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Abstract

Garsia’s discovery that functions in the periodic Besov space A(p_l ,D,1),with 1 <p<oo,
have uniformly convergent Fourier series prompted him, and others, to seek a proof based
on one of the standard convergence tests. We show that Lebesgue’s test is adequate, whereas
Garsia’s criterion is independent of other classical critiera (for example, that of Dini-Lipschitz).
The method of proof also produces a sharp estimate for the rate of uniform convergence for
functions in A(p'l , P, 1). Further, it leads to a very simple proof of the embedding theorem
for these spaces, which extends (though less simply) to A(a, p, g).

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 42 A 20.

1. Introduction

In an article [8] striking for novel derivations of facts about Fourier series
Garsia proved an inequality that implies the uniform convergence of the
Fourier series of functions that belong to the Besov space A(p'l ,D,1);
that is, of each f whose L” modulus of continuity satisfies

1
/ whyp; NP dh < 0, (1< p < 0).
0

He also offered proof along more customary lines but later, in [9], reflected
whether a proof of uniform convergence could be based directly upon one of
the well known convergence criteria for Fourier series.

Recently, this invitation was accepted by Fournier and Self [7]; however,
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the criterion for uniform convergence that these authors bring to bear is
questionably “well-known” (hence all the more valuable). In Section 2 we use
simple, rudimentary (with one exception) facts to deduce Garsia’s theorem
from the convergence test of Lebesgue.

Fournier and Self extend their techniques to discuss allied questions and
a number of connections with other work. For example, they point out that
an obscure 1907 criterion of Hobson ( fol w(h; f )h_1 dh < o0) is a limiting
version of Garsia’s criterion. Fournier and Self remark upon the presump-
tive independence of these criteria but forgo its verification. Like Garsia’s
theorem the Dini-Lipschitz theorem (see Section 4) can be deduced {11, p.
45] from Lebesgue’s test; and Hobson’s theorem is a ready consequence of
the Dini-Lipschitz theorem. In Section 4 we verify that Garsia’s theorem
does not contain Hobson’s theorem, nor is it implied by the Dini-Lipschitz
theorem.

In the spirit of Garsia’s query it is appropriate that our initial proof, ir
Section 2, be as elementary as feasible. In Section 5 we augment the proo!
with Riesz’s theorem to obtain a natural, sharp estimate for the rate of uni
form convergence in terms of the p-modulus of continuity. A seemingly
novel corollary of this estimate implies, in particular, that if f° belongs tc
Lip(a, p), with 1 <p < oo, then f(x)—S,(x) = O(1/n"**~'/"), uniformly
on [0, 2x}.

If f satisfies Garsia’s criterion for some value of p < oo, it satisfies the
criterion for all larger values of p. This fact, essential for a satisfactor
understanding of Garsia’s theorem, is proved in [7] (see also [21, p. 161}). I
Section 6 we prove a more general result, based upon the method develope
in Section 5.

2. Garsia’s Theorem

Suppose that 1 < p < o, A > 0, f is 2n-periodic (tacitly assumec
henceforth), and f € L?[0, 2n]. We write

Qh;p; NH=ISC+h) = fOl if p# oo,
Q(h; 005 f) =suplf(-+h) - f()
and w(h;p; f) =sup{QH ;p; /):0<h' <h}. For fe L’ (feC i
p=oc) welet E(n; p; f) =inf{||f-T,|,: T, is a trigonometric polynomia
of degree < n}. Weierstrass’s theorem asserts that E(n; oco; f) | O for every
continuous f; whence E(n;p; f) | 0 for f € L?(1 < p < oo). Jackson’s
“first” theorem [5, p. 97] guarantees that E(n;p; f) = O(w(n_1 ;o ) il
1 < p £ 0. Thus, by comparison with a series and condensation [13, p. 120’
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(see also the proof of Theorem 5.1),
b . =1l
w(h;p; h dh <
0

implies that Yo" 2"PE(2";p; f) < co. We observe also that finiteness of
the integral requires, for 2 small, that

2h
¢ / w(A;p3 NATP dA > hoth; p; 2T
h

that is, that w(h;p; f) = o(h'/?). In particular, if p = 1, f must be
constant [22, p. 45].
REMARK 2.1. We shall eventually require the inequality

1/p—1
ITY, < 4, 27771y,

where T is a trigonometric polynomial of degree <n and 1 <p<r<co.
The proof [22, p. 154] is rather sophisticated. To prove Garsia’s Theorem
we use the case r = oo, which Garsia observed in [8] is a consequence
of Bernstein’s inequality. In fact, the idea behind the proof of Bernstein’s
inequality in [22, p. 118], leads directly to ||T||_, < 3n1/”||T||p. See the
Appendix.

Turning to the proof of Garsia’s theorem we suppose that f € L7 (1 <
p < oo) and consider a sequence of polynomials 7, = T'(n) for which (degree

of T,)<n and ||f - T,||, < 2E(n; p; f). Since || f — T2")|, — 0 we

have the representation f = T, + Y2 (T(2"*') - T(2")), convergent in L”.
However, by Remark 2.1 and the triangle inequality

IT@*) = T2l < 6- 27| T@"™") - T, < 24-2°PEQ2"; ps f);

so that, if we assume fol wlh;p; f)h_l_l/" dh < oo, then the series repre-
senting f converges in L™ . In particular, after contingent modification on
a set of measure zero, f is 2z-periodic and continuous on R.

Lebesgue’s test [22, p. 65] is expressed in terms of ¢ () = f(x +1¢) -
2f(x) + f(x — t). It asserts that if f e L'[0, 2n] and, as h — 0%,

) h™" [ |o (t)|dt — 0 for each x € [0, 27], and

(ii) fhl |(px(t+h)—(px(t)|t_1 dt — 0 uniformly with respect to x € [0, 2],
then the Fourier series of f is uniformly convergent on [0, 2z]. Evidently
continuity of f ensures that (i) holds. As to the validity of (ii) for a func-
tion f satisfying Garsia’s criterion (compare [22, Sections 10, 11 of Chapter
I1]), observe that w(h;p; 9,) < 2w(h;p; f). (Indeed, by Minkowski’s
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inequality
2n
Q(h; pi 0,) < {(1/2m) [ 1f(x+ 14 ) = fx+ 0 dy' ™
0

2n
+ {(1/27:)/0 [f(x =t —h) = f(x =) dt}'"? = 2Q(h; p; /).

Therefore, for 1 < p < oo, by Hélder’s inequality,

/ o+ h) - o (Ol dt

1 1
<{ / l0.(t+h) — o ()F di} P / P10 gy -y
0 h
<Ad,o(h;p; p )b
<Ad,w(h;p; f)h_l/p —0ash— 0"

This provides a proof, of the kind sought by Garsia, that a 2z-periodic f
has a uniformly convergent Fourier series if fol wlh;p; f)h—l'l/" dh < .

REMARK 2.2. In [8] and in [7] Garsia’s criterion was formulated in terms
of the modulus Q, whereas we have employed the more tractable modulus
w . We have not, however, relinquished any functions by adopting w. To
see this we write p = —1-1/p and ¢(h) = foh Q(A; p; f)dA. Garsia proved
[8, p. 91] that w(h; p; f) < 10h~'p(h). We are assuming that fol h’ do(h)
is finite. By partial integration, fol Waoh;p; f)dh <10 fol h”"w(h)dh =
10p~ ' 1h?p(h)1;—10p™" [ h* dp(h). Because p < 0, hp(h) < [ 2" do(h);
thus the integral [ A’w(h; p; f)dh must also be finite.

3. Preliminaries

For positive functions (or functionals) I' and A, I~ A means I' = O(A)
and A = O(I'), while I" ~ A means I'/A — 1. Generic constants are denoted
by 4.

A continuous function L(¢) > 0 is slowly varying if L(ct) ~ L(t) as
t — oo, foreach ¢ > 0. This relation then holds uniformly for ¢ in any com-
pact subset of (0, co). A slowly varying function L satisfies L(¢) = o(t")
if @ > 0. Zygmund defines, more restrictedly, a slowly varying function
L [22, p. 186] as one for which ¢ *L(¢) | 0 and (*L(t) T oo for each
a > 0. Every slowly varying function is asymptotic to one of Zygmund’s
type. If L is slowly varying and 6 > 0, Y} L)k’ ~ 67 'L(n)n® and
> L)k ~ 5_1L(n)n"‘5 (similarly for integrals). Prime examples of
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slowly varying functions are sums of products of iterated logarithms. See
[22] and [16] for references.

The periodic Besov space A(a, p, q) consists of those 2z-periodic f €
LP[0, 2n] (or f € C[0, 2n] when p = co) for which

n
/ R0k p; dh < .
0

Herein 0 < a<1,1 <p <,0< g < . For g = oo, the inequality
is replaced by w(h; p; f) = O(h®). Thus A(a, p, o) = Lip(a, p), in the
notation of Hardy-Littlewood. The spaces with g < 1 are not normable, but
here they need no special consideration. Were n replaced by another upper
limit in the defining integral, A(a, p, g) would be unaltered. Occasionally,
1 or oo is more convenient.

Evidently A(a, p, q) shrinks if « is increased or p is increased. As in
Section 2 we see that every f € A(a, p, q) with g < oo satisfies w(h; p; f)
= o(h"). It follows that A(a, p, q) expands when ¢ is increased and
that A(e,, P, q,) C Ala,, p, q,) forall ¢, g, provided o, < a,. Thus
the third index serves to specify significant spaces between Lip(a,, p) and
Lip(a, , p) . For example, while A(p‘l , P, q) contains discontinuous func-
tions if ¢ > 1 (see Section 4), all functions in A(p"l , D, 1) possess uni-
formly convergent Fourier series. We are concerned mainly with these spaces.
They enlarge with increasing p, a dependence upon p more subtle than the
inclusions cited above. It is a special case of a general theorem. See [7, p.
363] or Theorem 6.1 infra.

The remainder of this section sets out some needed facts for convenient
reference.

3.1. We let A*(a, p,q) denote the space of functions f for which
w'(h;p; f) appears in the defining inequality. (w® is the modulus of
continuity defined in terms of a second difference). Here it is appropri-
ate to allow 0 < a < 2 (see [5, p. 67]). Evidently, w" < 2w; but so
long as a < 1,A*a,p, q) = Ala, p, q) (see [4, p. 229]). However, for
g < 00, A(l, p, q) consists of constant functions only [22, p. 45], whereas
A'(1,p,q) > C? (see 3.2). It is also shown in [4, p. 228] that the same
space A(a, p, q) results when Q is employed in the defining integral instead
of w (compare Remark 2.2 concerning A(p'1 ,0,1)).

3.2. The first Jackson approximation theorem [5, p. 97] asserts that if
1 <p<oo,then E(n;p; f) < 18w*(n_l;p;f). By virtue of this in-
equality, for 0 <a<2,1<p < o0, 0< g < oo, the functions belonging to
A*(a, p, q) satisfy (compare the proof of Theorem 5.1) {n®* “E(n; p; f)}
€ Iq. Conversely, these inclusions imply that f € A*(a, p, q). (See [3,
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Section 1] or [2, Theorem 7.2.4 and exercise 7, p. 188]; we provide a simpler
proof consonant with the methods of this paper in Lemma 3.12). This fact

verifies, as we have mentioned, that C @ A*(a, p, q) for a <2, because
E(n;o0; f)=0n""w"(n""; 00, 7)) if feC [5,p.97]

33. For f€C, o(h; 00; /)< ATV E(v; 00; f) and o(h; o0; f) <
Ah? i/h vEW;o0; f). Compare with 3.2. The proof can be found in [14,
p. 59].

3.4. For certain lacunary series E(n; o) is precisely expressible in terms
of the coefficients. Suppose {a,} is a non-negative sequence in /. Let

g(t) = Eg°akcos3kt. Then [15, p. 73] E(m; 00; g) = En+1ak, when
3" <m< 3",

3.5. Suppose 1l <p<oo, g€ L ,and g is even or odd with g(k) |0 as
k — co. Then g € L and wk™";p; f) = O(k'"7g(k)), provided that
ik TP g(k) = O(n*™Pg(n)) and T K" % (k)Y = 0" (&(n))").
See [1]. The properties of a slowly varying function L(t) stated above verify
that these conditions are satisfied if 2(k) =k “L(k) and 1<a+1/p<2.

3.6. A simple weakened converse of the esti{nate in 3.5 is valid for all
feL! and 1<p<oo [22,pp. 45 and 47): |f(m)] < (1/2)a(x/Inl; p; f)
and |f(n)] < (1/4)w*(z/In|; p; f).

37.If ¢ > 0,w(ch;p; f) < (c+ Daw(h;p; f) and w*(ch;p; f) <
(c+ 1w (h;p; ). If ceZ™, c+1 can be replaced by ¢ [5, p. 67].

3.8. Suppose f (0) = 0. The theorem of M. Riesz guarantees that for each
p € (1, oo} there exists ¢, such that for real f € Lf, 171, < ¢,llf]l,; here

f denotes the conjugate function. It follows [12, pp. 48, 49] that for complex
fel?, |s(n; M, <@ +c)Ifll,, where s(n; f) denotes the nth Fourier
sum. Thus, if T 1is a trigonometric polynomial of degree < n,

ls(ns £) = £ll, < @+ IT = £1,.-
Hence,
ls(ns f)=fll, < 2+c,)E(n;p; f).

In particular, s(n; f) — f in L?. For each p € (1, o) there exists a
smallest value of ¢, . Henceforth we let c, denote that smallest value. It
is known [18) that when p < 2, ¢, = tan(n/2p); while if p > 2, ¢, =
cot(n/2p).

3.9. Although s(n; f) need not converge in L' for fe€ L', norin L%
for f € C, the de la Vallée-Poussin sums 7(n; f) do. 7 is defined, in terms
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of the Cesaro (C, 1) means a,by t(n; f)=202n-1; f)—a(n-1; f),
where a(n; f) = (n+1)"' Tos(k; f). Then ([5, p. 108] and [22, p. 115])
le(n; £) = fl, <4E(n; p; f)
for fe L’(1 <p <o) and for f € C (p = o0). The degree of t(n; f) is
2n—1. If the degree of a polynomial 7 does not exceed n, then (n; T) =

T.

3.10. An integral version of the Olivier-Hardy theorem takes the following
form. Suppose that ¢(A) and w(A) are positive and y is increasing on
(0, 1). Suppose also that ®(4) = f; ¢ exists for 0 <A <1, that $(1) — oo
as A — 0", and that [} gy < co. Then y(A)®(A) — 0 as 2 — 0". (For
plainly w(A) — 0 as A — 0. Further, there exists § > 0 such that 0 <
A < 6 implies that y(A)[®A) — ®G)] < [P 9w < e. Hence w(A)P(A) <
e+ w(A)®(d) < 2¢ for all small A > 0.) The series analog of this shows that
if {a,} is quasi-monotonic and belongs to /,, then a, = o(n" ) (Quasi-
monotonic means that n~ an 1 0 for some a>0.)

LeMMA 3.11. Suppose a, > 0 and q > 1. Then [10, p. 255] if
c>1,

in Zak <A

while if c < 1 and {a, }ell,

Z”—C Zak =4

Furthermore, both inequalztzes hold when 0 < q <1 provided {a,} is quasi-
monotonic [16, p. 583].

- M 8
f\
=,°*=

._Mg
T
N

LEMMA 3.12. Suppose 0 < a<2,1<p<o00,0<g<oc and feL’.

Then
[eo) o0
ag—1 *, —1 -1
Yor @ (n T s N <4, , S T E (n;p; ),
1 1
and |
supn®w’(n”";p; f) <A, ,supn®E(n;p; f).
Consequently, there exist A and A' such that

a,p,q p.q

l/q
4,0, q”{na_l/qE(n p; f}“/ {/ h_l—aq “(hsps ) dh}

< 4es. qn{n“‘”"E(n 103 DY, -
If ¢ = 0o, replace the middle term by sup{h *w’(h;p; f):0<h < 1}.
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Proor. We utilize 3.3 (valid, in fact, with oo replaced by any p € [1, oc];
compare [19]) and Lemma 3.11 to obtain, for 0 < g < o0,

an Yot s ps M) < A (0 ZuEw pi )
1

Z +(aqg—1-2q) qEq(n D f)
1

provided ¢ = —aqg + 1 + 2¢ > 1; that is, provided a < 2. This accounts
for the first inequality. The second is simpler. Let M = sup nE(n;p; f)

(which we may assume to be finite); so that E(v;p; f) < M fu_" . Accord-
ingly, by 3.3,

n
=2
;p; )< 40" ZvE(V;p;f)

fZV A, M,

a *
nown

as asserted.

When ¢ < oo inequalities similar to those at the end of the proof of
Theorem 5.1 substantiate the left norm inequality. Further, the only relevant
inequality in that proof which is not obviously reversible is proved to be so
by the first part of the lemma. When ¢ = oo the analogous sup inequalities
are evident in virtue of the sup inequality in the first part of the lemma.

4. Comparison of criteria for uniform convergence

As well as serving to prove Garsia’s Theorem Lebesgue’s test provides an
economical demonstration [11, Theorem 59] of the Dini-Lipschitz theorem,
which asserts that a 2zn-periodic function possesses a uniformly convergent
Fourier series when w(h; oo; f) = o(Jlogh|™"). Garsia’s Theorem asserts
that if f € A(p'l, p,1), where 1 < p < oo, then its Fourier series is
uniformly convergent. Hobson’s criterion (see Section 1) can be interpreted
formally as asserting that f € A(0, oo, 1). 3.10 shows that such an f
must satisfy the Dini-Lipschitz condition. The converse is not true since
the function ¢(f) = |(log?)(logllog#|)|”" is increasing and concave on some
interval (0, d]; hence [14, p. 44] g(¢) = ¢(|dt/n]) on [-=m, n] has the
modulus of continuity w(k; 00; g)=g(h) (0<h<m).

We indicated in Section 3 that Garsia’s spaces A(p_1 , D, 1) enlarge
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with increasing p € [1,o0). It is instructive to observe the inclusion
of the Weierstrass-Hardy functions W, (¢) = 3_° 3% cos3*1 (0<a<)
in Ap~',p,1). By 3.6, for 1 <p<oo,w(37%;p; w) > A37%  hence
by 3.7, w*(h; p, W,) > Ah”. The reverse inequality is valid for 0 < a < 1
[22, p. 47]. Accordingly, when O0<a< 1, W, € A(p_1 , P, 1) if and only if
p>1/a, while W, € A*(p~',p, 1) if and only if p > 1. We are therefore
in possession of functions which, for oo > r > p > 1, belong to A(r'l ,r, 1)
but do not belong to A(p_1 , D, 1); and we see further that the inclusion
(compare Remark 6.2) A*(1,1,1) C A(p—l ,D, 1), for 1 < p < o0, also
is proper. Functions in A(r_1 , 7, 1) which do not belong to A(p™", p, 1)
also are constructed in [7, p. 365] when 2 <p <r.

Since A(p'l , D, 1) expands with increasing p it would not be surpris-
ing if Garsia’s Theorem were subsumed by Hobson’s Theorem. To estab-
lish that this is not so we exhibit a function that belongs to A(p'l ,p,1)
for all p € (1, o0) but fails even to satisfy the Dini-Lipschitz condition.
If 1 < p < oo, the even function g with coefficients g(n) = |n|_1L(|n|)

satisfies w(n™'; p; g) = O(n'"’g(n)) as in 3.5; so w(h;p; g)h™""'"
= O(h_lL(h_l)) . Accordingly,

[e’¢) 1
gere™ o 0if [ x7'L@dx= [ HTLGT)dh < oo
1 0

and we assume L to be so specified as well as slowly varying. By [22, p. 188,
Theorem (2.15)}, w(h; ; g) > Afl"/‘; x"lL(x) dx. So plainly, L can be
chosen so that w(h; co; g) approaches zero less rapidly than, for instance,
the reciprocal of any specified iterate of log; hence g will be far from meet-
ing the Dini-Lipschitz criterion. (A propos, if the small o is modified to
O in the Dini-Lipschitz condition there exists a function that satisfies the
relaxed hypothesis but possesses a Fourier series that diverges on a set dense
in [0, 2x]; see [22, p. 303].)

In the other direction, there are functions that satisfy Hobson’s criterion,
yet do not belong to A(p"1 , D, 1) forany p < oo. For example, 3.6, applied
to the function Wy(r) = 3°0° L(3k) cos3*s, with L a slowly varying function,
shows that

o375 p; Wy) 2 AW, (£3) 2 AL(3*)  for1<p < oo.

Hence, since L is slowly varying, by 3.7, w(h; p; W) > AL(h_') . It fol-
lows that fol p1-1e w(h; p; W,)dh diverges for every slowly varying func-
tion L; that is, W, belongs to no space A(p_l; p,1) for p < co. On
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the other hand, by Lemma 4.1 infra, W, satisfies Hobson’s criterion if
fol h_lR(h) dh < oo. By Fubini’s theorem this inequality is equivalent to
L satisfying [ u~'L(u) fll/uh_l dh = [° u~'L(u)logudu < oo ; and there
is no dearth of such slowly varying functions to provide the desired example.

LemMa 4.1. Let Wy(t) = S L(3*)cos 3t. Then w(h; oo; W) ~ R(h)
éfl"/‘;lx_lL(x)dx.

PROOF. Let T(n) = > ° k"lL(k) ~ R(n_l) (See [22, p. 188]). Ob-
serve that (a) condensation is valid for sums of slowly varying terms, (b)
1 L(k) = O(nL(n)), and (c) L(n) = o(T(n)) (see [22, p. 188] or [16]). We
now employ 3.3, 3.4, interchange of the order of summation, and (a), (b),
and (c) to conclude that

3

w(37"; 00; Wy) < 437" E(k; 00; W)

k=1

=24.37" Z 3'E(3"; 003 W) < 437" Z 3" {;:L(3k)

v=0 v=0  k=v
=A-3_"Zn:L 23 +4-37" Z L(3 )23
k=n+1
<A3_"Z3 L33 )+AZL3 )<A3—nZL(V +AZV L(v
k=0 k=n v=3"

< A(L(3") +T(3")
= A[o(T(3") + T(3")] < AT(3") < AR(3™").

Thus by 3.7 and the monotonicity of w and R, w(h; oco; W) < AR(h).
The reverse inequality requires only 3.2 and 3.4

w(37"; 00; W) > AE(3"; 00; W)

—AY LA 24 3 v L) A RETTY,

n+l y=3"+!
from which the required inequality readily follows.
Since the portion of our proof of Garsia’s Theorem that involves condition

(ii) of Lebesgue’s test applies equally to functions in A(p_1 , D, q) with g <
oo, it is of interest that, when ¢ > 1, A(p'l , P, q) contains discontinuous
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(|n|log|n| ~! for

functions. For example [22, p. 253], deﬁne g by g" =
/ '(logn) ™)

In| > 1. By 3.5 geL” and w(n™';p; g) = O(n'
w(h;p; g) = Oh""|logh|™"). Accordingly,

1 1
/ Wk p; ™" dh < A/ W logh|™“dh < oo ifg>1;
0 0

thatis, g € A(p_1 , P, q). However, if g were (equivalent to a function that
is) continuous at 0, _ 2(n) would be (C, 1) summable [22, p. 89], hence
convergent, since 2(n) > 0.

REMARK 4.2. The substance of the last sentence verifies that the Fourier
series of an even function g that has positive coefficients is uniformly con-
vergent if and only if it is absolutely convergent; and, if g satisfies the con-
clusion of 3.5, this occurs if and only if g € A(p'1 , D, 1) for some/every
p € (1,00) (the latter because 43 2(n) > Sn'"'on™';p;g) ~
fo " w(h; p; g)dh).

5. A quantitative version of Garsia’s Theorem

By appeal to the M. Riesz theorem (3.8) we can modify the proof in Section
2 to estimate the rate of convergence of the Fourier partial sums s(n; f) =
s(n).

THEOREM 5.1. Suppose 1 < p < o and f € A(p_l,p, 1). Then, for
n>1,

. Un o —ip xy
(52)  lis(ns ) - S, < (e, +2)3456 /0 BP0 s ps ) dh.

PrOOF. We may assume that f(0) = 0 since neither s(n; f) — f nor
" is altered by addition of a constant to f. For a specified n > 0, let
k satisfy < pn< 2k, and write, as in Section 2, f — s(n) = s(2k) -
s(n) + E;ik[s(Z"“) — 5(2")], convergent in L?. For the nonce, let K =
6-2'7(2+c,). Again, we use the estimate ||T]|, < 32'”||T]|,, 3.8 and the
triangle inequality, 3.2, the fact that by 3.7,

2v+2_1
Z jl/p—lw*(j—l ;p) > 2u+l2(u+2)(1/p—l)w*(2—u—2 : p)
j=2u+l

(5.3)

> 2_1+2/p+1//P . 4-260‘(2_'/ D),
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and the fact that 2k > n to conclude that

k
i p)

+3-2"72 4 ¢)) Z 2"PE(2"; p)

If = s(mllye <3-2°7 - 202+ ¢, E(2

v=k
Z 2PEQ2";p)< 18K Y. 270’ (27" p)
v=k— v=k—1
00 u+2_1
<18k-32.277 Y 3 e p)
1/=k—1j=2"+l
=2"32+¢,) Y "W 7 i p)

j=2*

<27-33(2+cp)/ MLt (Y ) dt

n

1/n
=2".3%@+q) [ HPw"(hs p)an.
0

[12]

REMARK 5.4. (i) The seemingly facetious 3456 that appears in (5.2) has
been retained only to emphasize the determinability of a specific bound. (ii)

I do not know whether (5.2) is valid for all functions in A*(1, 1

1). (The

proof fails when p = 1 with the failure of Riesz’s theorem.) Notwithstand-
ing, every f € A*(1, 1, 1) has a uniformly convergent Fourier series as a
consequence of Remark 6.2 infra. This also follows from the Dirichlet-Jordan

theorem [22, p. 59].
REMARK 5.5. Theorem 5.1 cannot be improved to assert that

1/n
If=s(n; Hll, =0 (/0 " Poh; p; ndh) :

For, by 3.5, when 1 < p < oo and 1 <y + 1/p < 2 the function g,(t) =

Y n"7 cosnt satisfies w(n”'; p; g,)= o(n'~"7g g,(n)) ; hence

w(h;p; g)=0h ™).

The validity of the o estimate would therefore entail

1n a—2 1—y
Ig, = s0n: gl = o[ 4" dh) = o(n'),
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from which E(n; oo; g},) = o(nl_”) . In turn this implies, via 3.3, that
1/h

w(h; 00 g,) hz oh’™h,

since ¥ < 2. A contradiction is now at hand; for by [22, p. 229, Example
11],if 1<y <2 then,as t— 0", g,(1)—g,(0) ~ A,'"", where 4, #0;s0
in fact, w(h; oc; gy) # o(hy'l) . Thus we need only stipulate that y satisfy
l<y<2-1/p.

COROLLARY 5.6. If f€ A(p b, 1) for some p € (1, 00), then
1 - F(O)]l, < 3456(2 +c,) /h VP h; p f)dh
+8n / K20 (b ps f)dh
. —1-1
SA,,/ W0 ks ps fdh.
0
ProOF. The value n =1 in (5.2) yields, by the triangle inequality,
a a -~ 1 —-1- *
1S = FO)ll < 1A+ /(=) + 3456(2 + ¢,) /0 W0 (b ps f)dh
From 3.6,

DI+ A< (1/2)" (= p; £);
while by 3.7,

o _i—1/p o« 2
/ WP (b ps f)dh > @' (n; p; 1)/ 1672
1

REMARK 5.7. Corollary 5.6 contains a key result in [8], from which Garsia
deduces several interesting theorems, including the inequality referred to in
the first sentence of Section 1.

COROLLARY 5.8. Suppose f is absolutely continuous and f' € L, where
1<p<oo. Then ||f —s(n; Nll, < 4, fy b Paih; p; f)dh.

PrOOF. If f is absolutely continuous and f' € L’ (1 < p <o) then
w'(h;p; f) < hoth;p; f'). (For p = oo see [14, p. 47]; the proof for
other values of p is similar.) Apply this to (5.2).

REMARK 5.9. (i) In particular, if f' € Lip(a, p)(1 < p < o) then |f -
5(n; Nl = O(I/n”"_l/"). Observe that the factor logn, required when
p =0 [22, p. 120], does not appear here.

(ii) Corollary 5.8 extends in the expected way to higher derivatives and

higher order moduli.
https://doi.org/10.1017/51446788700034261 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034261

318 Charles Oehring [14]

5.10. Lebesgue’s proof [22, p. 120] of the Dini-Lipschitz Theorem pro-
vides also an estimate for the rate of convergence:

-1
If = s(n; Nl = Olw(n " ; co; f)logn).
For g, of Remark 5.5 that estimate is inferior by the factor logn to the

estimate O(nl'y) provided by (5.2). On the other hand, the latter estimate
is identical with the naive /, inequality

lg, —s(n; g)loo <23 2,(k) =0 k™’
n+1 n+1

(which can be seen to be optimal). In contrast, if a < 1/2 the sequence
of coefficients of the Hardy-Littlewood function- ¢ (f) = Y% ¢, n™%" /2™
(where {g,}7° is the Rudin-Shapiro sequence in which every g, =%1) does
not belong to /, ; so no similar estimate is feasible. If a > 1/2 it yields only
O(n'/*"%). The salient property of {e,} is that s () = YV e,e™ = O(w'/?)
uniformly with respect to ¢t € [0, 2x]; [20, p. 129]. From this bound it is
deduced in [22, p. 199] that w(h; oo, ¢,)'= O(h®) for 0 < a < 1. On the
other hand, it is proved in [17] that the decreasing rearrangement f~ of the
sequence |f] satisfies f*(n) = O(n'"'w*(n™'; p; f)) forall f e L? when
1 < p <2. Accordingly, w(h;p;¢,) ~h® if 0<a<1and 2<p<
oo. Thus, for 0 <a<1and 2<p < oo, fi/"h Py wh;p;e,)dh ~
n~@=1p) ¢ (and only if) p > 1/a. Thus we can conclude from (5.2) only
that |lg, — s(n; ¢ )l = O(n'b) for all b < a. The Lebesgue estimate,
O(n"“%logn), is better. (In fact, the “correct” estimate is O(n~%); for by
partial summation (let 6 = a + 1/2)

k
> ev v 0™ = E[u - s, + (k+ 1) %, - . —n s |
v=n

k
E hY+ok™ +0(n™%,

with each O uniform with respect to ¢. We obtain the asserted O(n™%)
estimate for the tail by allowing £ — oo. On the other hand, it is false
that E(n; 00; 9,) = o(n™%); for by 3.3 such an estimate would imply that

w(n”"; 005 9,) = o(n™?), which is false, as we have seen.)
5.11. The question arises whether an analog of (5.2) might be valid with
p = oo whenever the integral on the right is convergent (which is the case,

for instance, for the function ¢, as we verified at the end of 5.10). Unfor-
tunately, the answer is no. For 0 < o < 1 the function f of [22, p. 315,
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Example 10] belongs to Lipa = A(a, oo, o0) C A0, oo, 1). Hence, with
p = oo in the integral of (5.2), there results

1/n
I =55 Dll <4 [ 87" dh= 0.
0

However, f in fact satisfies ||f—s(n; f)||., > An~“logn for infinitely many
values of n.

6. Related results

Our proof of Theorem 5.1 suggests a simple proof of the inclusion that we
referred to in Section 3. Compare {7, Theorem 5].

THEOREM 6.1. Suppose 1 <p<r<oo,a—-1/p>B-1/r,and 0<qg<
oo. Then Ala,p,q) CAB,r, q). In fact, there exists A depending solely
upon «, B,p,r,q suchthat, if feAla,p,q), then fe L and

i 1
| ot nn P an<a [ o'hp; HhT T ah, (g <o),
0 0
while
sup{h Pw(h;r; 1): 0<h <1} < Asup{h w(h;p; f): 0< h < 1},

(corresponding to q = o).
Moreover, w(h; p; f)=o0(h") implies w(g;r; f) = o(h”).

ProoF. The case p = r is trivial so we may exclude it. Also we assume
p > 1; see Remark 6.2. Suppose initially that ¢ < 00 and f € A(a, p, q)
thus, by Lemma 3.12, f € L? and Pl 2*UEY2  p; f) < 0. Let o,
s(2°*'; f) = s(2”; f). As in the proof of Theorem 5.1 f — s(2k) =Y.,
converges in L? . By Olivier’s Theorem (3.10) E(n; p; f) = O(n™%); so by
3.8 and the triangle inequality, |lo, ||, < 4E(2"; p) = 0(2™*"). By Remark
2.1, our hypothesis yields ||o, ||, < A2"(1/”_1/')||0V||p = 0(27"/%) . Therefore
Y0, converges in L', and in particular, f € L". Additionally,

EQ*;n <iif -s@Y), < Zla I, < Aiz”‘”"“”’Ea”;p).

v=k
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Thus, for 2° < n < 2**! by 3.2, condensation and 3.7 (we write y =

1/p-1/r—1),
k — 1 = 1
E(n;n)<EQ;r<a4) mom ;p)<ad 2m)o(2m) ;p)
m=2* m=2*
<4 Y Joi 0 <4 ol p).
jm2k+! j=n

By this inequality and Lemma 3.11 (and therein the fact that §+1/p—1/r <
a) we conclude that

N Bg—1 2N Ba—1 ) o= 1/p—1/r—1 1 !
—_ - . —1/r— .=

S n T E sy <A at T NG w(j~ ;p)

n=1 n=1

j=n

o0 o0
SAZn_quH/p_l/r)wq(n_l;p)SAZ?I_Haqwq(n_l;p)
n=1

n=1
* —1l+aq g, -1 ! —l-aq g
sA/ t w'(t ;p)dt=A/h w'(h;p)dh< .

1 0

With Lemma 3.12 this provides the asserted inequality between the integrals.
For the case g = oo observe that when f € A(a, p, o), by 3.2, E(2"; p)

= 0(27®); and, as above, this warrants f — s(2) = Se o, in L'; so, as
above, E(n;r)<AY Fw(™"; p). Suppose

M, = sup{h "w(h;p; f):0<h <1} <o0.
We obtain, therefore, that

o o] e o]
Em;n <A ol ip)<AY My < AMn' P70 < aM 7t
n n

Thus, by Lemma 3.12,

sup{h_ﬁw(h; r:0<h<l1}< Asup{nﬂE(n; r):neZ’} < AM,,
as we asserted. The proof of the final implication is even simpler. Since
y—a<—Bf~1wehave E(v;r)<AY o(j_l_ﬂ) = o(u‘ﬂ). Hence by (3.3)
(compare the proof of Lemma 3.12) w(n™';r) < An™" 1 o(u_ﬂ) =o(v™F)
since f< 1.

REMARK 6.2. When p = 1 the proof of Theorem 6.1 fails (along with
Riesz’s inequality), but can be salvaged. When g = 1 the proof is more tidy,
not requiring Lemma 3.11. To illustrate these assertions we outline a proof
of the fact that A*(1,1,1)CcA(r~",r, 1) for 1 <r<oo.

Replace the Fourier sums s(2k ; f) occurring in the proof of Theorem 6.1
by the de la Vallée-Poussin sums 1(2") of 3.9. Since the degree of 1(2") is
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pAI| , terms derived from the application of Remark 2.1 in the proof will

be altered, but the factors introduced thereby can be absorbed into discre-
tionary constants. The t-analog, f—1(2%) = ¥%°(z(2"*")-7(2")), continues
toholdin L', according to 3.9. Instead of using Lemma 3.11 to justify the
final concatenate inequalities of the proof we reverse the order of summation

to obtain
i v(l— l/r u 1)

izk/rE(zk
k=0
2”(1 WEQ2" 22"/’ < AZ2 E(2

|/\

M8 TFMs

A

T
I
o

Condensation and Lemma 3.12 lead to the asserted concluswn.

6.3. Functions in A*(1, 1, 1) neet not satisfy the Dini-Lipschitz condi-
tion. For suppose n >0 and g(¢) = g,(t) = (logé/|t)™" on [-m, n], where
5 =ne'" and g is extended to R by 2n-periodicity. Since g is increasing
and concave on [0, %], by [14, p. 44] w(h; o; g) = g(h); so g does not
satisfy the Dini-Lipschitz condition if # < 1. On the other hand, we shall
verify that w*(h;1; g) < A,,h(log&/h)_"_1 ,sothat g € A"(1,1,1). To
this end we write

n 3h n~2h n
Ii/ |g(z+h)—2g<t)+g<z—h)|dz=/ +/ +/ SJiK+L.
0 0 3h n—2h

Evidently g € Lip(!, oo) on a neighborhood of n (in fact, on [¢, 27 —¢]);
thus L = f:—Zh O(h)dt = O(hz) . Further, from the mean value theorem for

second differences and the fact that on (0, #), |g"(¢)] < nt_z(logé/t)""—l
(which is increasing), we conclude that, for a suitable 8 = 6, € (-1, 1),

n—2h 2, n
Kg/ an*|g" (¢ + 20h)| dt
3h

n—2h
< 4nh? (t +26h) " *(log(8/(t + 26R))) """ dt
3h
2 n—2h 2 |
< 4nh (t—2h) " “(log(d/(t = 2R)))"" " dt
3h

, [V et -
< dnh / (logdx) ™" dx ~ dnh(logd/h)™"",
0

by paragraph 2 of Section 3.
To estimate J we use

3k 3h . _
vs [Clgtern - g@ndrs [ 1gt-) - g@lde= 0"+
0 0
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It is evident from a sketch that
h
7" < [ 1gth) - g)dr + Shlg(@h) - g(h) = I} + I}
0
Since g' decreases on (0, 71), J;" < 9hg'(h) = Inh(logd/h)™""" , while
h
J; = h(logd/h)™" —/ (logd/t) " dt
0
= —/ Du[u—l(logéu)_"]du—/ u” *(logdu) " du
1/h 1/h
= n/ u'z(logéu)_"_1 du ~ 71h(10g6/h)_'7_1
1/h

by paragraph 2 of Section 3. Thus J* = O(h(logé /h)_"_l). Turning to

JT = Oh/2+fhh/2+fh3h = J7 +J, +J;, we see, by symmetry and set
inclusion, that J, = J; < J|+- Since J; = OZh[g(t + h) - g(t))dt <

JY,I < A h(logd/h)”""', which is increasing; hence w*(h;1;g) <
n

A, h(logé/h)™"".

Appendix

We wish to show that ||T||_ < 3n'/”||T|!p, where 0 < (degree of T) < n
and 1 < p < co. We suppose initially that p < 2 and note that, for the
Dirichlet kernel, ||Dn|!§ = 2n + 1. Hence, from the convolution inequality
([22, pp. 37, 38], [6, p. 54]), we obtain

2n
— 2— -
IT|Z, =D, *T|2 < @n+1)Q2n)~" /0 ITI*?|1TF < @n+ DITIZPITIE.

Hence ||T|%, < (2n+ 1)||T|[ , which verifies the asserted inequality if 1 <
p < 2. A standard device extends the inequality to values of p € (2, o0).
For such p the interval [p, 2p], of length > 2, contains an even integer
2m. (Note that 2 < m < p.) Apply what we have already proved, with the
index p/m < 2, to the polynomial T™ . Thus

ITIZ = 1T < 3(mn)™ 2\ T™) < 3mn™?|T|7.
D

p/m =

Hence ||T|| < 3n1/"||T|1p (since (3x)l/x decreases on [1, oc0)).
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