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ON A CONJECTURE OF Z. JIANZHONG

YASUO MATSUGU

Let ¢ be a nonnegative, nondecreasing and nonconstant function defined on [0, co0)

such that &(t) = ¢(e‘) is a convex function on (—00,00). The Hardy-Orlicz

space H(y) is defined to be the class of all those functions f holomorphic in the

open unit disc of the complex plane C satisfying :mpl f:* ¢p(| I (re“) I) dt < oo.
o<r<

The subclass H(p)* of H(yp) is defined to be the class of all those functions f €

H(p) satisfying sup f:' cp(lf(re“)l) dt = f:' lp( r (e“)’) dt, where f* (e“) =
o<r<1

lin} f (re“) for almost all points € of the unit circle. In 1990, Z. Jianzhong

conjectured that H(p)* = H(y)" if and only if H(y) = H(¢). In the present
paper we prove that it is true not only on the unit disc of C but also on the unit
ball of C™.

1. INTRODUCTION

Let n > 1 be an integer. Let H(B) denote the space of all holomorphic functions
in the open unit ball B of the complex n-dimensional Euclidean space C". We call
a nonnegative real-valued function ¢ defined on [0,00) a modulus function if it is a
nondecreasing and nonconstant function such that &(t) = ¢(e*) is a convex function
on (—oo,o0). According to Deeb and Marzugq [1], for a given modulus function ¢, the
Hardy-Ortlicz space H(¢p) is defined as

Hp) = {f € H(B): sup [ p(If(rO))do(() < oo,

where § = @B is the unit sphere of C" and o is the rotation invariant positive Borel
measure on S for which o(S)=1. Let

HY(B)={f € H(B): ,1-1311 F(r¢) = f*({)almosteverywhere[ojonS}.

The space H(p)" is defined to be the class of all those functions f € H+(B) N H(yp)
satisfying the condition

e [ (10N do(0) = [ o(f1)do
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Let N(B) and N*(B) denote the Nevanlinna class and the Smirnov class respectively;
that is,

N(B) = {f € H(B): s [ 1og* 1f(rO)] dol(0) < w0},

N*(B)={f € N(B) : lim [ log* |f(rc)| do(¢) = [ 1og* 11| do}.
S S

In [4, p.32, Remark 4], Jianzhong conjectured (for dimension n = 1) that for two
modulus functions ¢ and ¥, H((p)+ = H(‘l/))+ if and only if H(¢) = H(¢). The main
purpose of this paper is to prove that Jianzhong’s conjecture is true for any dimension
n=1.

2. INCLUSION RELATION BETWEEN THE SPACES H(y)

To prove the Proposition 1 described below, we recall some notations used in Rudin
[9]. For 0 < p < o0, the Lebesgue spaces LP(o) have their customary meaning. L%(o)
stands for the set of all measurable functions u for which

/Iog+ ju| do < oo.
S
LSC denotes the set of all lower semicontinuous functions on S. The following theorem

is proved in Rudin [9, pp.19-20].

THEOREM R. Suppose u € LSCN L%), u > 0 on S. Then thereis an f €
N+ (B) whose boundary values f* satisfy

IO = (<)

almost everywhere [o] on S.

The following Proposition 1 is proved in Hasumi and Kataoka [3, Theorem 1.3] for
the case n = 1.

PROPOSITION 1. Let ¢ and ¥ be modulus functions. If

=0 _
tllon:n/;(t) -

then there exists an f € H(y) N N*(B) which dose not belong to H(y).

PROOF: The proof for arbitrary dimension n closely follows that of Hasumi and
Kataoka for n = 1 [3, Proof of Theorem 1.3]. Put &(t) = ¢(e'), ¥(¢) = ¥(e*) for
—00 £t < 0. Then & and ¥ are nondecreasing nonconstant convex functions on
[—o0,0), and

= 20 _

t—ongo \Il(t) = oo
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Hence we can choose a sequence {t;} such that 0 < ¢; <t <ts <..., lim ¢; = o,
j—oo

Y(t;) > 29572 and &(¢;)/¥(t;) > 7, 7 = 1,2,3,.... Set g5 = {52¥(¢;)} !, for each

j. Then we see that ¢; < 277, j = 1,2,3,..., and s0o Y &; < 1. Consequently,

there is a sequence {E;} of disjoint open subsets of the unit sphere § of C™ such that
o(Ej) =¢€j, j=1,2,3,.... We define a function u on § by

oo
u= Zt,-x,-,

j=1

where x; is the characteristic function of the set E;. Since E; is an open subset of §,
X; is lower semicontinuous on S, that is, x; € LSC. Since each number ¢; is positive,
it follows that u € LSC. The function ¥ o u is Borel measurable on S, and it holds
that

[ (oo = 57 wit;)o(E,) + #(0H1 - 3 o(E)}

7

<) Uts)e; +¥(0) =Y 7% +¥(0) < oo,

7

so we have Wou € L!(0). Since ¥ is convex, nondecreasing and nonconstant, ¥(t) > Ct
for some constant C > 0 and for all sufficiently large t. Thus we see that u € L(7).
On the other hand, the same way as in the case of ¥ o u gives that

/S(qs ou)do = Zsp(t,-)e,- + &(0) (1 - Ze,-)
> Z]"I’(tj)ej = Zj—l = 0.

This means that @ o u does not belong to L(7).

Now we put v = e* on S. Since v € LSCN L (o) and 0 < u < oo, it follows that
v € LSC N L%0) and 1 < v < oo. By Theorem R, there exists an f € N*(B) whose
boundary values f* satisfy |f*| = v almost everywhere [0]. Since f € N*(B), we
have log |f| < P[log|f*]] in B, where P is the Poisson kernel in B.(See for example,
Stoll {10, Lemma 3.1.]. It follows from Jensen’s inequality that

(log |f1) < P[¥ olog [f*]] = P[¥ ologw] = P[¥ ou]

in B, because ¥ is convex and nondecreasing on (—oo,00). Since ¥ ou € L!(q),
P[P ou] is harmonicin B. Noting ¥(log |f]) = ¥(|f]), we see that f € H(¥). Finally,
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we shall show that f does not belong to H(y). By Fatou’s lemma, we have

[ 50 2o(0)> / o(1f*]) do

r—vl
= [ st0g1s) o
s
= / (Pou)dsr =00
S
Thus f is not in H(p). This completes the proof. 0

Now we consider the converse of Proposition 1. In the case of n = 1,the following
Proposition 2 is proved in Jianzhong [4, Proposition 5]. (See also [3, Theorem 1.3] and
[5, Theorem 2.1.]. The proof is the same for any dimension n > 1.

PROPOSITION 2. Let ¢ and v be modulus functions. If
e(t)
Lim
t—oco '¢)(t)
then H(v) C H(y).
Proposition 1 and Proposition 2 give the following

THEOREM 1. Suppose ¢ and ¥ are two modulus functions. Then the following

hold:

(1) H(¥) C H(yp) if and only if
—elt) _
bm s <

(2) H(¥) = H(y) if and only if
—=elt) _
& p(n)

e(t)
and X0 R
(3) H(¥) C H(yp) and H(¥) # H(y) if and only if
e(t) _ o
Jm, 5 <
p(t)
and t]ivoo1/’(t) 0.

We remark that this is a generalisation of a result of Hasumi and Kataoka. They
proved this in the case of the dimension »n = 1. See [3, Theorem 1.3 and Corollary 4.1].
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3. PROOF THAT H(p)NN*(B) = H(p)*

This equality is conjectured in Jianzhong [4, Remark 4]. In the case of n =1,
Hasumi and Kataoka [3, Theorem 2.1] proved that the equality is valid. To prove the
general case we need the following lemmas:

LEMMA 1. Suppose {u; : j = 1,2,3,...} is a sequence of nonnegative L'(c)
functions such that limuj({) = u({) almost everywhere [¢] on S. Then {u;} is
uniformly integrable if and only if

j—roo

lim u,-da:/uda(oo.
s s

PRroOF: See Priwalow [6, Satz 3.2]. He proved the lemma for a compact interval
[a,b] in place of the unit sphere S, but the proof is the same for S. 1

LEMMA 2. Let f € H(B). Suppose that there is a real function u € L'(o) such
that log |f| < P[u] in B. Then we have f € N*(B).

PROOF: (see Hahn [2, Theorem 4]; Rudin [7, Theorem 3.3.5]) Put ut =
max{u,0}. Then ut > 0,u < u* on §, and u* € L'(o0). Since log|f| < P[u] in
B, it follows that log™ |f| < P[u*] in B. This shows f € N(B). Put v = P[ut] in
B.For 0<r<1and ¢ €S, we define v-(¢) = v(r{). Then v is a positive harmonic
function in B and {v,:0 <r <1} C L!(c). Hence we have

r—1

lim [ v,do =v(0) = / ut do.
S

By Fatou’s theorem (see for example, Rudin {8, Theorem 5.4.8.]),
v*(¢) = lim v-(¢) =u*(¢)

almost everywhere on S. Since v, 2 0 on S (0 <r < 1), it follows from Lemma 1 that
{v,} is uniformly integrable. Note that log* |f-| < v, on § (0 < r < 1). We therefore
see that {log® |f|: 0 < r < 1} is uniformly integrable. Consequently, Lemma 1 gives

tim [ log* |£,| do = [ 1og* 1" do.
r—1 s S

This completes the proof. 0
LEMMA 3. For every modulus function ¢, H(y¢) C N(B).

PROOF: Put &(t) = p(e!). Then & is a nonnegative nonconstant nondecreasing
convex function on [—o0,00), and so $(t) > Ct for some positive constant C and for
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all sufficiently large ¢. Now we define ¥(t) = log¥ ¢ for 0 < t < co and ¥(t) = y(e')
for —co € t < co. Then ¥ is a modulus function and H(y) = N(B). Moreover, it
holds that &(t) > C¥(t) for all sufficiently large ¢. Hence we have

o Y(t) _ = ¥(1)
=0 p(t)  t—oo P(1)

It follows from Proposition 2 that H(p) C H(%) = N(B). 0
Now we prove the following

THEOREM 2. For every modulus function ¢, it holds that
H(p) N N*(B) = H(p)".
PROOF: (see Hasumi and Kataoka (3, Theorem 2.1}; Rudin {7, Theorem 3.4.2.])

Suppose that f € H(p)T. Put &(t) = p(et) for —00 <t < 00. Then we have

sup /S &(log | £(r¢)]) do(¢) = /S 8(log |f*]) do < 0.

0<r<1

Since & is nonnegative, nonconstant, nondecreasing and convex on
[-o0,00), there exists a positive finite Borel measure p on § such that ¢(|f]) =
®(log|f|) < Plp] in B and ||| = f¢B(log|f*|)do. (See for example, Rudin [8,
Theorem 5.6.2.]). We set u = P[u] in B. By Fatou’s theorem, » has radial limits

w*(() = lim u(r()

for almost all ¢ € S [o] and dy = u*do+dv, where u* € L!(0) and v is a finite positive
singular Borel measure on S. Since f € H(y), Lemma 3 gives f € N(B). Since
¢(|f1) £ u in B, we have ¢(|f*|) < u* almost everywhere [¢] on S. Consequently,

ot = [ sog|s*do = [ r*hdo < [ urdo

S/u‘da’-}-/ dv = ||ul] .
S )

This shows v = 0, and so $(log|f|) € v = P[u*] in B. Since & is nonnegative,
nonconstant, nondecreasing and convex on (—oo0,00), there are two positive constants
C, and C, such that t < C,9(t) + C; for all real t. Thus we have

log|f| < C1¥(log |f]) + C2 < C1P[u*] + C2 = P[C1u” + C3]

in B. Since C1u* + C; € L(0), it follows from Lemma 2 that f € N*(B).
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Conversely, we suppose f € H(p)N N*(B). Then log|f| < Pllog|f*|] in B. By
Jensen’s inequality, we have

(If1) = ¢(log | f|) < P[& o log |f*|] = Ple(If*])}

in B. Since ¢(|f|) is subharmonic in B, Fatou’s lemma gives

fets0de < tim [ (150D dot) < Plo(lrDIO) = [ o(1s* o
S S S

Hence it follows that
e [ e dote) = im [ pllfre) dotc) = [ ol do.
This completes the proof. 0

4. PROOF OF THE MAIN RESULT

Now we can prove the main result of the present paper:

THEOREM 3. Let ¢ and ¢ be modulus functions. Then H(p)t = H(¢)" if and
only if H(p) = H(¥).

PROOF: If H(yp) = H(¥), we have H(p)" = H(4)" as an immediate consequence
of Theorem 2. Conversely, suppose H(p)" = Hyp)t. 1If t@o () /¥(t) = oo, then it

follows from Proposition 1 that there is an f € H(¢) N N*(B) such that f ¢ H(yp).
Theorem 2 gives f € H(¥)', but f ¢ H(p)*. This contradicts the assumption
H(p)' = H(#) . So we have tﬁa ©(t)/¥(t) < co. Similarly, we have ‘EE ¥(t)/e(t) <

00. By Theorem 1, we can thus conclude that H(y) = H(4%). The proof is complete. [
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