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Abstract In this paper, a theory is developed of generalized oscillatory integrals (OIs) whose phase
functions and amplitudes may be generalized functions of Colombeau type. Based on this, generalized
Fourier integral operators (FIOs) acting on Colombeau algebras are defined. This is motivated by the need
for a general framework for partial differential operators with non-smooth coefficients and distribution
data. The mapping properties of these FIOs are studied, as is microlocal Colombeau regularity for Ols
and the influence of the FIO action on generalized wavefront sets.
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1. Introduction

This paper is part of a programme that seeks to solve linear partial differential equations
with non-smooth coefficients and strongly irregular data and to study the qualitative
properties of the solutions. While a well-established theory with powerful analytic meth-
ods is available in the case of operators with (relatively) smooth coefficients [18], many
models from physics involve non-smooth variations of the physical parameters and con-
sequently require partial differential operators where the smoothness assumption on the
coefficients is dropped. Typical examples are equations that describe the propagation
of elastic waves in discontinuous media with point sources or stationary solutions of
such equations with strongly singular potential. In such cases, the theory of distributions
does not provide a general framework in which solutions exist because of the structural
restraint in dealing with nonlinear operations (see [22,26,31]), such as the product of a
discontinuous function with the prospective solution.
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An alternative framework is provided by the theory of Colombeau algebras of gener-
alized functions [4,16,31]. In this setting, multiplication of distributions is possible and
generalized solutions can be obtained that solve the equations in a strict differential-
algebraic sense. By interpreting the non-smooth coefficients and data as elements of the
Colombeau algebra, the existence and uniqueness have now been established for many
classes of equations [1-3,5,20,24,27,29,31-33, 35]. In order to study the regularity of
solutions, microlocal techniques (in particular, pseudodifferential operators with general-
ized amplitudes and generalized wavefront sets) must be introduced into this setting. This
has been done in the papers [13-15,19,21,23,25,28, 34] concerning elliptic equations
and hypoellipticity.

As in the classical case, Fourier integral operators arise prominently in the study of solv-
ability of hyperbolic equations, regularity of solutions and the inverse problem (determin-
ing the non-smooth coefficients from the data: an important problem in geophysics [6]).
In the case of differential operators with coefficients belonging to the Colombeau alge-
bras, this leads to Fourier integral operators with generalized amplitudes and generalized
phase functions. The purpose of this paper is to develop the theory of that type of Fourier
integral operators and to derive first results on propagation of singularities.

We begin with the following observation. Suppose generalized Fourier integral opera-
tors have been defined as acting on a Colombeau algebra (as will be done is this paper).
Evaluating the result at a point produces a map from the Colombeau algebra into the
ring of generalized constants C, that is, an element of the dual of the Colombeau algebra.
In this way, the notion of a dual of a Colombeau algebra enters, that is, the space of
C-linear maps which are continuous with respect to the so-called sharp topology. Thus,
regularity not only of Colombeau generalized functions but also of the elements of the
dual space is to be investigated. Within the Colombeau algebra G(£2) ({2 is an open
subset of R™), regularity theory is based on the subalgebra G ({2) whose intersection
with D’ (§2) coincides with C*°(£2). An element of the dual can be regular in more subtle
ways; it may be defined by an element of G({2) or by an element of G*(2). Thus, for
elements of the dual, two different notions of singularity arise: the G-singular support
and the G*-singular support (and similarly for the wavefront sets).

Having said this, we can now describe the contents of the paper in more detail. In § 2 we
collect the material from Colombeau theory that we need. In particular, we recall topolog-
ical notions, generalized symbols and various tools for studying regularity. Furthermore,
the G(£2)-wavefront and G (§2)-wavefront set of a functional on the Colombeau algebra
is introduced. In §3, we develop the foundations for generalized Fourier integral oper-
ators: oscillatory integrals with generalized phase functions. As in the classical case, a
generalized phase function is homogeneous of degree 1 in its second variable. The clas-
sical condition that the gradient should not vanish has to be replaced by invertibility of
the norm of the gradient as a Colombeau generalized function. Generalized oscillatory
integrals are then supplemented by an additional parameter in §4, leading to the notion
of a Fourier integral operator with generalized amplitude and phase function. We study
the mapping properties of such operators on Colombeau algebras. As has been noticed
in elliptic theory [15,24], two asymptotic scales are required with respect to regularity
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theory using G*°({2): the usual scale defining the representatives of the elements of the
Colombeau algebra and the so-called slow scale. We show that Fourier integral operators
with slow-scale phase function and regular amplitude map G*°({2) into itself. Section 4
also contains an example indicating how such operators arise from first-order hyperbolic
equations with non-smooth coeflicients. Section 5 is devoted to investigating in more
detail the functionals that are given by generalized oscillatory integrals on the Colombeau
algebra. We study the regions on which the norm of the gradient of the phase function is
not invertible and its complement. Both regions come in two different versions, depending
the asymptotic scale chosen (i.e. normal scale or slow scale), which in turn correspond to
G-regularity or G*>°-regularity. We find bounds on the wavefront set of these functionals,
again with respect to the two notions of regularity. In the case of classical phase functions,
these bounds reduce to the classical ones involving the conic support of the amplitude
and the critical set of the phase function. In the generalized case, this condition can only
be formulated by a more complicated condition of non-invertibility. We show how this
condition of non-invertibility can be used to compute the generalized wavefront set of the
kernel of the Fourier integral operator arising from first-order hyperbolic equations. The
development of a complete calculus of generalized Fourier integral operators has been
initiated in [12] and will be the subject of future research as well as the connection with
symplectic geometry and application to weakly hyperbolic problems.

2. Basic notions: Colombeau and duality theory

This section gives some background on Colombeau and duality theory for the techniques
used throughout the current paper. As main sources we refer the reader to [9,10,13,15,
16).

2.1. Nets of complex numbers

Before dealing with the major points of the Colombeau construction we begin by
recalling some definitions concerning elements of C(0-11.

A net (u.). in C%U is said to be strictly non-zero if there exist r > 0 and 7 € (0, 1]
such that |ue| > " for all € € (0, 7).

The regularity issues discussed in §§4 and 5 will make use of the following concept of
slow-scale net (s.s.n.). A slow-scale net is a net (r.). € C(%! such that

Yg=0 3, >0 Vee (0,1], |re|?<cpe™

A net (u.). in C(%1 is said to be slow-scale-strictly non-zero if there exist a slow-scale
net (s¢)e and n € (0,1] such that |uc| > 1/s. for all € € (0,7).

2.2. C-modules of generalized functions based on a locally convex
topological vector space E

The most common algebras of generalized functions of Colombeau type as well as
the spaces of generalized symbols we deal with are introduced and investigated under a
topological point of view by referring to the following models.
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Let E be a locally convex topological vector space topologized through the family of
semi-norms {p; };cr. The elements of

Mg = {(us). € EOV:Vie I IN e N, p;(us) = O(e™N) as e — 0},
M = {(u): € EO . yier Fwe)es.sn., pi(ue) = O(we) as € — 0},

ME = {(u:). € ECY:3IN eNViel, pi(u) =0(EV) as e — 0},
Ni = {(us). € ECU Vi e IVgeN, pi(us) = O(e?) as e — 0}

are called F-moderate, E-moderate of slow-scale type, F-regular and E-negligible, respec-
tively. We define the space of generalized functions based on E as the factor space
Gr = Mg/NE. N

The ring of complex generalized numbers, denoted by C, is obtained by taking F = C.
C is not a field since, by [16, Theorem 1.2.38], only the elements that are strictly non-zero
(i.e. the elements which have a representative strictly non-zero) are invertible and vice
versa. Note that all the representatives of u € C are strictly non-zero once we know that
there exists at least one which is strictly non-zero. When u has a representative that is
slow-scale—strictly non-zero we say that it is slow-scale invertible.

For any locally convex topological vector space F, the space G has the structure of
a C-module. The C-module g% = M35 /Ng of generalized functions of slow-scale type
and the C-module G¥ = ME/Ng of reqular generalized functions are subrings of Gg
with more refined assumptions of moderateness at the level of representatives. We use
the notation u = [(u.).] for the class u of (u.). in Gg. This is the usual way adopted in
the paper to denote an equivalence class.

The family of semi-norms {p;};c; on E determines a locally convex C-linear topology
on Gg (see [9, Definition 1.6]) by means of the valuations

Vp, ([(ue)e]) = vp, (ue)e) := sup{b € R : p;(u.) = O(e’) as & — 0}

and the corresponding ultra-pseudo-semi-norms {P;};cr. For the sake of brevity we omit
definitions and properties of valuations and ultra-pseudo-semi-norms in the abstract con-
text of C-modules. Such a theoretical presentation can be found in [9, §§ 1.1 and 1.2]. We
recall that on C the valuation and the ultra-pseudo-norm obtained through the absolute
value in C are denoted by v and | - |e, respectively. Concerning the space Gg of regular
generalized functions based on E the moderateness properties of M% allows us to define
the valuation

v¥((ue)e) :=sup{b € R:Vi € I, p;(u.) = O(e’) as € — 0},

which extends to G5 and leads to the ultra-pseudo-norm Pge(u) := e~ Ve (W),

The Colombeau algebra G(£2) = Eu(2)/N(£2) can be obtained as a C-module
of G type by choosing E = £({2). Topologized through the family of semi-norms
pri(f) = SUPgek, jaj<i [0%f(2)], where K € (2, the space £(f2) induces on G(£2) a
metrizable and complete locally convex C-linear topology which is determined by the
ultra-pseudo-semi-norms Pk ;(u) = e 7K (W G(£2) is continuously embedded in each
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(Qck(m,{PK,k(u)}K@Q) since Ep(£2) N ch(Q) C En(2) ﬂNCO(Q) = N(Q) and the
topology on G({2) is finer than the topology induced by any Gek (o) on G(£2). From a
structural point of view, £2 — G({2) is a fine sheaf of differential algebras on R™.

The Colombeau algebra G.(f2) of generalized functions with compact support is
topologized by means of a strict inductive limit procedure. More precisely, setting
Gr(92) == {u € Go(2) : suppu C K} for K € 12, G.(£2) is the strict inductive limit
of the sequence of locally convex topological C-modules (G, (£2))nen, where (K, )nen is
an exhausting sequence of compact subsets of {2 such that K,, C K,, 1. We recall that the
space Gx ({2) is endowed with the topology induced by Gp,, (), where K’ is a compact
subset containing K in its interior. In detail, we consider on Gg({2) the ultra-pseudo-
semi-norms Pg, (o), (u) = e VEn(¥) Note that the valuation v, (u) = v, (u) is
independent of the choice of K’ when it acts on Gk (£2).

Regularity theory in the Colombeau context as initiated in [31] is based on the sub-
algebra G*°(£2) of all elements u of G({2) having a representative (u.). belonging to the
set

£32(0) = {(ua)g €E[2]:VKeRINeN

Va € N, sup [0%.(z)| = O N) as e — 0}.
zeK

G>(£2) can be seen as the intersection [\ G (K), where G*°(K) is the space of

all u € G(£2) having a representative (u.). satisfying the following condition: there

exists N € N for all @ € N, sup, ¢ [0%uc(z)] = O(e~"). The ultra-pseudo-semi-norms

Pgeo (i) (u) := €790 where

Vgeo (K) = SUp {b €R:VaeN", su}g |0%ue (z)| = O(Eb)}
EdS
equip G°°(£2) with the topological structure of a Fréchet C-module.

Finally, let us consider the algebra G°(£2) := G=(£2) N G.(£2). On GF(2) = {u €
G>*(£2) : suppu C K} with K € {2, we define the ultra-pseudo-norm Pge (o) (u) =
e VK (W where v3S(u) = V%CK,(Q)(’U/) and K’ is any compact set containing K in its
interior. At this point, given an exhausting sequence (K,), of compact subsets of (2,
the strict inductive limit procedure equips Ge°(£2) = |J,, G, (£2) with a complete and
separated locally convex C-linear topology.

2.3. Topological dual of a Colombeau algebra

A duality theory for C-modules had been developed in [9] in the framework of topolog-
ical and locally convex topological C-modules. Starting from an investigation of L(G, @),
the C-module of all C-linear and continuous functionals on G, it provides the theoretical
tools for dealing with the topological duals of the Colombeau algebras G.(£2) and G(£2).
Throughout the paper, E(Q(Q),@) and E(QC(Q),@) are endowed with the topology of
uniform convergence on bounded subsets. This is determined by the ultra-pseudo-semi-
norms

Ppe(T) = sup |T'(u)le,
ueB
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where B is varying in the family of all bounded subsets of G(£2) and G.(2), respectively.
From general results concerning the relation between boundedness and ultra-pseudo-semi-
norms in the context of locally convex topological C-modules, we have that B C G (2)
is bounded if and only if for all K € {2 and 7 € N there exists a constant C' > 0 such
that Pk (u) < C for all w € B. In particular, the strict inductive limit structure of
G.(12) yields that B C G.(£2) is bounded if and only if it is contained in some G (£2)
and bounded there if and only if

dJK e VneN 3C>0 VYueB, Pg.onu) <C.

For the choice of topologies illustrated in this section, [10, Theorem 3.1] shows the
following chains of continuous embeddings:

G®(2) CG(2) C L(G.(2),C), (2.1)
G () € G(2) € L(G(2),C), (2.2)
L(G(£2),C) C L(Gc(2),C). (2.3)

In (2.1) and (2.2) the inclusion in the dual is given via integration (v — (v —
Jou(@)v(z)dz)) (for definitions and properties of the integral of a Colombeau gener-
alized functions see [16]), while the embedding in (2.3) is determined by the inclusion
Ge(2) C G(R2). Since 2 — L(Gc(12),C) is a sheaf, we can define the support of a func-
tional T (denoted by suppT). In analogy with distribution theory from [10, Theorem
1.2] we have that £(G(£2),C) can be identified with the set of functionals in £(G.(£2), C)
having compact support.

By (2.1) it is meaningful to measure the regularity of a functional in £(G.(£2),C)
with respect to the algebras G(£2) and G*({2). We define the G-singular support of T
(sing suppg T') as the complement of the set of all points 2 € §2 such that the restriction
of T' to some open neighbourhood V of x belongs to G(V'). Analogously, replacing G with
G we introduce the notion of G*°-singular support of T' denoted by sing suppge. T'. This
investigation of regularity is connected with the notions of generalized wavefront sets
considered in §2.5 and will be focused on the functionals in £(G.(£2),C) and £(G(£2),C),
which have a ‘basic’ structure. In detail, we say that T € £(G.(£2),C) is basic if there
exists a net (7). € D'(£2)1 fulfilling the following condition: for all K € 2 there exist
j€N,¢>0, N €Nand n € (0,1] such that

VfeDg(2) Vee (O], |T(f)l<ee™ sup  |0°f(x)l

zEK, |a|<j

and Tu = [(T.u.),] for all u € G.(92).

In the same way a functional T € £(G(£2),C) is said to be basic if there exists a net
(T.)e € £ ()M such that there exist K € 2, j € N, ¢ >0, N € N and 5 € (0,1] with
the property

VfecC®(2) Vee (0,n), [T(f)l<ce™ sup [|0%f(x)l
z€K, |0|<j

and Tu = [(Toue)e] for all uw € G(£2).
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Clearly, the sets of basic functionals are C-linear subspaces of L£(G.(£2),C) and
L(G(£2),C) respectively. In addition, if T is a basic functional in £(G.(£2),C) and
u € Go(R), then uT € L(G(£2),C) is basic. We recall that the nets (1%)., which define
basic maps as above, were considered in [7, 8] with slightly more general notions of
moderateness and different choices of notation and language.

2.4. Generalized symbols

For the convenience of the reader we recall a few basic notions concerning the sets of
symbols employed in the course of the paper.

Definitions

Let {2 be an open subset of R", m € R and p,d € [0,1]. S7"5(§2 x R”) denotes the set
of symbols of order m and type (p,d) as introduced by Hormander [17]. The subscript
(p,d) is omitted when p =1 and 6 = 0. If V' is an open conic set of 2 x RP, we define
5(V) as the set of all a € C*°(V') such that, for all K € V,

sup ()P0l 92 0 a(x, €)] < oo,
(z,£)eK®e
where K¢ := {(z,t£) : (x,€) € K, t > 1}. We also make use of the space Sy, (2 x R\ 0)
of all @ € S1(£2 x RP \ 0) homogeneous of degree 1 in £. Note that the assumption of
homogeneity allows us to state the defining conditions above in terms of the semi-norms
sup [¢[HH19g 9 a(, €,
zEK, EERP\0
where K is any compact subset of Q.~ }

The space of generalized symbols S's(£2 x RP) is the C-module of Gg type obtained

by taking E = 2?5(9 x RP) equipped with the family of semi-norms

la |(pW6L)K_] sup sup |853 a(z, &)|(§)~m TPl K e, jeN.
I sek, €ern ok IS

The valuation corresponding to | - | .6, K gives the ultra-pseudo-semi-norm 77;7;)}(7]

The space Sm 5(£2 x RP) topologized through the family of ultra—pseudo -semi-norms
{PPBKJ}ch) jen is a Fréchet C-module. In analogy with (() x RP), we use the
notation S)"s(V) for the C-module Gsm (v)-

S (22 >< R? ¢) has the structure of a sheaf with respect to {2. Thus, it is meaningful to
talk of the support with respect to x of a generalized symbol a (supp, a). In particular,
when a € Sm 5(£27, x £2, x RP) we have the notions of support with respect to z (supp, a)
and Support “with respect to y (supp, a )

We define the conic support of a € Sm 5(£2 x RP) (conesuppa) as the complement of
the set of points (zg,&) € 2 x RP such that there exists a relatively compact open
neighbourhood U of xg, a conic open neighbourhood I" of &, and a representative (a.)e
of a satisfying the condition

Va e NP VB eN" VgeN, sup (& mHlel=28l9200a, (2,¢)] = O(e?) as e — 0.
zeU, el
(2.4)
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By definition conesupp a is a closed conic subset of {2 x RP. The generalized symbol «a is
0 on 2\ 7, (conesuppa).

Regular symbols

The space of regular symbols S o.g(§2 X RP) as introduced in [15] can be topolo-
gized as a locally convex topological C-module by observing that it coincides with
Nien Sy x RP), where S (K x RP) is the set of all a € Sm 5(£2 x RP) such
that there exists a representative (a). fulfilling the following property

dN eN VjeN, |a5|p5K,j =0(EMase—0. (2.5)

(m)

On 8™ (K x RP) we define the valuation v .8 K ixg given, at the level of representatives,

p,6,rg(
by
sup{b € R:Vj €N, o]}y . = O(c") as € — 0},
and the corresponding ultra-pseudo-seminorm

(m)
(i (0) = e
pérg(K x RP) is endowed with the locally convex C-linear topology determined
by the usual ultra-pseudo-semi-norms on Sm 5(£2 x RP) and by PpaKrg We equip

s rg((} x RP) with the initial topology for the injections

QX RP) > §m

p’g’rg(K x RP).

~;T§,rg(

This topology is given by the family of ultra-pseudo-semi-norms { - Krg} Kego and

is finer than the topology induced by S)%(£2 x R?) on SJ'; (42 % R?). Indeed, for all
a €8, (2 x RP), we have

P( )6 KJ( ) < P/g’:g,)K;rg(a)' (26)

Slow-scale symbols

The classes of the factor space gsmémw) are called generalized symbols of slow-scale
type. gsmé(mm) is included in S 5, g(.Q x RP) and equlpped with the topology induced
by Sp 5rg(() x RP). Substituting Sm 5(£2 x RP) with S7"(V'), we obtain the set g V)
of slow-scale symbols on the open set VCNx (R 0)

Generalized symbols of order —oo

Different notions of regularity are related to the sets S™°°(£2 x R?) and Sr_g‘”(ﬂ x RP)
of generalized symbols of order —oo.

The space S~ (2 x RP) of generalized symbols of order —oc is defined as the C-
module Gg-oo(oxRre)- Its elements are equivalence classes a whose representatives (ac)e
have the property |aE|K] = O(¢7N) as ¢ — 0, where N depends on the order m of the
symbol, on the order j of the derivatives and on the compact set K C (2. In analogy with
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the construction of ng“((? x RP), the space ‘S:;goo(ﬂ x RP) of regular symbols of order —oo
is introduced as

(] S(K x RP),

Ke?
where S;goo (K x RP) is the set of all @ € S~°°(£2 x R?) such that there exists a repre-
sentative (a.). satisfying the condition

INEN ¥meR VjeN, |alf)=0(E")ase—0.

Symbols of refined order

In §5 we will make use of the sets 5’;?5/700(!2 x RP) and S;?({;goo(ﬂ x RP) of symbols
of refined order introduced in [13]. These arise from a finer partitioning of the classes
in S/T[;(Q x RP) and ~;’}6,rg(() x RP), respectively, obtained through a factorization with
respect to the set N ™®°(£2 x RP) := Ng—m(gxm) of negligible nets. In other words, if a
is a (regular) generalized symbol of order m then for all representatives (a.). of a we can

write

k((ae)e) := (ac)e + N72(2 x RP) C (ac). + Ns5(2 x RP) = a.

As already pointed out in [13] the factorization with respect to N =°°(£2 x RP) instead of

5 (£2xRP) does not change the action of the corresponding Fourier or pseudodifferential
operator. In other words, x((a¢):)(x, D) = a(x, D) for all representatives (a.). of a €
ﬁ%((l x R™). In addition, as we will see in the next paragraph, the symbols of refined
order have better properties with respect to the microsupport than the usual generalized
symbols. For this reason, they are employed in the microlocal investigation of §5 and
turn out to be particularly useful from a technical point of view.

Generalized microsupports

The G-regularity and G°°-regularity of generalized symbols on {2 x R™ is measured in
conical neighbourhoods by means of the following notions of microsupports.

Let a € thé((? x R™) and (zg, &) € T*(£2)\ 0. The symbol a is G-smoothing at (zg, &)
if there exist a representative (a.). of a, a relatively compact open neighbourhood U of
xo and a conic neighbourhood I' C R™\ 0 of &y such that

VmeR Va,eN' INeN Je>0 3Ine(0,1] V(x,& eUxI Vee(0,n),
080 az(x,€)| < c(§)™eN.
(2.7)

The symbol a is G>°-smoothing at (x,&p) if there exist a representative (a.). of a, a
relatively compact open neighbourhood U of xg, a conic neighbourhood I' C R™\ 0 of &y
and a natural number N € N such that

VmeR Vo, €N Je>0 3Ine(0,1] Y(z,§) eUxI Vee (0,1,
|0 0 ac(2, ) < c(€)™e™V. (2.8)
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We define the G-microsupport of a, denoted by psuppg(a), as the complement in 7*(£2)\0
of the set of points (xg,&p), where a is G-smoothing and the G*-microsupport of a,
denoted by psuppge(a), as the complement in 77 (£2) \ 0 of the set of points (xq,&p)
where a is G*°-smoothing.

When a € Sf)/ (82 x R™) we denote the complements of the sets of points (x¢,&y) €

T*(£2)\ 0 where (2.7) and (2.8) hold for some representative of a by ug(a) and ugs(a)
respectively. Note that for symbols of refined order conditions (2.7) and (2.8) do not
depend on the choice of representatives. It is clear that

(i) if a € S7°°(2 x R™), then psuppg(a) = 0,
(i) ifa € Srgoo(!? x R™), then psuppge(a) =0,
(i) if a € S "°(2 x R") and pg(a) = 0, then a € §7°(2 x R™),

(iv) ifa e S™

Mrg (02 x R") and pg(a) = 0, then a € S;°°(2 x R™),

(v) when a is a standard symbol, i.e. a € S)'5(£2 x R"), then psupp(a) = pg(a) =
pg=(a),
(vi) ifa € Sm 5(£2 x R™), then
psuppg(a) = (1) po(x((az)-)) (2.9)
(ac)e€a

and

psuppge(a) = (1) pg(k((az)e)). (2.10)
(a:)c€a

Note that assertions (iii) and (iv) do not hold in general for symbols that are not of
refined order.

Continuity results

By simple reasoning at the level of representatives, one proves that the product is a
continuous C-bilinear map from S5 (€2 x RP) x 8% (2 x RP) into S)7'5™2(2 x RP)
with p3 = min{p1, p2} and §3 = max{dy, d2 }. Furthermore, the derivative-map

8?85 : N;Ta(ﬂ x RP) — S;r,?pla‘wlm(ﬂ x RP)
and the map
S (2 X RP) = 82 (2 X RP) 1 a — (ac)- + N5, (2 x RP),

with mqy < ma, p1 = p2, 01 < 2, are continuous.
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The product between a generalized function u(y) in G.({2) and a generalized symbol
a(y,§) in ;’7‘5((2 x RP) (product defined by pointwise multiplication at the level of rep-
resentatives) gives an element a(y,{)u(y) of S7%(£2 x RP). In particular, the C-bilinear
map

G.(92) x N;%(Q x RP) — N;%(Q X RP) ¢ (u,a) = a(y, &)uly) (2.11)

is continuous. The previous results of continuity hold between spaces of regular gener-
alized symbols and the map in (2.11) is continuous from G°(£2) x 8™ (2 x RP) into

. p:0,rg
;’jg’rg((z x RP).

Integration

If ]l < —p, each b e S‘é’&(() x RP) can be integrated on K x RP, K € {2, by setting

| s [( s dydf)j-

Moreover, if supp, b € {2, we define the integral of b on {2 x R? as

/ by, €) dy dé = / b(y, ) dy de,
N2 xRP

K xRp

where K is any compact set containing supp, b in its interior. Integration defines a
continuous C-linear functional on this space of generalized symbols with compact support
in y.

Proposition 2.1. Let b be a generalized symbol with supp, b € (2.

(i) Ifb € 8. 5(£2 x 2 x RP) and | + 6k < —p, then

/ b(z,y,€) dy A€ = [(/ be<x,y,s>dya£)}
2 xRP K xRP 5

where K is any compact set of 2 containing supp,, b in its interior, is a well-defined
element of gck(Q/).

(i) Ifb € S=°(R' x 2 x RP), then [, p, b(z,y,&) dydE € G(£2).
(i) Ifb € 3@0‘3((2’ X 2 X RP), then [, o, b(x,y,&)dyde € G®(2').
Proof. We give the proof only of the first assertion, since the second and the third

are immediate.
Tt is clear that if (b.). is a representative of b and I + dk < —p, then

vel() = /K e dyag
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is a net of functions in C¥(£2’). More precisely, for any a € N with |a| < k and K’ € '
we have that

sup [0%ve(x)] < sup ()TN, y, )] / ©llag (212)
zEK’ €K', yeK, EERP RP
This shows that fngp b(x,y,§) dydg is a well-defined element of Ger (1. a

Remark 2.2. When [ + 0k < —p the inequality (2.12) implies

PK/,k< / b(z,y,€) dyaf) <PY ()
2 xRP

and proves that integration gives a continuous map from ‘S:é 5(£2/ X 2 x RP) to Ger(ory-

In particular, if b € Sll)’&rg(!?’ X {2 x RP), then by (2.6) it follows that

PK’,k(/ b(x,y,&) dyag) < P;()l,()S,K’xK;rg(b)'
2 xXRP

2.5. Microlocal analysis in the Colombeau context: generalized wavefront
sets in £(G.(2),C)

In this subsection we recall the basic notions of microlocal analysis which involve the
duals of the Colombeau algebras G.(£2) and G(£2) and have been developed in [11]. In
this generalized context, the role which is classically played by 8'(R"™) is given to the
Colombeau algebra Gg(R") := Gggn). Gs(R") is topologized as in §2.2 and its dual
L(Gs(R™),C) is endowed with the topology of uniform convergence on bounded sub-
sets. In the following, G, (R™) denotes the Colombeau algebra of tempered generalized
functions defined as the quotient &,(R™)/N.(R™), where £, (R™) is the algebra of all
T-moderate nets (u.). € & [R"] := Opr(R™)(O1 such that

VaeN' INeN, sup (1+ |z]) N0 (z)| =O0(N) ase — 0,
rER®

and N7 (R™) is the ideal of all T-negligible nets (u.). € E-[R"] such that

VaeN' INeN VgeN, sup(l+]|z)) V0% (x) = O(?) as e — 0.
ESING

Theorem 3.8 in [9] shows that we have the chain of continuous embeddings
Gs(R") € G-(R") C L(Gs(R"),C).

The Fourier transform on Gs(R™), L(Gs(R™),C) and L£(G(£2),C)

The Fourier transform on Gg(R™) is defined by the corresponding transformation at
the level of representatives, as follows:

F:Gs(R") = Gs(R™) : u — [(ue)<].
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F is a C-linear continuous map from Gg(R") into itself which extends to the dual in
a natural way. In detail, we define the Fourier transform of T' € L(Gs(R™),C) as the
functional in £(Gs(R™),C) given by

F(T)(u) =T (Fu).

As shown in [11, Remark 1.5], £(G(£2),C) is embedded in £(Gs(R"),C) by means of the
map

L£(G(£2),C) = L(Gs(R"),C) : T — (u — T((ue,)e + N(£2))).

In particular, when T is a basic functional in £(G(£2),C) we have from [11, Proposi-
tion 1.6, Remark 1.7] that the Fourier transform of T is the tempered generalized function
obtained as the action of T'(y) on e™%¢ ie. F(T) = T(e™"¢) = (T.(e %)), + N (R").

Generalized wavefront sets of a functional in L£(Ge(£2),C)

The notions of G-wavefront set and G™-wavefront set of a functional in £(G.(£2),C)
were introduced in [11] as direct analogues of the distributional wavefront set in [17].
They employjn subset of the space gg‘iﬂ,( xR of generalized symbols of slow-scale type
denoted by S..(2 x R™) and introduced in [13, Definition 1.1]. We refer the reader
to [13, Definition 1.2] for the definition of slow-scale micro-ellipticity of a € S..(£2 x R")
and to [11] for the action of a(z, D) € pr\I/:Z(Q) on the dual £(G.(£2),C). We recall
that pr\If;:(;g) denotes the set of properly supported pseudodifferential operators with
symbol in S, (£2 x R™).

Let T € L(G.(£2),C). The G-wavefront set of T is defined as

WFg T := ﬂ Elly(a)®.
a(z,D)e . U° (2)

pr = sc

a(z,D)TEG(12)

The G°°-wavefront set of T is defined as

WFgo T := 1 Elc(a)
a(z,D)e  U° (2)

pr = sc

a(z,D)TeG> (1)

WFg T and WFge T are both closed conic subsets of T*(£2) \ 0. As proved in [11], if T

is a basic functional in £(G.(§2),C), then

7o(WFg T) = singsuppg T'
and

To(WFge T') = sing suppge 1.
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Characterization of WEgT and WFge T when T is a basic functional

In §5 we will employ a useful characterization of the G-wavefront set and the G>°-
wavefront set valid for functionals that are basic. It involves the sets of generalized
functions Gs o(I") and G§(I"), defined on the conic subset I" of R \ 0, as follows:

Gs.o(I) = {u € G,(R") : I(u.). € u Vi € R 3N €N,

sup(€)']u-(&)| = O(e™™) as e = 0},
cer

G3(I) = {u €G,(R") : J(u.). €uIN e NVI€R,
sup(€)'|u- ()] = O(™) as e — 0}.
r

13S

Let T € L(G.(£2),C). Theorem 3.13 of [11] shows that

(i) (mo,&) & WFE¢g T if and only if there exists a conic neighbourhood I' of &, and a
cut-off function ¢ € C°(£2) with ¢(z9) = 1 such that F(¢T) € Gs o(I),

(i) (z0,&) € WFge T if and only if there exists a conic neighbourhood I" of & and a
cut-off function ¢ € C°(£2) with ¢(zo) = 1 such that F(¢T) € Gg5%(I).

3. Generalized oscillatory integrals: definition

This section is devoted to a notion of oscillatory integral where both the amplitude and
the phase function are generalized objects of Colombeau type.

In the remainder of the paper, 2 is an arbitrary open subset of R™. We recall that
o(y, &) is a phase function on 2 x RP if it is a smooth function on 2 x R?\ 0, real valued,
positively homogeneous of degree 1 in £ with V, ¢¢(y, &) # 0 for all y € 2 and £ € RP\ 0.
We denote the set of all phase functions on 2 x RP by @(§2 x RP) and the set of all nets in
&2 x RP)(OH by $[2 x RP]. The notation concerning classes of symbols was introduced
in §2.4.

Definition 3.1. An element of Mg(f2 x RP) is a net (¢.). € P[2 x RP] satisfying the
following conditions:

(i) (o)e € Ms;g(QxRp\o);
(i) for all K € 2 the net

2
Vo (y Z) )

On Mg (§2 x RP) we introduce the equivalence relation ~ as follows: (¢¢)e ~ (we)e if and
only if (¢ —we) € Nsﬁg(QxRp\O). The elements of the factor space

inf
yEK, EERP\O

is strictly non-zero.

B2 x RP) := Mg (2 x RP)/~

will be called generalized phase functions.
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We shall employ the equivalence class notation [(¢¢).] for ¢ € QE(Q x RP).

When (¢, ). is a net of phase functions, i.e. (¢c)c € P[f2xRP], Lemma 1.2.1 of [17] shows
that there exists a family of partial differential operators (Lg, ). such that L] e'%s = el%:
for all € € (0,1]. Ly, is of the form

Z%syﬁ _+Zbksy§ +cg(y £), (3.1)

where the coefficients (a;.). belong to S°[2 x RP] and (by.)c, (cc)- are elements of
S8 x RP).

Proposition 3.2. If (¢.). € Mg (2 x RP), then (a;.). € Mgo(oxre) for all j =
L.oop, (bre)e € Mg—1(gxmrey forallk =1,...,n, and (cc)c € Mg-1(oxRre)-
The proof of this proposition requires the following lemma.

Lemma 3.3. Let
©o. (4. €) = Ve (y.& /1€~
If (¢c)e € Ma(£2 X RP), then (pg.)e € Msp (oxre\0)-
Proof. One easily sees that (g4 ) is a net of symbols of order 0 on 2 xRP\0
homogeneous in . The moderateness is obtained by combining the fact that (¢.). €

Msﬁg(gxw\o) with the fact that the gradient of (¢c) is strictly non-zero by Defini-
tion 3.1 (ii). O

Proof of Proposition 3.2. Let x € C°(RP) such that x(§) = 1 for |¢| < 1/4 and
x(€) =0 for |£| > 1/2. From the proof of [17, Lemma 1.2.1] we have that

a]"E(yvg) = 1(1 - X(g))(p¢a (y7§>aﬁj¢a(yu£)7
bee (4, €) = i(1 = x())[E] 5. (4, €)Dy, P (y, €),

n

p
&)+ Zaﬁja]}f + Z Oy, i e-

j=1 k=1

By Lemma 3.3 and the properties of y it follows that ((1 — x)@g.): € Mgo(oxrr)
and ((1-— X)|§|_290¢5)€ € Ms-2(axre). Moreover, (¢e)- € MS}llg(Qx]RP\O) implies that
the nets (J¢,¢c)e and (0, @) belong to Mgo L (2xR7\0) and Mg L(2xRr\0); Tespec-
tively. This allows us to conclude that (a;.). € /\/lsomep (bre)e € MS 1(2xre) and
(ce)e € Ms-1(axrr)- O

We proceed by comparing the families of partial differential operators Ly and L.,
when (¢.)e ~ (we).. This makes use of the following technical lemma.

Lemma 3.4. If (¢:)e, (we)e € Mo (2 X RP) and (¢)e ~ (we)e, then

(O, 0c) . — (Og,we)Pu.)e € Nisg_(axrr\0) (3.2)
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forallj=1,...,p and

((ayk¢€)‘€|_2<p¢a - (6ykwa>|§|_2§0wa> € N (QXRT—'\O) (33)
forallk=1,...,n

Proof. The nets in (3.2) and (3.3) are of the form a/|b|* — ¢/|d|?, where a and c are
nets of moderate type, b and d are p + n-vectors with components of moderate type and
|b|? and |d|? are strictly non-zero nets. We can write a/|b|?> — c¢/|d|? as

[a(d = b) - (d +b) + [b*(a — ¢)]/|b[*|d[? (3.4)
Since d — b is a vector with negligible components, a — ¢ is a negligible net and all the
other terms in (3.4) are moderate we have that a/|b|? — ¢/|d|? is negligible itself.
Concerning the net in (3.2) we have that
= (Og; ¢c)e € Mo L (2XRP\0)>
= (Vo-(y,¢/I€l))e € (Msgg(nxm\o))nﬂ’
= (Og,we)e € Mgo (2xmr\0);
(Vwe(y, &/I€])e € (Msp

b (

d n+p

QXRP\O))
and d — b € (Nsp_(2xrm0)""7, a—c € Ngg_(axre\0): 1/1b?,1/1d]* € Mo (2xrr\0)-
Therefore, we obtain that

((3@-(255)%%5 - (asjws)%’wa)e € ngg(QxRP\0)~
Assertion (3.3) is proved in the same way, arguing with nets of symbols of order —1. O

An inspection of the proof of Proposition 3.2 combined with Lemma 3.4 leads to the
following result.

Proposition 3.5. If (¢:)c, (we)e € Mo (£2 X RP) and (¢.)e ~ (we)e, then

Ly, = Lo, = Zaﬁyf %Zb 2 4w, (35)

yk
where (a;’e)s € NSO(QX]RP), (bk,a) € NS 1(2xRP) and ( ) € NS 1(2xRP) for all j =
1,....,pand k=1,....n
As a consequence of Propositions 3.2 and 3.5 we claim that any generalized phase
function ¢ € @(£2 x RP) defines a generalized partial differential operator

n

2 0 0
j=1 &5 Yk

k=1

(Y, 6),

whose coefficients {a;}7_;, {bx};_; and c are generalized symbols in S%(2 x RP) and
S71(£2 x RP), respectively. By construction, L, maps S 5(£2 x RP) continuously into
S™=5(() x RP), where s = min{p, 1 — §}. Hence, L¢ is contmuous from Sm 5(£2 x RP) to

~ 0,0
S (02 X RP).

https://doi.org/10.1017/50013091506000915 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506000915

Generalized oscillatory integrals and Fourier integral operators 367
Proposition 3.6. Let ¢ € $(2 x RP). The exponential

el#(¥:8)
is a well-defined element of 3&,1((2 x RP\ 0).

Proof. We leave it to the reader to check that if (¢.). € Ma(f2 x RP), then

(ei¢a(yvg))€ c MSS,I(QXRP\(]) .

When (¢.)e ~ (we)e, the equality

eiws(y,E) _ eid’s(yaf) — eiws(yaf)(l _ ei((bsfws)(y!{))

implies that

sup €] el W8 — it (0| = O(£9) (3.6)
yEK,EERP\O

for all ¢ € N. At this point, writing 8?85(61“’5(9’5) — el?=(W:9)) a5
agayﬁeiwa(y,é)(l _ ei(%fws)(y,ﬁ))

S (CV)(5)33'35'61%@,&)(_5?a'ag—ﬁ'eiwg—wg)(y,&)),

/ ’
«
a'<a,B'<f ﬂ

we obtain the characterizing estimate of a net in ng L(2xRr\0), USINg (3.6) and the
moderateness of (el“s(¥:8)_, O

By construction of the operator Ly the equality Lgeid’ = ¢'% holds in SBJ(Q x RP\ 0).
In addition, Proposition 3.6 and the properties of L’dﬁ allow us to conclude that

W LE (ay, u(y))

is a generalized symbol in ngfksﬂ(ﬁ x RP) which is integrable on {2 x RP in the sense
of §2 when m — ks +1 < —p. From now on we assume that p > 0 and § < 1.

Definition 3.7. Let ¢ € $(2 xRP), a € 5}]}6(0 x RP) and u € G.(£2). The generalized
oscillatory integral

/ W a(y, )u(y) dyde
N2 xRP

is defined as
| Lo, gu) dya
2 xXRP

where k is chosen such that m — ks + 1 < —p.
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The functional

Io(a) : Ge(2) = Cru— - *Wq(y, E)u(y) dyde

belongs to the dual £(G.(£2),C). Indeed, by (2.11), the continuity of L’; and of the
product between generalized symbols, we have that the map

Ge(2) = Sgi M TH 2 X RP) s w = WO L (a(y, )u(y))

is continuous and thus, by an application of the integral on £2xRP, the resulting functional
I4(a) is continuous.

4. Generalized Fourier integral operators

We now study oscillatory integrals where an additional parameter x, varying in an open
subset 2/ of R, appears in the phase function ¢ and in the symbol a. The dependence on
x is investigated in the Colombeau context. We denote by @[§2'; 2 x RP] the set of all nets
(¢e)ee(0,1) of continuous functions on §2' x 2 x RP which are smooth on {2’ x 2 x RP\ {0}
and such that (¢.(x,,)). € P[22 x RP] for all z € 2.

Definition 4.1. An element of Mg (§2'; 2 x RP) is a net (¢c). € P[2'; 2 x RP] satis-
fying the following conditions:

(i) (¢e) € MSﬁg(Q’xQxRP\Oﬁ
(i) for all K" € 2 and K € {2 the net

\Y% 3 i
y,£¢6 z,Y, m A (41)

On Mg (82'; 2 x RP) we introduce the equivalence relation ~ as follows: (¢c)e ~ (we)e if
and only if (¢, —w.). € Nség(Q/XQXR;}\O). The elements of the factor space

inf
€K', yeK, EERP\O

is strictly non-zero.

B(2;02 X RP) := Ma(2';02 x RP) [~
are called generalized phase functions with respect to the variables in {2 x RP.

Since in this paper we do not develop a calculus of generalized Fourier integral opera-
tors, we do not need the additional condition that the gradient with respect to (z,&) of
the phase function is strictly non-zero. This notion of generalized operator phase func-
tion can be found in [12], where we extend the action of a generalized Fourier integral
operator to the dual of a Colombeau algebra and we investigate the composition with a
generalized pseudodifferential operator.

Proposition 3.2 can be adapted to nets in Mg (£2'; 2 xRP). More precisely, the operator

Ly, (239,€,0y,0¢) Zajsscyé +Zbkexy§) “te(nnd) o (42)
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defined for any value of z by (3.1), has the property L};E(z_ .)ei%(g""') = el?=(=) for all
x € 2" and € € (0, 1] and its coefficients depend smoothly on x € (2’

Proposition 4.2. If (¢:). € Mg(£2;2 x RP), then the coefficients occurring
in (4.2) satisfy the following: (aj.)e € Mgo(xaoxrey for all j = 1,...,p, (bpe): €
Ms—l(Q/X_QX]Rp) for all k = 1, .oy, and (05)5 S Ms—l(Q/X_QXRp).

The proof of Proposition 4.2 employs the following lemma concerning basic properties
of the term |V ¢¢e (2, . £/[€])| >

Lemma 4.3. Let
Po. (2,y,) = [Vyede(a,y,6/1€])| 7% (4.3)

If (¢c)e € Mg (£2; 02 X RP), then (pg.)e € Mgy (2/x0xrr\0)-

We leave it to the reader to check that Lemma 3.4 can be stated for nets of phase
functions in (y,£) and leads to negligible nets of amplitudes in Sp, (£ x 2 x R?\ 0) and
Shg (2 x 2 xRP\ 0). As a consequence, we have a result on the dependence of L,_ on
the phase function.

Proposition 4.4. If (¢:)e, (we)e € Ma(£2'; 2 X RP) and (¢e)e ~ (we)e, then
P

qS _st Za’;5 ZL’ ya . +Zb .’t 'Y, 5 (x,y,f), (44)

yk:

where (a; .)e GNSO(Q’XQXRP)7 (bkg) € Ns-1(axoxre) and (cL)e € Ng-1(q/xaxrr) for
allj=1,...,pand k=1,.

Combining Propositions 4.2 and 4.4 yields that any generalized phase function ¢ in
&(§2; 12 x RP) defines a partial differential operator

p
j=1 j

with coefficients a; € S°(£2 x 2 x RP), by, c € S~1(2' x 2 x RP) such that L:f) el? = el
holds in So (2 x 2 x RP\ 0). Arguing as in Proposition 3.6 we obtain that e?(*¥:€) is a
well-defined element of SO 12" x 2 x RP\ 0). The usual composition argument implies
that the map

G.(2) — Sg?fksﬂ(!?' X 2 xRP):u— ei¢(x’y’5)L§(a(x,y,f)u(y))

is continuous.
The oscillatory integral

Iy(a)(w)(z) = / SHEIDa(z,y O)u(y) dy A

- /Q O L a(o,y.€uly) e,
X RP
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where ¢ € B(2;02 x RP) and a € é:;'}é(()’ X 2 x RP) is an element of C for fixed
x € (2. In particular, Iy(a)(u) is the integral on 2 x RP of a generalized amplitude
in S(l)’l(()’ x {2 x RP) having compact support in y. The order [ can be chosen to be
arbitrarily low.

Theorem 4.5. Let ¢ € &(2'; 2 x RP), a € 3;?6(!2' x 2 x RP) and u € G.(2). The
generalized oscillatory integral

I, (a) () (z) = / SOV a(z,y, €)uly) dy A€ (4.6)

2xRP

defines a generalized function in G({2') and the map
A:G(2) = G(2) i u— Ig(a)(u) (4.7)
is continuous.

Proof. By Proposition 2.1 it follows that Iy(a)(u) is a generalized function in Geo ()
and that, for all £k € N, the net

( /Q O (0o, ) dy as)g, (4.8)

where sh > m + k + p + 1, belongs to Mk () and it is a representative of I4(a)(u).
By classical arguments valid for fixed € we know that the net given by the oscillatory
integral

/ @O, (2, y, €)us (y) dy A€
2 xXRP

is an element of £[f2] which coincides with (4.8) for every k € N. This means that
Iy(a)(u) is a generalized function in Geo(py which has a representative in Epr(£2),
i.e. Ig(a)(u) € G(£2). For any k € N the generalized function Iy(a)(u) belongs to Ger (o
and, by Remark 2.2, the map

Sgi " X 2 X RY) = Ger(ary €0 L (ala, y, €)uly))

— VO (ac(2,y, &)ue(y)) dydg
2 xRP

is continuous. This, combined with the continuity of the map
Ge(£2) = Sgir T % 2 X RP) su— VO Li(a(a, y, E)u(y))

for an arbitrarily large h, proves that the map A : u — I(a)(u) is continuous from G.({2)
to G(£2'). O

The operator A defined in (4.7) is called a generalized Fourier integral operator with
amplitude a € S7%(2" x {2 x RP) and phase function ¢ € &(£2'; 2 x RP).
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Remark 4.6. By continuity of the C-bilinear map G(£2) x Sm (2 x 2 xRP) —
Sm 5(£2" X 2 X RP) : (u,a) — a(x,y,§)u(y), it is also clear that for ﬁxed u € G.(£2) and
(/5 € &(2'; 2 x RP) the map

;’?5(.(2’ X 2 xRP) = G(2') :a— Iy(a)(u)
is continuous.

Example 4.7. Our outline of a basic theory of Fourier integral operators with
Colombeau generalized amplitudes and phase functions is motivated to a large extent
by potential applications in regularity theory for generalized solutions to hyperbolic par-
tial differential (or pseudodifferential) equations with distributional or Colombeau-type
coefficients (or symbols) and data (see [22,27,30]). To illustrate the typical situation we
consider here the following simple model: let u € G(R?) be the solution of the generalized
Cauchy problem

Ovu + cOpu + bu = 0,

U0 =g,
where g belongs to G.(R) and the coefficients b, ¢ € G(R?). Furthermore, b, ¢ and d,c
are assumed to be of local L>-log type (concerning growth with respect to the regular-
ization parameter; see [30]), ¢ being, in addition, generalized, real valued and globally

bounded. Let v € G(R?®) be the unique (global) solution of the corresponding generalized
characteristic ordinary differential equation

d
&7(337 t? S) - C("}/(.’E, t7 8)7 8)7
V(@ tt) =x

Then w is given in terms of v by u(x,t) = g(v(z,;0)) exp(— fo (x,t;7r),r)dr). Writing
g as the inverse of its Fourier transform we obtain the Fourier mtegral representation

ula, ) = / / FOEENDE (1, .y )g(y) dy e, (4.9)

where a(x,t,y,&) := exp(— fo (x,t;7),r)dr) is a generalized amplitude of order 0.
The phase functlon ¢(x t,y,§) = ( (z,t; ()) —y)¢ has (full) gradient

(817(x7 t; 0)7 8{)/(5177 t; 0)7 _ga ’Y((E, t; 0) - y)

and thus defines a generalized phase function ¢. Therefore, (4.9) reads u = Ag, where
A G.(R) — G(R?) is a generalized Fourier integral operator.

We now investigate the regularity properties of the generalized Fourier integral oper-
ator A. We will prove that for appropriate generalized phase functions and generalized
amplitudes, A maps G>(§2) into QDO(Q’ ). As in [15] we consider regular amplitudes,
i.e. elements a of the factor space S7% (£ x 2 x RP) whose representatives (a.). sat-
isfy the condition given in (2.5) on each compact set of 2 x (2. However, for the phase
functions, the same kind of regularity assumption with respect to the parameter ¢ does
not entail the desired mapping property.
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Example 4.8. Let n=n"=p=1and 2 = ' =R and ¢.(z,y,&) = (x —ey)&. Then
(¢e)e € Mg(R;R x R) and, in particular, we have N = 0 in all moderateness estimates
(see Definition 4.1 (i) and |V, ¢ (z,y,£/|€])|* = 2. Choose the amplitude a identically
equal to 1. The corresponding generalized operator A does not map G°(R) into G (R).
Indeed, for 0 # f € C°(R) we have that

Al(f).] = [( R dyas)j — (" f(2/e)).] € G(R)\ G=(R).

Example 4.8 suggests that a stronger notion of regularity on generalized phase functions
has to be designed. Such is provided by the concept of a slow-scale net.

Definition 4.9. We say that ¢ € @((Z’; 2 x RP) is a slow-scale generalized phase
function in the variables of 2 x R? if it has a representative (¢, ). fulfilling the following
conditions:

(i) (¢)e € Mfgclllg(Q'xQxRP\O)’
(ii) for all K" € 2 and K € {2 the net (4.1) is slow-scale-strictly non-zero.

In the following the set of all (¢.). € P[2'; 2 x RP] fulfilling conditions (i) and (ii)
of Definition 4.9 will be denoted by Mg .(£2'; 2 x RP), while we use Py(£2'; 2 x RP)
for the set of slow-scale generalized functions as above. Similarly, using V, , ¢ in place
of V, ¢ in condition (ii) we define the space @u.(£2' x 2 x RP) of slow-scale generalized
phase functions on 2’ x 2 x RP.

In the case of slow-scale generalized phase functions and regular or slow-scale gener-
alized amplitudes, a careful inspection of the proofs of Proposition 4.2 and Lemma 4.3
leads to the following properties concerning the partial differential operator Ly and the
Fourier integral operator A. We begin by observing that if (¢.). € Mg s(£2'; 2 x RP),
then the net (g, ) given by (4.3) is an element of M;i?g(Q’XQXRP\O)' Hence, when
¢ € Dsc(§2';£2 x RP) the operator Ly in (4.5) has coefficients a; € G0 (2 oxwrey and
bi; € € G~ (g« axre)- 1t follows that Lg is continuous from S7% (2" x 2 x RP) to

p,0,rg

S’m_hs(ﬁ’ x £2 x RP) and, since the coefficients of L, are of slow-scale type, the inequal-

p,0,rg
ity
(m—nhs h m
P i g (L) < €P s g (@)
holds for all a.

We will state the theorem on the regularity properties of
Avu— v Sa(z, y, Euly) dyde
2xRP

when ¢ € & (2';2 x RP) and a € ~;’?5’rg((2’ x £2 x RP) below. But first we observe
that the product between a(x,y,ﬁ) and u(y) is a continuous C-bilinear form from

ST 1 (92 X 2 X RP) x G2(£2) to 85 (£ x £2 x RP) and that

i¢(z,y,§
o8 ¢ guSS'(il]vl(Q’xQxRP\O)
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when ¢ € QN%C(Q'; £2 x RP). Consequently, if ¢ € QBSC(Q’; 2 xRP) ac€ 3;75,@(0/ X {2 x RP)
and u € G (£2), then

ei¢(w’y’€)Lg(a($,y,f)u(y)) c Sg?ir];;8+1(9/ x {2 x RP).

In this situation the oscillatory integral

/ v Da(z, y, uly) dydé = v L (ale,y,E)uly)) dy A€
2 xRP 2 xRP
is the integral of a generalized symbol in 33?;%84'1(9’ x {2 x RP) with compact support

in y.
Theorem 4.10. Let ¢ € D4 (£2'; 2 x RP).

(i) Ifa € 5;’}57@(!2' x 2 x RP), the corresponding generalized Fourier integral operator

Aru— v a(z, y, Euly) dy d¢
2XRP
maps G°(2) continuously into G (£2').
(i) Ifa € S;goo(ﬂ’ x 2 x RP), then A maps G.({2) continuously into G ({2').

Proof. (i) By Theorem 4.5 we already know that Au € G(£2’). A direct inspection of
the representative given in (4.8) shows that when ¢ € &4 (£2"; 2xRP) and a € S;’f(;’rg(.(?’ X
2 x RP) the generalized function Au has a representative in £57(£2'), i.e. Au € G>®(£2').
Concerning the continuity of the map A, we recall that Au € Ger (1) for each k € N and
that, by Remark 2.2,

m—hs id(x
PK’,k(Au) g P(()717K/><+I§3rg(e ¢( ’y’g)Lg(a(I7y7§)u(y)))7
when m — hs + 1 4+ k < —p. Hence, the continuity of Lg and of the map G*(f2) —

N;’?&rg(ﬂ’ X 2 x RP) :u— a(z,y,&)u(y) yields

m—hs+1 ibd(x
Pyt (@O L (a(z, y, €)uly)))
1 id(x m—hs
<P s (€0 HO)PI L) (Ll (a(e,y, ©)uly)))
< eZPﬁﬁ,)K/Xx;rg(a)Pg?m) (u).

As a consequence, since Pgeo (k) (Au) = supyey Prv x(Au), we may conclude that there
exists a constant C' > 0 such that Pgec(x+)(Au) < CPgee () (u) for all u in G°(§2) with
compact support contained in K € 2. This proves that A is continuous from G2°(£2) to
G>(£2).

(ii) Let us assume that a € SYEOO(Q’ x {2 x RP). By Theorem 4.5 we have that Au €
G(£2). Since the order of a is —oo, the integral we deal with is absolutely convergent.
Again by Remark 2.2, when u € Gi(£2) and m + k < —p, we obtain

1 id(x m
PK’JC(AU) < P(g,l),K’XK;rg(e o 7y7£))7);(),6,)[(’><I<;rg(a)7)g1<(Q)ro(u)'
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By definition of a regular symbol of order —oo and the corresponding ultra-pseudo-
semi-norms, there exists a constant C' > 0 which depends only on K’ x K such that
P,Efg’)K,XK;rg(a) < C for all m. Therefore, Au € G*(£2’) and the continuity of the map A
is proved by

Pgee (1) (Au) = sup Prcr 1 (Au) < C"Pge (2),0(w).
S

5. The functional I,(a) € £(G.(£2),C)

In this section we investigate the properties of the functional

Iy(a) : Ge(£2) = Cru— 0 Sa(y, eu(y) dydg
QxRP

in more depth. Before defining specific regions depending on the generalized phase func-
tion ¢, we observe that any ¢ € 55(!2 x RP) can be regarded as an element of gségmxw\o)
and, consequently, |[V¢¢|? € ngg(ngp\O).

Let §2; be an open subset of £2 and I" C RP\0. We say that b € S°(£2xRP\0) is invertible
on 1 x I' if for all relatively compact subsets U of 21 there exists a representative (b.)
of b, a constant € R and n € (0,1] such that

inf  |b > 5.1
yeg}gerla(y,f)\ £ (5.1)

for all ¢ € (0,n]. In an analogous way we say that b € SO(Q x RP \ 0) is slow-scale
invertible on (21 x I' if (5.1) holds with the inverse of some slow-scale net (s¢). in place
of €”. These kinds of bound from below hold for all representatives of the symbol b once
they are known to hold for one of them.

In the following 7, denotes the projection of {2 x RP on f2.

Definition 5.1. Let ¢ € &(2 x R?). We define Cy, C 2 x R?\ 0 as the complement of
the set of all (zq, &) € 2 x RP\ 0 with the property that there exist a relatively compact
open neighbourhood U(zg) of xy and a conic open neighbourhood I'(§y) € RP \ 0 of &,
such that |Veg|? is invertible on U(zg) x I'(§). We set m(Cy) = S and Ry = (Sy)°.

By construction Cy is a closed conic subset of 2 x R? \ 0 and Ry C {2 is open. It is
routine to check that the region Cy coincides with the classical one when ¢ is classical.

Proposition 5.2. The generalized symbol |V¢$|? is invertible on R, x RP \ 0.

Proof. Let us fix a representative (¢.). of (2 x R?). If K € Ry then K x {¢: |¢| =
1} C (Cy)°. K and {£ : |£] = 1} can be covered by a finite number of neighbourhoods
{U(2;)}¥, and {I, (fj)}jj\i(f“) respectively, such that on each U(x;)x I, (&;) the estimate

‘Vfﬁba(ﬁ% §)|2 > Ci,jcfri"i
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holds for some constants ¢; ; > 0,7; ; € R and for all € € (0,7 ;]. It follows that there
exist ¢ > 0, 7 € R and n € (0, 1] such that when y is varying in vazl U(z;), £ € RP\O
and € € (0,n] we have

[Vede(y,€)* > ce.
This proves that |[V¢@|? is invertible. O

Remark 5.3. Proposition 5.2 says that, on every relatively compact open sub-
set U of Ry, ¢luxre has the property of a generalized phase function in (1~5(U ;RP).
More precisely, ¢|uxre € (U;RP) when ¢ is varying in some smaller interval (0,7n] C
(0,1], the net (¢-|uxre)eec(o,y satisfies the S}llg(U x RP \ 0)-moderateness condition and
(Vede(y,€/1€]))e is strictly non-zero. In order to have a representative of ¢ defined on
the interval (0, 1] we may take ¢.(y,§) if € € (0,7n] and & if € € (n, 1]. Clearly, the phase
function ¢|y«ge does not depend on the choice of the classical phase function we use on
the interval (n, 1].

The more specific assumption of slow-scale invertibility concerning the generalized
symbol |V¢p|? is employed in the definition of the following sets.

Definition 5.4. Let ¢ € &(£2 x RP). We define C3¢ C 2 xRP\ 0 as the complement of
the set of all (xg,&p) € £2 x RP\ 0 with the property that there exist a relatively compact
open neighbourhood U(z) of z¢ and a conic open neighbourhood I'(§y) € RP \ 0 of &
such that |[V¢o|? is slow-scale invertible on U(zo) x I'(&y). We set To(CF) = S and
Ry = (S%)°.

By construction C;C is a conic closed subset of 2 x R? \ 0 and RZC C Ry C N2is
open. In analogy with Proposition 5.2 we can prove that |V5¢>\2 is slow-scale invertible
on R x RP\ 0.

Theorem 5.5. Let ¢ € ¢(2 x RP) and a € 3;:%((2 x RP).

(i) The restriction I4(a)|r, of the functional I4(a) to the region Ry belongs to G(Rg).

(ii) If ¢ € Boc(2 x RP) and a € 875 (2 x RP), then Iy(a)| e € G (R).

Proof. (i) Let {2y be a relatively compact open subset of Ry. By Remark 5.3 we know
that ¢o := @| o, xre is a generalized phase function in @(§2p; R?). By Theorem 4.5 we have
that the oscillatory integral

/ %W Sa(y, §)ag
RP

defines a generalized function wg in G(§2y). Now let (£2;)jen be an open covering of
Ry such that each {2; is relatively compact. Arguing as above, we obtain a sequence
of generalized phase functions ¢; € @(Qj;RP) and a coherent sequence of generalized
functions

w;(y) = /R gy €)de € G(1)).
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Thus, the sheaf property of G(Ry) yields the existence of a unique w € G(Ry) such that
w|p; = wj for all j. It remains to prove that

Iy(a)(u) = / w(y)u(y) dy

Ry

for u € G.(Ry). On the level of representatives, we may assume that supp . is contained
in some {2; for all ¢ and we write the oscillatory integral

| @00y, dya
Qj xRP
as an iterated one. This yields the following equality between equivalence classes:
L@@ = [ 09y up)dyas = [ wu)dy= [ e
02, xRP Q; Ry

(i) Let ¢ € Pye(2 x RP) and a € Sl’)’f&rg(!? x R?). Then one easily sees that ¢; €
P, (2;;RP) for all j and that, by Theorem 4.10, each w; is a regular generalized function.

Hence, w € G*°(R) or, in other words, Iy(a)|rs belongs to G*°(RE). O

Theorem 5.5 means that
sing suppg I4(a) C Sy

if ¢ € &(2 x RP) and a € S7'5(£2 x RP) and that
sing suppge I(a) C S5°
if ¢ € Pye(2 x RP) and a € 875 (2 x RP).
Example 5.6. Returning to Example 4.7 we are now in the position to analyse the

regularity properties of the generalized kernel functional I4(a) of the solution operator
A corresponding to the hyperbolic Cauchy problem. For any v € G.(R?) we have

Is(a)(v) = /// ei¢($’t’y’f)a(x,t,y,f)v(x,t,y) dzxdtdydg, (5.2)

where a and ¢ are as in Example 4.7. Note that in the case of partial differential oper-
ators with smooth coefficients and distributional initial values the wavefront set of the
distributional kernel of A determines the propagation of singularities from the initial
data. When the coefficients are non-differentiable functions, or even distributions or gen-
eralized functions, matters are not yet understood in sufficient generality. Nevertheless,
the above results allow us to identify regions where the generalized kernel functional
agrees with a generalized function or is even guaranteed to be a G*°-regular generalized
function. To identify the set C4 in the situation of Example 4.7 one simply has to study
invertibility of d¢¢(x,t,y,§) = v(z,t;0) —y as a generalized function in a neighbourhood
of any given point (xg, to, yo)-
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Under the assumptions on ¢ of Example 4.7, the representing nets (v (-, -; 0))56(0’1] of
~ are uniformly bounded on compact sets (e.g. when ¢ is a bounded generalized constant).
For given (z,to) define the generalized domain of dependence D(zg,tp) C R to be the
set of accumulation points of the net (7 (zo,%0;0))cc(0,1)- Then we have that

{(x0,t0,90) € R? : yo & D(z0,t0)} C Ry.

When ¢ € R this may be proved by showing that if (z¢, %0, y0) € Cp then there exists
an accumulation point ¢’ of a representative (c.)e of ¢ such that yg = z¢ — 'to.

Example 5.7. As an illustrative example concerning the regions involving the regu-
larity of the functional I;(a) we consider the generalized phase function on R? x R? given
by ¢e(y1,y2,&1,E2) = —ey1€1 — s.y2€a, where (s.). is bounded and (s-1). is a slow-scale
net. Clearly, ¢ := [(¢)c] € Pec(R? x R?). Simple computations show that Ry = R?\ (0,0)
and R = R2\ {y2 = 0}. We leave it to the reader to check that the oscillatory integral

/ elqb(y,ﬁ)(l + é—% 4 5%)1/2 aé— _ |:(/ e—iay1§1—135y2€2(1 + é‘% + 53)1/2 (—:[é-l 652):|
R2 R2 g

defines a generalized function in R?\ (0,0) whose restriction to R?\ {yo = 0} is regular.

The Colombeau-regularity of the functional I;(a) is easily proved in the case of gen-
eralized symbols of order —oo.

Proposition 5.8.
(i) If € &(2 x R?) and a € S~°(2 x RP), then sing suppg I4(a) = 0.
(i) If ¢ € P (2 x RP) and a € S;gOO(Q x RP), then sing suppge Ig(a) = 0.

Proof. (i) Arguing as in §3 we have that e¢®-€q(y, ) is a well-defined element of
S~°(£2 x RP). Hence, by Proposition 2.1 (ii) we obtain that Jro e ?WEq(y, &) a¢ € G(N).
A direct inspection of the action of Is(a) at the level of representatives shows that the
functional Iy (a) coincides with the generalized function [, e ?Wq(y, €) d¢. This means
that sing suppg Iy (a) = 0.

(ii) When ¢ is a slow-scale generalized phase function and a € S;goo(() x RP) we
have e¢W:&q(y,¢) € S (2 x RP). Therefore, by Proposition 2.1 (iii) we have that
Je» €2@0a(y, &) @€ € G*(£2) and then sing suppge I(a) = 0. O

For technical reasons, we will multiply the generalized symbol a € 3:;’6((2 x RP) by
a cut-off function p € C°°(RP) such that p(§) = 0 for |{] < 1 and p(§) =1 for |¢] > 2
in the following. One easily sees that a(y,&)p(§) € 7775((2 x RP). Now let V' be a closed
conic neighbourhood of cone supp a. There exists a smooth function x(y, &) € 2 x RP\ 0,
homogeneous of degree 0 in ¢ such that suppx C V and y is identically 1 in a smaller
neighbourhood of cone supp a when |¢| > 1. It follows that p(£)a(y, &) x(y, &) = a(y, &)p(€)
in S;T(S(Q x R?). Note that the representing net (p(&)ac(y,&)x(y,§))e of p(§)a(y, &) is sup-
ported in the conic neighbourhood V' of cone supp a uniformly with respect to ¢ € (0, 1].
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Before stating Proposition 5.9 we note that if 29 € (m(Cy N conesuppa))®, then
there exists a relatively compact open neighbourhood U(z) of 9 and a closed conic
neighbourhood V' of conesuppa such that

(U(zo) x {&: €] 21} NCyNV =0.
Proposition 5.9.
(i) If ¢ € (2 x RP) and a € S7'5(£2 x RP), then

sing suppg Ig(a) C mo(Cy N conesupp a).

(i) If ¢ € Dee(£2 x RP) and a € ST (2 X RP), then

sing suppge Iy(a) € mo(C5° N conesupp a).

Proof. (i) Since (1 — p(€))a(y,&) € S~°°(£2 x RP), Proposition 5.8 (i) yields that
sing suppg I4(a) coincides with singsuppg I(ap). By the previous considerations on
the conic support of a we can insert a cut-off function x with support contained in
a closed conic neighbourhood V' of conesuppa as above. Hence, singsuppg I4(a) =
sing suppg Ig(apx). Now let zg be a point of (7o(CyNconesuppa))® and let U(xg) a rel-
atively compact open neighbourhood of z such that (U(zo) x {{ : |§] = 1})NCyNV = 0.
The generalized symbol apy, when restricted to the region U(xg), has the representative
(ae(y, §)p(€)x(y,€)) which is identically 0 on (U(xo) x R?) N Cy. By Theorem 5.5 (i) this
means that the oscillatory integral

(/R e%(y,&)a(y,f)p(é)x(y,f)ag)

U(zo)

defines a generalized function in G(U(xo)) whose representatives can be written in the
form

/R P WOLE (y:€,0¢)(ax(y, O)p(€)x(y, €)) A&

for € small enough. This proves that xo ¢ singsuppg Iy(a).

(ii) Ifa € ~/’jfé’rg(ﬂ x RP), then (1—p(¢))a(y, &) € 3;0,00((2 x RP). By Proposition 5.8 (ii)
it follows that sing suppge I¢(a) = sing suppge I(apx). Arguing as in Theorem 5.5 (ii)
we obtain that if 2y € (m1(Cy N conesuppa))®, then

( [ 0ty p(n(r.© a£>

U(a}o)

belongs to G>°(U(xg)). Consequently, zo & singsuppge Iy (a). O

https://doi.org/10.1017/50013091506000915 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506000915

Generalized oscillatory integrals and Fourier integral operators 379

Remark 5.10. When we deal with generalized symbols of refined order, the conic
support can be substituted by the microsupport. More precisely, a combination of Propo-
sitions 5.8 and 5.9 yields the following assertions:

(i) if $ € (2 xR") and a € 3;?5/700((2 x R™), then

singsuppg Ig(a) C mo(Cy N pug(a));

(i) if ¢ € Due(2 x R") and a € S (2 x R"), then

sing suppge Iy(a) C mo(C N pg=(a)).

Indeed, assuming that the cut-off x is identically 1 in a conic neighbourhood of
pig(a) when |¢| > 1, then ap(l — x) € S™°(2 x R"). Hence, singsuppg I(a) =
sing suppg Ig(apx) € 7o (Cy N conesupp(apx)) € 7o(Cy N pug(a)). By means of analo-
gous arguments, one can easily prove the second inclusion above for ¢ € @y.(£2 x R™)

and a € S;Té;gm(ﬁ x R™).

We conclude the paper by investigating the G-wavefront set and the G°°-wavefront
set of the functional I;(a) under suitable assumptions on the generalized symbol a and
the phase function ¢. We leave it to the reader to check that when ¢ € &(2 x RP),
UCUeR, I CR*\ 0,V C2xRP\O0, then

yeU,eer,  |&]+10] yeU.cer €] 416 -
(y,0)eV €

) )

is a well-defined element of C.

Theorem 5.11.

(i) Let ¢ € d(2xRP) and a € 3;’7%((2 x RP). The generalized wavefront set WFg I;(a)
is contained in the set Wy , of all points (x¢, &) € T*(£2) \ 0 with the property
that, for all relatively compact open neighbourhoods U(xg) of zq, for all open
conic neighbourhoods I'(§y) € R™\ 0 of &, for all open conic neighbourhoods V' of
conesupp a N Cy such that V N (U(zg) x RP \ 0) # 0, the generalized number

YEU (w0), £€T (&), 1€+ 10|
(y,0)eVN(U (z0) xRP\0)

is not invertible.

(ii) If ¢ € Pye(2 x RP) and a € ~;’,‘5,rg(9 x RP), then WFge I4(a) is contained in
the set W<, of all points (z9,&0) € T*(£2) \ 0 with the property that, for all rela-
tively compact open neighbourhoods U (x) of xg, for all open conic neighbourhoods
I'(§) € R™\ 0 of &, for all open conic neighbourhoods V' of cone supp a N C3° such
that V N (U(xg) x RP? \ 0) # 0, the generalized number (5.3) is not slow-scale

invertible.
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Proof. (i) Let us assume that (zg,&o) & Wy,q. By the definition of Wy, , there exist an
open relatively compact neighbourhood U (zg) of z¢, an open conic neighbourhood I'(&)
of &y and a closed conic neighbourhood V' of cone supp aNCy such that the corresponding
generalized number in (5.3) is invertible. Assume that x(y,6) is a smooth function on
2 x RP\ 0, homogeneous of degree 0 in 6 with support contained in V' and identically 1
in a smaller neighbourhood V' of conesuppa N Cy when |§] > 1. Choosing p(6) as
explained before Proposition 5.9, we have that I,(a(1—p)) € G(£2) by Proposition 5.8 (i).
Hence, WF¢ I(a) = WFg I;(ap). Inserting the cut-off function x and making use of
Proposition 5.9 (i) we arrive at

sing suppg I (ap(1 — x)) € mo(Cy N conesuppa N (V')¢) = 0.

Thus, WFg I4(a) = WFg I4(apx).
Since (z9,&0) & Wy,q there exists a representative (¢.). of ¢, n € (0,1] and r € R such
that

€ = Vyoe(y, 0)] = € (I¢] + 16]) (5-4)
for all y € U(xzg), § € I'(&) and (y,0) € VN U(xzg) x RP \ 0. Consider the family of

differential operators
ay (bs Y, )
= z D
b ZIE Vye(y, 0)2 "

under the assumptions on y, 6, £ above and denote the coefficient (&; —9,,¢.(y,0))/]§ —
Ve (y,0)|> by dj(y,0,€). Combining (5.4) with the fact that (¢.). € Mz (2xre\0)
we get that

VaeN" 3N eN Ine (0,1] Ve I'(&) Y(y,0) e VN (U(xo) x RP\0) Ve € (0,1n],

|05d; 2 (y,0,6) < e N(0] + &)~
(5.5)

By construction, L.e!(#=:0)=48) — ¢i(¢=(1,0)-v&) and the transpose operator is of the form

L‘S - Zaj75(y’ e’g)Dy; + Cs(yv 036)7

j=1
with the coefficients (a;,c). and (cc)e satisfying condition (5.5). If (b:): € Msm (2xrr),
an induction argument yields the following result:
VieN IN eN 3ne(0,1] VEeI'(&) Y(y,0) e VN (U(zg) x R\ 0) Ve e (0,7],
|(L2)'b-(y, O)] < e N (Ie] + 101) (L + g™+
(5.6)

We now have all the tools at hand for dealing with the Fourier transform of the functional
wly(apx) € L(G(£2),C) when ¢ € C°(U). By definition, it is the tempered generalized
function given by the integral

/ W0y, 0)p(0)x (v, 0)e ¥ p(y) dy db,
2 xRP
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and from the previous considerations it follows that it has a representative (f.). of the
form

/Q } @<=y (LT (a_(y, 0)p(0)x(y, 0)p(y)) dy A6

when ¢ is small enough and ¢ is varying in I'(§p). Making use of the estimate (5.6) and
taking [ so large that for 6 < A < 1 one has m + (§ — A\)l < —p, we conclude that

AN, eN Fe>0 Fpe(0,1] VEeTI (&) N{E: ¢ =>1} Vee (0],

£ < e Mg [ g oo Mas. 57)
Rr

This shows that (¢I,(apx)) is a generalized function in Gs (I"). The characterization
of the wavefront set of a functional given in [11] proves that (zg, &) does not belong to
WFg Iy(apx) = WFg I(a). 3

(ii) We now work with ¢ € @ (2XxRP), a € 85 |, (2xRP) and (z¢, &) & W,. Choos-
ing p(#) and x(x, #) as in the first case, with V' and V' neighbourhoods of cone supp aNC%¢,
we have that Iy(a(1 —p)) € G>(£2) by Proposition 5.8 (ii). Moreover, Proposition 5.9 (ii)
leads to

sing suppg I (ap(1 — x)) € mo(Cy Nconesuppa N (V')) = 0.

Hence, WFge I3(a) = WFge I(apx). By the definition of W, there exists a represen-
tative (¢e)e of ¢, a slow-scale net (s.). and a number 7 € (0, 1] such that

1€ = Vyoe(y. 0)] = s (€] + 10]) (5.8)

for all £ € I'(&), (y,0) € VN (U(xo) x RP\ 0) and € € (0,7]. This, combined with the
hypothesis ¢ € $,.(£2 x RP), implies that the coefficients of the operator LT are nets of
slow-scale type. Furthermore, when (b.). is the representative of a generalized symbol
bin 8™ (2 x RP), we are allowed to change the order of the quantifiers VI € N and
IN € Nin (5.6). As a consequence, the estimate (5.7) holds with some N independent
of I > 0. We conclude that (¢I,(apy)) is a generalized function in Gso(I") and then

(z0,80) € WFge Iy(apx) = WFge Iy(a). U

Example 5.12. Theorem 5.11 can be employed for investigating the generalized wave-
front sets of the kernel K4 := I4(a) of the Fourier integral operator introduced in Exam-
ple 4.7. For simplicity we assume that ¢ is a bounded generalized constant in R and that
a = 1. Let ((zo,%0,%0),&) € WFg K 4. From the first assertion of Theorem 5.11 we know
that the generalized number given by

|£ — (67 _6597 _e)l

inf
(z,t,y) €V, EET, €] + 10|
((z,t,9),0)EVN(U xR\0)

(5.9)

is not invertible, for every choice of neighbourhoods U of (2o, to,40), I" of §o and V' of Cs.
Note that it is not restrictive to assume that |§| = 1. We fix some sequences (Uy)n, (I'n)n
and (V4,),, of neighbourhoods shrinking to (xo, to, ¥0), {€oA : A > 0} and Cy, respectively.
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By (5.9) we find a sequence ¢, tending to 0 such that for all n € N there exists &, € I},
(T, tn, Yn,On) € Vi, with |6, =1 and (z,,, tn, yn) € Uy, such that

|§n — (O, —Ce,,On, _Hn)‘ < 5n(‘§n| +1).

In particular, &, remains bounded. Passing to suitable subsequences, we obtain that there
exist 0 such that (zo,to,yo,8) € Cy, an accumulation point ¢’ of (c.). and a multiple £’
of & such that ¢ = (0, —c'6, —0). Tt follows that

b & 1 4 g

Sl T V2t (@)l
In other words, the G-wavefront set of the kernel K 4 is contained in the set of points
of the form ((xo, o, yo), (6o, —c'60, —00)), where (zo, to, Yo, 00) € Cy and ¢’ is an accumu-
lation point of a net representing c. Since in the classical case (when ¢ € R) the distribu-
tional wavefront set of the corresponding kernel is the set {((zo, to,yo), (6o, —co, —6p)) :
(0, to, Yo, 00) € Cp}, the result obtained above for WFg K 4 is a generalization in line
with what we deduced about the regions R4 and Cy in Example 5.6.

Remark 5.13. It is instructive to give an interpretation of the results stated in The-
orem 5.11 in the case of classical phase functions.
When ¢ is a classical phase function, the set Wy , as well as the set Wg°, coincide with

{(z,Vz¢(z,0)) : (x,0) € conesuppa N Cy}. (5.10)

Indeed, if (z9,&p) is in the complement of the region defined in (5.10), then there exists
a relatively compact neighbourhood U (z) of xg, a closed conic neighbourhoods I'(£y) C
R\ 0 of & and a conic neighbourhood V' of conesupp aNC%° with VN (U () xRP\0) # 0
such that V,é(x,0) & I'(&) for all (z,0) € V with © € U(xg). By continuity and
homogeneity of ¢, we conclude that there exists ¢ > 0 such that

€ = V,0(y,0)]
veieer,  Jg+10] ¢
(y,0)eV

It follows that (zg,&0) € Wy.q. Clearly, if (x0,&0) & We.a, then (20, &) does not belong
to the set in (5.10).

When the functional I(a) is given by a generalized symbol of refined order on 2xR", a
more precise evaluation of the wavefront sets WEg I (a) and WFge I (a) can be obtained
by making use of the generalized microsupports g and pge instead of the conic support
of a in the definition of the sets Wy , and W§° , respectively. As noted in §2.4, symbols
of refined order have to be used in connection with generalized microsupports.

Corollary 5.14.

(i) Let ¢ € (2 x R") and let a € 327(5/700(0 x R™). The generalized wavefront set
WFg I,(a) is contained in the set Wy , g of all points (xo,&) € T*(£2) \ 0 with the
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property that, for all relatively compact open neighbourhoods U (xq) of xq, for all
open conic neighbourhoods I'(§y) € R™\ 0 of &, for all open conic neighbourhoods
V of pga N Cy such that V N (U(xo) x R™\ 0) # 0, the generalized number

€ = Vyo(y, 0)]

Inf
YU (20), £ (&), €] + 10|
(4.0)€V (U (o) xR™0)

(5.11)

is not invertible.

(ii) If¢ € Dyo(£2 x R") and a € S'{ (62 x R™), then WFg= I,(a) is contained in the
set W5¢, goo of all points (xo,&o) € T*(§2) \ 0 with the property that, for all rela-
tively compact open neighbourhoods U (xq) of xg, for all open conic neighbourhoods
I'(&9) CR™\ 0 of &, for all open conic neighbourhoods V' of pigean O3 such that
VN (U(zg) x R™\0) # 0, the generalized number (5.11) is not slow-scale invertible.

Note that, since pga C pgea C conesupp a for any symbol of refined order, we have
that Wy a,6 © Wsa and Wy o g © WSS, by construction.

Proof of Corollary 5.14. (i) Let p € C*(R"™) such that p(d) = 0 for |[f] < 1, let
p(0) =1 for |f| > 2 and let x(y,8) be a smooth function in {2 x R™\ 0, homogeneous of
degree 0 in 6 with support contained in a neighbourhood V of pg(a) NCy, and identically
1 is a smaller neighbourhood V” of pg(a) NCy when |0] > 1. Remark 5.10 (i) implies that
WFg I;(a) = WFg Is(apy). At this point an application of Theorem 5.11 (i) yields the
desired inclusion, since cone supp(apy) C supp x C V.

(ii) The second assertion of the theorem is obtained by Remark 5.10 (ii) combined with
the second statement of Theorem 5.11. |

Remark 5.15. When ¢ is a classical phase function on {2 x R", Corollary 5.14 and
the truncation arguments employed in Remark 5.13 yield the inclusions

WFG I(a) C {(2. V.0(2.,0)) : (2,0) € pg(a) N (5.12)
W Iy(a) C {(2, Vao(2,0)) : (2,0) € pge(a) N Cy}, (5.13)

valid for a € 3:?5/700(9 x R") and a € Sxé;gm(ﬁ x R™), respectively.
Finally, we consider a generalized pseudodifferential operator a(z, D) on {2 and its

kernel Ko, py € L(Gc(£2 x £2),C). From (5.12), we have that WFg (K ,(,,p)) is contained
in the normal bundle of the diagonal in {2 x {2 when a € S;%(Q x R™). By (5.13),
WFgoe (Kqo(z,p)) is a subset of the normal bundle of the diagonal in {2 x {2 when a is
regular. We define the sets

WFg(G(SL’,D)) = {(if,f) € T*(Q) \ 0: ((E,S&f, _5) € WFQ(K(L(T,D))}
and

WFgee (a<x’D)) = {(l‘,f) € T*(Q) \ 0: (l‘,l‘7§, _6) € WFQO"(Ka(m,D))}'
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Proposition 5.16. Let a(xz, D) be a generalized pseudodifferential operator.
(i) Ifa € S;%(Q x R™), then WFg(a(z, D)) C psuppg(a).

(i) Ifae 8

sre(£2 X R"), then WFgee (a(z, D)) C pisuppge (a).

Proof. (i) Let (a.). be a representative of a and k((ac)e) = (ae)e + N7°(2 x R™).
From (5.12) we have that

WFG(Ky((ao).)(2.0)) € {(z,2,&=§) € T*(2 x 2)\0: (2,§) € pg(r((ac)e))}-

The intersection over all representatives of a combined with (2.9) yields

WFQ(Ka(:r,D)) - {($’x7€’ _5) € T*(Q X Q) \ 0: (x7€) € Nsuppg(a)}'

Hence,
WFg(a(z,D)) C psuppg(a).

(ii) The second assertion of the proposition is obtained as above from (5.13) and the
equality (2.10). O

In consistency with the notation introduced in [13, Definition 3.9] and [11, Definition
3.11] we can define the G-microsupport of a properly supported generalized pseudodiffer-
ential operator as

[ suppg(A) = (1 wsuppg(a)
a€Ss (2XR™),
a(z,D)=A

and the G°°-microsupport as

M suppge (A) := m [t SUPPges ().
aGS‘;ﬁLé,rg(QXR"),
a(z,D)=A

From Proposition 5.16 it follows that WFg(A) C psuppg(A). In particular, if A is given

by a symbol in N;’?&,rg(ﬂ x R™), then WFge (A) C psuppge (4).
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