

+00
F() = { Y aX T 5 aj €k, a £ Owiths € 2}
j=s
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Let w = E;Zf ajX~/ € F,((X™")). We denote its polynomial part by [w] and its
fractional part by {w}. We remark that w = [w] + {w}. As in Sprindzuk [11], a non
archimedean absolute value on I, ((X™")) is definied by |w| = e™*. It is clear that for
all P € Fy[X], |P| = e*¢® and, for all Q € F,[X] such that Q # 0, |g| = gdegP—degQ

We know that F,((X ™)) is complete and locally compact with respect to the met-
ric defined by this absolute value.

We denote by F,((X~!)) an algebraic closure of F,((X!)). We note that the abso-
lute value has a unique extension to R((X ~1)). Abusing the notation a little, we will
use the same symbol | - | for the two absolute values.

A Pisot element w € ]Fq((X*I)) is an algebraic integer over IF,[X] such that |w| >
1, whose remaining conjugates in F,((X~')) have an absolute value strictly smaller
than 1. In 1962 Bateman and Duquette [1] introduced and characterized Pisot ele-
ments in a field of Laurent series . They obtained the following results.

Theorem 1.1 An element win¥,((X™")) is a Pisot element if and only if its minimal
polynomial can be written as P(Y) = Y+ A, YS!+ .- + Ay, A; € IF,[X] for
i=0,...,5s— 1, with|A,_ | = |w| > 1and |A;]| < |w|fori=0,...,s— 2.

Theorem 1.2 Anelementw € IF,((X™")) satisfying |w| > 1 is a Pisot element if and
only if there exists a X\ € Fo((X™1)) \ {0} such that lim,,_, ;oo {\W"} = 0; moreover, A
can be chosen to belong to IF4(X)(w).

The study of the set P of Pisot elements was resumed in 1967 by Grandet-Hugot
[5,6]. In particular she showed that P is dense in ]Fq((X’l)) \ {w: |w| < 1}. For
more information about Pisot elements, see [1,2,5-8, 10].

Recall that IF,((X ~1)) contains Pisot elements of any degree over IF;(X). Indeed,
consider the polynomial Y¢ — aXY“~! — b, where a,b € F,\{0}. It can easily be
seen, considering its Newton polygon, that the polynomial, which is irreducible over
F,(X), has a root w € F,((X™')) such that [w| > 1 and all of its conjugates in
R((X ~1)) have an absolute value strictly smaller than 1. Moreover, we have the fol-
lowing proposition ([3]).

Proposition 1.3 There are infinitely many Pisot elements of a fixed degree. Further-
more, if P(n, Q) denotes the set of Pisot elements of degree n > 2, with integer part Q,
then

Card(P(n,Q)) = (q — D"

2 Smallest Pisot Elements

In the real case, Dufresnoy and Pisot [4] characterized the smallest Pisot number of
degree n > 3. They obtained the following result.

Theorem 2.1 Let v, be the smallest Pisot number of degree n > 3. Then the following
assertions hold:

(i) Pu(z) =2"—z""' — 2" 2 + 22 — 1 is the minimal polynomial of cv,;

(ii) the sequence (ov,)n> is increasing and converges to H—Z‘/g
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Before giving the analogues of this result in Laurent series case, we introduce a
lexicographic order on F,((X™1)).

Let F, be a finite field equipped with a total order <. Then the lexicographic
order on F,((X™1)) is defined as follows: If w = 3°,°° w;X " and v = >/ " ;X ",
thenw < vifw, < v, Or Wy = Viuy o oo s Witk = Vinsk, Winskil < Vmike1 fOr some
k=1,2,3,....

Now, we are prepared to give the main theorem.

Theorem 2.2 If P(n) = {Pisot elements of degree n}, n > 2, and « is the least
element of F;\{0}, then w,, = inf P(n) is a Pisot element of minimal polynomial

P(Y)=Y"—aXy" ! —a"

Moreover, the sequence (w,),>1 is decreasing and converges to aX.
To prove this theorem we need the following lemmas.

Lemma 2.3 ([8,Lemma2.2]) LetP(Y)=A,Y"+---+AgwithA; € F)[X], Ag#0

and [A,—1| > |A;l, for alli # n— 1. Then P has only one root w € Fo((X ™)) satisfying
Ay
il

lw| > 1. Moreover, [w] = —|

Lemma 2.4 Let w be an algebraic Laurent series in IFq((X_l)) of degree n such that
[w] #0and A,w" + ---+ Ayw + Ay = 0, with degA,,—; > degA; foralli # n — 1.
Then h = ﬁ is an algebraic Laurent series satisfying B,h" + - - - + Bih + By = 0, with
B; € F,[X], degB,—1 > degB;, foralli #n — 1.

Proof Leth = ﬁ, then w = [w] + % and

n N
0= ZAJ-([W] + %)] DY (;{) A
=0

=0 k=0
_ Z( 34 (njk) [W]j+k—n) "
k=0 j=n—k
Let
(2.1) Bi= Y A (nik) [w] .
j=n—k

Then ZZ:O Byh* = 0. Let us prove that deg B, _; > deg By for all k # n — 1. Since

(w] = —[A:j‘;‘] ,wegetA, | = —[flA, + Rwith degR < degA,. From (2.1) we
deduce

n . n—2 )

j=0 =0
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and

(2.3) By = jAjlwl !
=1

n—2
= (ST JA 0P ) + A"+ (n = DRI,
j=1

Consequently, it turns out that deg B,_; = (n — 2) deg[w] + degA,_; and deg B, <
(n—2) deg[w]+degA,_. Since deg By, < deg A, +kdeg[w] fork € {0,...,n—2},
deg By < degB,,_;. [ |

Lemma 2.5 LetH(Y) = Y9 — AY9"! — B, A,B € I,[X] \ {0}, degA > degB.
Then H is irreducible over IF,[X].

Proof From Lemma 2.3, H has a unique root w such that |w| > 1 and [w] = A. Let
w;, 2 < i < d, be the other roots of H and set w; = w.
Since H is a monic polynomial, ZZ:1 wk € Fy[X], for each k € N, hence

lim {w"} =0.

m—r+0o0

Let P(Y) = Y" + A,_1Y""! + ... + A; be the minimal polynomial of w. It is
clear that A,_; = —A, since [w] = A. From Theorem 1.1, the polynomial P satisfies
degA,_; > max;z,_; degA;.

Let now H(Y) = P(Y)Q(Y), with Q(Y) = Y™ + B,,_, Y™~ ! + ... + By. Suppose
that m > 1, then

(24) Bu_1+A,_1=-A and AyBy = —B
(2.5) Z ABj=0; se{l1,2,...,d—2}.
itj=s
0<i<n
0<j<m
Since A,—; = —A, then, from (2.4), B,,—; = 0. Letip € {0,1,--- , m} such that

deg B;, = maxo<j<, deg B;.
If B;, # 0, then deg(A,_1B;,) > deg(A;B;), (i, j) # (n — 1,ip). Consequently,

deg( > AiBj) = deg(A,_1B;,).

i+j=n+ip—1
0<i<n
0<j<m

This leads to a contradiction with (2.5).

Finally, we obtain H(Y) = Y™P(Y). If m > 1, then this contradicts the fact that
B # 0, and consequently H(Y) = P(Y). [ |
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Proof of Theorem 2.2 Let P,(Y) = Y" —aXY"~! —a”, where a is the least element
of F;\{0}. It follows from Lemmas 2.3 and 2.5 that P is irreducible and it has only
one root w, satisfying |w,| > 1 and [w,] = aX. Since P is a monic polynomial, w,
is a Pisot element of degree n. Furthermore, if w, = aX + %, then h is an algebraic
Laurent series satisfying

n—2

a"h" — (aX)" 'h" — Z (n; 1) (aX)*n* =0,
k=0
and using Lemma 2.3, we have
anl
(2.6) [h] = .
o

Now we consider another Pisot element v, # w,, of degree n such that [v,] = aX,
then from Theorem 1.1 the minimal polynomial of v, can be written as F(Y) =

Y" — aXy" ! — Z::OZ A;Y' with A; € Fy. Ifv, = aX + é, then from Lemma 2.4, g

satisfies an algebraic equation
ZBkgk =0, with degB,_; > 2121)(1 deg B;.
1#n—
k=0
In particular, from (2.2), (2.3), and Lemma 2.3
] [(axwl—§jgfiAxaxyl
gl = P -
Zizoz Ai(aX)!
if (A,...,A—2) # (0,...,0), we have deg[g] < n — 1 = deg[h], then % =< é,

if (Ay,...,A,—2) =(0,...,0), wehave [g] = %X"‘l and from (2.6), we obtain
=aX D 4. < Ayl = i’ (Ap # " if not v, = wy,).

)

=~ ®

ar—!
Hence, we get in the two cases + < 1, which implies that w,, < f,, and conse-
h g ’
quently w, is the SPE of degree n.
Since w, = aX + 1, then from (2.6) |w, — aX| = [}| = || = e 7Y,
consequently lim,,_, ;00 W, = aX. [ |

3 Continued Fraction Expansion of the SPE
LetJ = {f € F,((X~1))/|f| < 1} and let the map T: J — J be given by

T@p:é—[ﬂ, w0, T(0)=0.

Recall that the map T generates the continued fraction expansion of w of the form

1
(31) w=Ay+ s

At ——

1
Ay +
A3+...
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where A, = [T%I(W)] . As a shorthand for (3.1) we write
w = [Ag; AL, A, ... ].
Theorem 3.1 Let w be the SPE of degree ¢" + 1, with n € N. Then
w=[Ag,Al,..., A ...],

where
(sH(= 1D ) q)s

A= (=1 (=a?) 7T (—aX)T.

Proof Let P(Y) = Y7*! — aXY? — a? be the minimal polynomial of the SPE w =
Wy Letzg = w, Ag = [z] = aX, Uy =1, Vo = —aX, Ry =0, Ty = —a?, and
Zey] = zs—il[zc]’ then from Lemmas 2.3 and 2.4 we know that z; satisfies the equation

Uszsq“rl + Vsz?n + Ryzs + T, = 0 with deg V; > max(deg U;, deg R;, deg T), and
Usr = UAT T + VAT + RA + T,
Vi = UAT,
Ry = Vi + AU,
T = U,

Vs+1 :|

A= |
i Us+1

Now one shows, using a simple induction on s, that

(25+1)n+1 2on

Uys=1, Uyy=-a, Vy= _(_az)” T (—aX)T

" 25+1)n

2y L : 2
V2$+1 = (70[ ) i (7OLX)q 9 RS = Oa T2$ = —a,
LDy

Ty =1, and A= (-10"(=a?) 7 (—aX)7. m

Example 3.2 (i) The minimal polynomial of the SPE w of degree 2 over
Fo(X™1) is P(Y) = Y2 — XY —1,sow = Y .=  wX ' is defined by
w_1 =w; = 1,wy = 0,and

Wi =0, Wy =w, foralln>0.

Its continued fraction expansionisw = [ X ].

(i) Letw = >.7° | w; X~ the SPE of degree 3 over F>((X™!)) and let P(Y) =
Y? — XY? — 1 € I,[X][Y] be its minimal polynomial. It is easy to see that w
is a root of the polynomial Q(Y) = Y* — X?Y? — Y — X. The sequence (w;) is
then defined by w_; = w, = 1 and

Wan = Wyt Wang1,  Wansl = Wanes = 0, Wappp = Waupn,  foralln > 0.

Its continued fraction is w = [X, X2, X*, ..., X%, ...].
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