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Abstract  We study various Dirichlet series of the form 3°, -, f(mna)/n®, where o is an irrational
number and f(z) is a trigonometric function like cot(x), 1/sin(x) or 1/sin?(x). The convergence is
slow and strongly depends on the Diophantine properties of a. We provide necessary and sufficient
convergence conditions using the continued fraction of a. We also show that any one of our series is
equal to a related series, which converges much faster, defined in term of iterations of the continued
fraction operator a — {1/a}.
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1. Introduction

We study the convergence of certain Diophantine Dirichlet series of the form

Z@ (1.1)

where o € R\ Q, s € R. We will consider functions f defined on R\ Z and such that
Sup,ep\z [sin” (7z) f(x)| < oo for some r > 1 but sup,cp\z [sin”(7z)f(z)| = +oo for
any p < r. Typically, f is a trigonometric function such as a power of the cotangent
or cosecant functions. It is easy to find sufficient conditions on « and s that ensure
convergence of such series for almost all real numbers « (see Proposition 3.1). These
conditions are expressed in terms of the continued fraction of a,, which explains the word
‘Diophantine’ in the title.

Sometimes, the sufficient conditions given in Proposition 3.1 are also necessary, but
when they are not it is a difficult problem to find the exact convergence conditions.
It is also difficult to accurately compute an approximate value of some specific exam-
ple of (1.1), because such series usually converge slowly, with the speed of convergence
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depending strongly on the Diophantine characteristics of a. An efficient alternative
expression for (1.1) is thus desirable.
The main results of the paper address both issues for the series

i (mna) and  &,(a) = i . (1.2)

in? wna)

We note that —7®,_ (a) is formally the derivative of @4(r) with respect to a, but $,(c)
is in fact nowhere continuous, which is a source of difficulty in the study undertaken here.
We will prove that, for s > 2, the series @4(«) and @s(a) converge if and only if

oo

Z jQJ—H) and qu-i-l (1.3)

Jj= ]Oq]

respectively, converge, where ¢, (a) is the denominator of the nth convergent to a. We
will also prove alternative expressions for both series in (1.2); roughly speaking, these
identities provide an exact expression for the difference between a series in (1.2) and a
modified version of (1.3). The general results are presented in §§ 1.2 and 1.3, respectively.

In certain cases where s is an integer, these alternative expressions are quite simple
and enable one to compute numerical approximations of both series much faster than
with the series in (1.2). For example, where G3(z) = 73(z* — 52% + 1)/(90z) and T7 ()
is the jth iterate of T'(«) := {1/a}, with {-} the fractional part function. The right-hand
side is directly related to the series Zj>0(71)jqj+1(a)/q§)(0é).

In §1.4, we obtain sufficient convergence conditions and acceleration identities for the
three Diophantine Dirichlet series

AGESY ,(.71)”

< sin(mna)”

n=

These series are tied together in our study. Generalizations of (1.2) (in particular, a
multivariate generalization where the Jacobi-Perron algorithm naturally appears) are
briefly discussed in § 7.

The study of the convergence at irrational points of ‘Diophantine’ Dirichlet or
trigonometric series is a classical subject, studied in particular by Hardy and Little-
wood [13,14, 16|, Chowla [7], Davenport [8,9] and Walfisz [29]. In [16], the series
@, (o) and ¥,(a) are studied for s = 1 and s = 0 (when they diverge) for quadratic
numbers @ = Va2 + 1, a an odd integer; these series also played a role in the recent
paper [4]. Our approach, which is different, might also be used in the situation of [16].
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With o,(n) = 3_,,, d°, Wilton [30] proved that the trigonometric series

i COS (2mna) i

converge for a given irrational number « if and only if

sm (2mna)

2 L ane Z rons

respectively, converge. In principle, his method could even provide an explicit formula
(like the above one for @3(a)). Such questions have recently gained renewed interest,
after the introduction in [11] of the P-summation in the study of ‘Davenport’s identities’
(which in short ask ‘for which irrational numbers are two not-everywhere convergent
series equal?’ [8,9]), a method subsequently used in [21] for a similar purpose. A study
of the fine analytic properties of the Brjuno series

Z log(gj+1())

= 6@

was recently made in [3], in connection with a problem raised in [2]. In [26,27], it is
proved that Bundschuh’s series defined by >°°° | (—1)[27%] /n converges if and only if

- log(gza(e)
D )

320,2tg;(a)

converges, and that its Fourier series is

4 1
- —Vo in(2 I
- E 0 ad(n) sin(2mna)

n>=1

where c,qq(n) is the number of odd divisors of n and [-] is the integer part function.
A ‘Diophantine’ expression for Bundschuh’s series could probably be derived from the
study in [26]. Finally, let us mention that in [10] Davenport gave a new proof of an
identity due to Hardy and Littlewood [15] for Hecke’s series >~ ; [na]/n® (in the spirit
of the above expression for @5(a)), as well as a proof of the related identity

2% (@) +q;—1(a)

;[na]xn = Z(_l)jil (1 _ xq]'.(a))(l _ ij'fl(a))'

Jj=1

This identity is useful for studying the arithmetic nature of the values of the power series
on the left-hand side [22]. Tt is possible that the identities proved in this paper could
also be used to determine the arithmetic nature of the values of the series @4(a).
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1.1. Properties of continued fraction expansions

Before going further, we recall a few properties of continued fractions. A classical
reference is [17].

For any real number « such that 0 < o < 1, we define the classical ‘continued fraction
operator’ T'(a) = {1/a}, which maps (0, 1) into itself. This operator generates the regular
continued fraction

[ag; a1,a9,...] =ao+ ! N
a;+ ——
ag + e
of a, where a; := [TV(a)]. We also define p,(a) and g,(«) as the numerator and
denominator, respectively, of the nth convergent [ag;a,as,...,a,] to «; in particu-

lar, p_1(a) = 1, g_1(a) = 0 and po(a) = 0, go(c) = 1. (For the sake of better read-
ability, we will not always mention the dependence of ¢,(«) and p,(«) on «.) Both
sequences satisfy the same recurrence relation: for any n > 0, ppi1 = Gni1Pn + Pn_1
and ¢n41 = Ant1Gn + @u_1. It is useful to have in mind that p,(T*(a)) = prix(a) and
40 (T*(a)) = gnir(a) for any integers k,n > 0, because the continued fraction of T%(«)
is [ag; Gk41, Qkt2, - - - |. We also have

o —pr |gea—pyl

Tk (o) = =
( ) Prk—1 — qp—1C¢ |Qk71a _pk71|

and
aT(a) - TF(e) = (=1)"(qeer — pi) = |aror — prl.

Furthermore, % < Qr+1lgra — pr| < 1, so that, for any real numbers 7, s,

lgk—10 — pr—1l® _ Gy

= 1.5
[P — qra” qa (1.5)

For any irrational a, we have q; > 27/2 hence for any real number s > 0, the series
>k laka —pi|® is convergent. Finally, the function T'(«) is differentiable at any irrational
point « and at any rational point of [0, 1] that is not the inverse of an integer, where
T'(a) = —1/a?. Tt follows that (T7(a)) = (=1)7/(aT(a)---T7~1(a))? for any integer
j =1 (as induction easily shows), and that

(o)
(@T(a)---T*(a))?

(@T(a)- T/ (@)) = aT(e) - T(a) Y (~1)* (1.6)

k=0
at any irrational «, which follows by logarithmic differentiation and by the above formula
for (T7(a))".

1.2. The series &;(a)

Henceforth, z° = exp(slog(z)), where log(z) is defined with its principal branch and
larg(z)| < .
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For any real numbers s > 1 and « # 0, set Fs(a, z) := 7 cot(mz) cot(maz)/z*, which is
a meromorphic function of z in the cut plane C\ (—o0,0]. We also define
1 pl/2—ic
Gs(a) = — Fs(a, 2)dz. (1.7)
° 2im )y /24ico ’
An explicit expression of G¢(«) is not known in general, except when s = 2n + 1 is an
odd integer greater than or equal to 3:

n+1

Bo;Bant2—2j 2i1
Gany1(a) = (1) (2m)*"+! —— a7, (1.8)
jgo (25)!(2n + 2 —2j)!

where the B,, are the Bernoulli numbers.* See the end of §4 for the proof of (1.8).
For any s > 1, we have

Gulo) = D | p (), (1.9)

T
where the P; are bounded functions of « € [0, 1]. This will also be proved in §4.

Theorem 1.1. We fix a real number s > 2 and an irrational number « € (0,1). The
series @(«) converges if and only if

oo

(—1y 1) (1.10)
=0 q; ()
converges. Furthermore, we have the identity
o~ cot(mna = ; s— i
Z% =Y (=1Y]gj1a = pj 1" Gs(T (@), (1.11)
n=1 7=0

where both series converge (or diverge) simultaneously.

Remarks. Equation (1.9) implies that the right-hand side of (1.11) converges if and

only if
e s
Z(_l)j lgj—100 — pj—1]
= g0 — pj

converges (because, as stated above, Z;io |gj—1cc — pj—1]° converges for any s > 0). We
will show that this is equivalent to the convergence of (1.10) when s > 2. For s > 2,
it follows from (1.10) that ®4(a) converges for almost all o because, for any € > 0,
the inequality gj11(a) <o, g;(a)**¢ holds for all j > 0 for almost all a (see §2.2 for
details). If we assume that s > 1, it follows from Proposition 3.1 that ®,(«) converges
when 3777 ¢j+1(@)/q; () converges. In fact, it is likely that Theorem 1.1 holds with the
weaker assumption that s > 1. However, we cannot prove this.

* The polynomials Rani1(a) = (=1)"1(27)~ @2+t aGy, 11 (o) form the sequence of Ramanujan
polynomials, whose analytic properties have recently been studied in [23]. As the name suggests, these
polynomials first appeared in certain formulae in Ramanujan’s notebooks on values of the zeta function at
odd integers: see, for example, [5,12]. Ramanujan’s formulae express ¢(4n-+3) in terms of 7473 Ry,, 15 (4)

and of the series 37 > ke~ (4n+3) /(e27k _ 1), The presence of the polynomials Ra,1(c) in the present
paper is not a coincidence.
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1.3. The series $,(a)
For any real numbers s > 1 and « # 0, set

- 7 cot(mz) 10
Fs ) =5, .= 7*7Fs ) 3
(@,2) 2% sin’(maz) 7 O +1(a:2)

which is meromorphic in the cut plane C \ (—oc, 0]. We also define a function G(cr) by

A 190G 1(a
Gs(a) = _;a;;()a
so that
. 1 1/2—ico
Gs(a) = — F.(o, 2)dz.
(@) A7 J1 /24100 (@ 2)

In general, no explicit evaluation of G‘S(a) is known, except when s = 2n is an even
integer greater than or equal to 2 (by (1.8)):

n+1

A 2j —1)ByjBonyo—2; oi_
G — _1 n22n+1 2n ( J J 27 2' 112
(@) = (1) i Z 2)l2n+2—2j) * (1.12)
j=0

For any s > 1, we have
Guta) = D 4 ufa), (113)

where the @, are bounded functions of « € [0, 1].

Theorem 1.2. We fix a real number s > 2 and an irrational number « € (0,1). The
series @4(«) converges if and only if

- qu'+1 (a)
jZ::O £ (1.14)

converges. Furthermore, we have the identities

.

ns sin’ 7T’I’LOé)

:_,Z Iqj 10 = pj1[* Gy (T (), (1.15a)

oo

=> <|qg‘10z —pj1 PG (T ()

Jj=0

DSl o ) S EVTH @)
+ (=1)7F —laj-10 = pj1[*Goa (T (@ ];) (v )2 ) (1.15b)

where the three series converge (or diverge) simultaneously.
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Remarks. From the first assertion, it follows that Qgs(a) converges for almost all a.
By Lemma 3.2, &5 () diverges for all o.

For any j > 0, the function |g;—1c — pj—1|°Gs41(T7 () is differentiable at any irra-
tional point « € (0, 1), so that the summand on the right-hand side of (1.15a) is well
defined for any irrational number. Equation (1.15b) is obtained by means of (1.6). By
definition, we also have

b()= 1 i pa (),

which means that (1.15 a) is the result of a formal differentiation applied to (1.11) (with s
changed to s+1). However, neither @(«) nor the right-hand side of (1.11) are continuous
at a single point of (0,1) and there does not seem to be any general analytic result
enabling us to quickly deduce (1.15a) from (1.11). Instead, we use an ad hoc method.

1.4. The series ¥,(a), ¥,(a) and ¥, ()
The two series @, (a) and $4(r) do not exhaust the possible use of our method. In this

section, we discuss the three series defined by (1.4). We obtain only sufficient conditions
for the convergence of the Diophantine Dirichlet series involved and prove acceleration
identities similar to those proved in Theorems 1.1 and 1.2.

For any real numbers s > 1 and a # 0, we set

7 cot(maz) ™

P, (0[7 Z) = and Qs (a’ Z) -

28 sin(rz) 28 sin(mz) sin(raz)’

‘We also define three functions:
1 1/2—ico

U, = — Py(a,z)dz,
(a) 2im 1/2+ioc0 (a Z) ‘

1
Ve = a0 (3,
1 1/2—ico
Ws(a) == — Qs(a, z)dz.
2im 1/24ic0

There are no known explicit evaluations of these integrals, except when s = 2n + 1 is an
odd integer greater than or equal to 3:

ntl 5on41 2
n n 2 — 2% BQ B2n 2—27
Usnir (@) = (=1)"a? +1Z 2n+2j 25 L2

(1.16)

n+1

n,_2n j n+1—2j5 BQ'BQn 2—275 i
Wang1(@) = (=1)" 721y " (2% — 2)(22n 1727 — 1)(2],)!(1% ++2_72j)!a27 Lo(117)
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Given a function Xy € {Us, Vs, Wi}, we define a sequence (X;);>0 by the following
five rules:

1. if X;_1 = U, and a; is even, then X; = Vj;
2. if X;_1 = Us and a; is odd, then X; = W,;
3. if X;_1 = W, and a; is even, then X; = W;
4. if X;_1 = W, and a; is odd, then X; = Vi;
5. if X;_1 =V, then X; = Us,.

(We recall that a,, = [T*(a)].) This enables us to define three sequences of functions:
(Uj,s)j=0s (Vis)iz0, (Wjs)jzo, with Up s = Us, Vo s = Vs and Wy s = Wi,

Theorem 1.3. We fix a real number s > 1 and an irrational number « € (0,1). Each
of the series W(a), ¥s(a), Ys(ar) converges if

4+1(%) (1.18)

S
i 9 @)

converges. Furthermore, when (1.18) converges and s > 2, we have the identities

> cot(mna > . _ .
Z(—l)"% =Y (=1Y]gj1a = pja " U (T (), (1.19)
n=1 7=0

oo 1 oo . - ‘

> ey~ Ve —pa VL), )

n=1 7=0

o (71)n o ‘ . ‘

—_— = 1) |gj—1a — pj_1 | W; (T . 1.21

2 i sin(rna) g Vlaj-10 = pi-al Wi (T7(@) (1.21)

Remarks. For example, if a; is even for all j > 1, W; , = W, for all j > 0. If agj4+1

is even for all j > 0, Uy s = Us and Uzji1,s = V; for all j > 0. If agj42 is even for all
j 2 0, VY2j,s = US and VéjJrl,S = V; for all ] 2 0.

2. Closed forms and the irrationality exponent

In this section, we present exact evaluations (or ‘closed forms’) of the series @4(«) and
(ng(a), as well as some remarks on the convergence of these series for some classical
constants. Of course, it would be possible to find exact evaluations for ¥;(«), @s(a)
and ¥, (a).
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2.1. Closed forms

Since |gj—1a — pj_1| = oT'(a)---T97 (), it is easy to see that (1.11) and (1.15a)
respectively imply the identities

D, (o) = —a* 1 (T(a)) + Gs(a), (2.1)
by(a) = a" 20T () + ;as‘lésH(T(a)) + Gs(a), (2.2)

where in (2.1) and (2.2), respectively, we assume that

S (=1q/q; and Y d? /g,

j=0 j=0

respectively, converge, so that all the involved series converge. By iteration of (2.1)
and (2.2), we can obtain closed formulae for @,(e) and &,(a) when T*(a) = o + j
for some integers k > 0, 7 € Z. This can happen if and only if a is a quadratic num-
ber. Since the sequence of partial quotients (a;); of a quadratic number is periodic, the
conditions of convergence in (2.1) and (2.2) are satisfied.

For example, if a quadratic number « satisfies the equation T'(a)) = a, we have

Gs(a)

B s 1Gp1(a) + (1 + a®)nGy(a)
14 a5t '

s(@) 71+ a*) (1 — a2)

and  &,(a) =

For instance, we can take o = v/2 — 1 or a = 2(/5 — 1). Of course, these identities are
really closed forms when G, (or Gs41) and G, are expressed as (1.8) and (1.12), which
happens when s is odd for the evaluation of @;(«) and when s is even for the evaluation
of By(av).

2.2. Irrationality exponent

We might want to compute an approximate value of @, («) ‘naively’ using the definition
of @;(«). The identity (4.9) clearly shows that the speed of convergence of the Nth partial
sums P, n(ev) of P(c) strongly depends on the speed of convergence to 0 of the sum

[ee)
Z (—1)7 gj+1
s
j=m+1 4j

where ¢, < N < @m+1. This is in accordance with the folklore observation that the value
of &, n(a) changes (relatively) quickly when N is the denominator of a convergent to «,
but otherwise changes (relatively) more slowly between two such denominators.

For interesting numbers other than quadratic numbers, like e, log(2), 7 or real algebraic
numbers of degree greater than or equal to 3, it does not seem possible to simplify further
the right-hand side of the identities obtained for &,(a) and &4 () in Theorems 1.1 and 1.2.
However, these right-hand sides converge much faster than the corresponding left-hand
sides. When the functions G(a) or G4(a) can be evaluated quickly, this provides a fast
method to compute @,(«) or b, (a), in particular for as whose continued fractions are
well known.
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We recall that an irrational number « is said to have a finite irrationality exponent
m(«) if there exists a constant ¢(«) > 0 such that

P 1

_ = 2 -
“ q’ c(a)gm(@

for all integers p, ¢ with ¢ > 1. We denote by u(a) the irrationality exponent of a, defined
as the infinimum of all possible m(«), regardless of the value of ¢(a). We always have
w(a) = 2. If p(«) is finite, its value provides a bound on the growth of the denominators
g; () of the continued fractions of a.. Indeed, for any ¢ > 0 and any j > 0, we have

1

q;45+1

d(Oz,S) pj
plerre S|* 74| S

J

for some d(a,e) > 0. Hence, gj+1 < d(a,a)_lq;-‘(a)71+€. Furthermore, for almost all «,
p(a) = 2 (Dirichlet) so that, for all ¢ > 0 and almost all o, we have gj41 <a,e q]“'g
for all j > 0. It follows that, for such an «, the series @5(a) and &@s(«) converge (at
least) when s > p(a) — 1 and s > 2u(a) — 2, respectively. It is known that p(e) = 2 [1],
w(log(2)) < 3.5775 [20], () < 7.6064 [25] and u(v/2) = 2 [24]. For example, @, (e) and
By, (e) converge for all s > 1, and D4(log(2)) or $14(7) are convergent. But it is not yet

possible to say if the series @3(log(2)) or @13(m) are convergent. (It is conjectured that
u(108(2) = p(r) = 2.)

3. A sufficient condition of convergence of the series (1.1)

In this section, we prove the following result.
Proposition 3.1. Let f be a function defined on R\ Z that takes real values and such
that there exist a real number r > 1 and a constant ¢ > 0 such that

f(@)] € —

< W (3.1)

for any © € R\ Z. Then, for any integer N such that ¢, < N < ¢p4+1 for some m > 1,
any integer k > 0, any real number o € R\ Q and any real number s > r, we have

N k+m
m™mT*(« q:. 4 (a
$ S _ ( ))‘ <Y jtéi))' (3.2)
n=1 j=kr1 b
In particular, the series
i f(mne)
n=1 n®
is convergent if a € R\ Q satisfies the Diophantine condition
S hnl (3.3)
=0 q; (@)
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Under the condition s > r, the series Y~ | f(mna)/n® converges for almost all real
numbers o.

Proposition 3.1 is a consequence of the following lemma, which is a generalization
of some of Kruse’s results [18], corresponding to the case r = 1. We use the standard
notation that ||z| is the distance from x to Z. See also [28, Exercise 168, p. 216] for
related questions.

Lemma 3.2. Let r, s be real numbers such that s > r > 1, and let « € R\ Q. The

series
e}

1
— (3.4)
2 o nal?

converges if and only if Z;io q}.1(a)/q; («) converges. More precisely, for any integer N
such that ¢, < N < gm—1, we have

N

gjr1(a
nz nS”naHr go j (3.5)

where the two implicit constants are explicitly computable and depend at most on s, r,
« but not on m or N.

Remark 3.3. It is also possible to consider the problem of the convergence/divergence
of the series (3.4) where the condition s > r > 1 is relaxed, but since this is not directly
connected to our study, we do not consider this question here.

Proof of Lemma 3.2. We fix the integer N and define m by the inequalities g, <
N < @pm—1. It is obvious that we have the lower bound

N 1 m 1 m qr
ey >y (3.6)
& lnall > 2 gl 2 o

because ||gja| < 1/¢;41 for all j.
It is a little more difficult to obtain an upper bound of the same quality as (3.6). We
write

ns||na||” o L ns||nal|” £ ns||nal|” £ ns||na||”
n=qm nN=qm nN=qm nN=qm
nZ0,qm—1 [an} nEO[Qm] N=qm-—1 [Qm]

Sl(QTfH N) + SQ(Qma N) + S3(QTYL7N)

The second and third sums can be bounded easily:

Sa(q ZN: ; < ZQ: n-+1 <C(s)q:"7+1
mN= 2 — (kg )*lkgmall” ~ & (kan)* =" a3,
n=0 Q7n]
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(where Q = [N/¢m] < amy1) because ||kgma| = ||gmell = 1/¢m+1 for any k = 1,...
@m+1 — 1. Similarly,

N

1
S3(gm, N) = —T
" n;m n®{lnal|”
N=Gm—1[qm]
=1 (ka + mel)S”(ka + mel)a”T
Q' r r
Im+1 Am+1
< <)==+
= (k) a3

(where Q" = [(N = gm—1)/qm] < am41) because |[(kgm + gm-1)all 2 l[gmell = 1/gm+
forany k=1,...,am+1 — 1. To bound S1(gm, N), we write

N

Sl(QTTHN): Z !

g llnall”
n#E0,qm - 1[dm]

h=1 j=1 (hgm + 7)* | (hgm + J)e||”
j#‘Imfl
Q

1
Z hs
h=1
J?éQm 1

where tp, = ¢, —1if1 <h<Q,thp =N —Qqn is h = Q. We now use a crucial remark
of [18, (39), p. 241] to get

//\
—_

q hqmﬂ Jalr?

Sl‘n

th 1 th 1
—_— 2 T
; I(hgm + 5)edl” ; (K/qm)"
J#qm—1
for any h=1,...,Q = [N/qm]. Hence,
N Q
1 1 IOg(th) log(%n)
S1(gm-N) = <K —= < ((s)—==—-
an;, ne|nall” g ,; h Gm

NnZ0,qm—1[qm]

(We use the hypothesis r > 1 to get the first inequality.) Therefore,
N m
> L _< < Z (S1(ar, ar1 — 1) + S2(ar, qr+1 — 1) + S3(qk: gr1 — 1))
n®|[nal|”

n=1

m

log(
<<Z(qk+1 qu ) <<ZQk+1
q
k=1
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where the last inequality holds because the series > 7o log(qx)/qy " converges for all
irrational @ by the condition s > r. This completes the proof of (3.5). O

Proof of Proposition 3.1. The domination condition (3.1) on f(x) shows that it is
sufficient to find conditions ensuring the convergence of

o

1
nz::l ns|sin(mnT*(a))|""

We have [sin(mnT*(a))| = sin(r||nT*()|) < ||nT*(a)||, where both implicit constants
could be explicitly computed. Hence, it is enough to find an upper bound ensuring the
convergence of

i ;
= ¥ [nT* ()l
By Lemma 3.2,

N mo oA r

9j+1
Z ns”nTk Hr < Z q]” JTk: ||'r < Z As ’

where §; = ¢;(T*(«)) is the denominator of the jth convergent to T%(«). Since §; =
gj+x (), we obtain

N 1 k+m q
-« J+1
D ey R S
as expected. O

4. Proof of Theorem 1.1

4.1. Preliminary observations

It is necessary that
I dk+1
1m =

k—+oo qf

for the convergence of @4(«). Indeed, for n = g, we have

cot(mna) cos(mqra)
ns - q; sin(mgra)
cos(llgrel)
g sin(7llgrer]])
214 O(lgal?)
G (lgeell + O(llgr )

+1
__ +O(||Qk80¢||>_
qpllgre|] a

Since ||gra|] < 1/gr+1, the convergence of cot(mna)/n® to 0 implies that of gx+1/¢; to 0.
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From (1.5), we deduce that

iq;+1 and Z|qj 1o —pj_q|®
s

= 9 |gjor — pjl”

converge or diverge simultaneously for any real numbers r,s. But (1.5) is not sufficient
to ensure immediately that, for s > 2, the series

[e.9] o0

. _ . S
S Y oap el

=0 =0 lgjo — pjl

converge or diverge simultaneously. This can be proved by means of a refinement of (1.5).
For any 7 > 0, we have

g —p; = (1) |g;a — pj| = GV
! ! ! T g gy

where z; := [0;a;12,aj13,...]. In particular, 0 < z; < 1/a;j42. Then, we have a chain of
‘equalities’:

RS L U S LV 2 ki
g — pj (¢ +2j-1q5-1)°

= (VY +o(q; )

(g + xj—1qj—1

1
apt o) o 1)
qa d; q

_ (_1)jf1j+1 +O<Qj IQJ-i-l) ( )
q; a]+1q] ;

— (- 1)3qﬂ+1+0<q3 1) ( )
qj q;

= (_1)j%7t1 + O<qsl2>

5 j

because ¢;j+1 < 2aj11¢;. Since ), 1/%5,*2 converges (for s > 2), the assertion follows.
We deduce that, in the first assertion of Theorem 1.1, we can consider

o0 s
Z(_l)j |gj—100 — pj—1]
=0 |gjo — pyl
instead of
oo
S
=0 4
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4.2. Proof of Theorem 1.1
Set K =N + % for any integer N > 1. We consider the integral

1
Ii(a) := — Fs(a, z)dz,
2im RN
where Ry is the rectangle with sides [§ —iN, K —iN], [K —iN, K +iN], [K +iN, 5 +iN]
and [1 +iN, § —iN]. The function F,(a, z) is holomorphic inside R and continuous on
the boundary. Its poles inside Ry are

eat z=ke€Z,1<k<N,of order 1 with residue cot(rka)/k?,

eat 2 = k/a € Z, 1 < k < Na, of order 1 with residue a*~!cot(rk/a)/k® (the
assumption 0 < a < 1 is used here)Abbreviations.

By the residue theorem, we thus have the identity

k.s k.s

N [No]
ZM:—asfle""k(a)' (4.1)
k=1 k=1

We now proceed to bound the integral (). On the sides Cy := [§ —iN, K —iN] and
Cs := [K +iN, % +iN], it is clear that |F,(2)| < N~*, where the implicit constant is

absolute. Hence,
1

—/ Fy(a,2)dz
21 Cj
for j =1,2.

On the side C5 := [K —iN, K +iN], the estimate is a little more complicated: we have

1

1 .
1 W 1f]\[>1/0[7

7/ Fs(a,z)dz <
2im C;

o it N <1/a.
@

The proof runs as follows. For any z = K + iy € C3, we have

sinh(my) cosh(ray)
sinh(may) cosh(my) N |’

|Fs(a, 2)| < (4.3)

If |y| > 1/a,

sinh(7y) cosh(ray)
sinh(mway) cosh(my)

—on).

where the constant is absolute. On the other hand, if |y| < 1/a, we have

1

o .

sinh(my) cosh(ray)

‘ h

sinh(7ay) cosh(my)
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Therefore, if N > 1/«, we have

1 1/« N
—/ Fi(a,z)dz| < / \Fs(a,K+iy)|dy+/ |Fs(o, K +1iy)|dy
2im Jo, 0 1/a
< 1 N-1/a
a?Ns Ns
2
S Ns—2°
If N <1/a, we have
1 N N 1
Y FS ) d Fs ,K i d = .
5 /c,- (a, 2)dz <</O |Fs(a, K +iy)|dy < N = ol
This proves (4.3).
It remains to obtain an estimate of Cy := [% + 1N, % —iN]. We write
1 1 1/2+100 1/2+1N
— Fs(oz,z)dZZGs(a)—J—,f/ Fs(a,z)dz + — Fy(a, z)dz.
2im Je, 2im J1/24iN 2T J1/2 500
We have

1/2+ic0 +% tanh(nt) cot(ra(d + it
/ Fs(a72)dZ:i7T/ anh(mt) cot(ma(; + it)) dt
1

/2+iN

N (% +it)5

dt

/+°° tanh(7t) coth(mat)
<

N |%+it|5

les
<

because 0 < tanh(wt) coth(rat) < 1/« for all t > 0. A similar bound holds on the interval

(1 —ioo, 3 — iN]. Hence,

1
21’/T Cy

Using (4.2)—(4.4) in (4.1), we deduce that

[Na]

N
Z cot 7T]€Oé I Z cot( 7rl<:/a +Gala

k=1

where the implicit constant depends at most on s and

Ns—2
1
CVN571

EN(a) =
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Let us define £ = £y (a) as the smallest integer such that [- - - [Na]T(a)] - - - T*(a)] = 0.
It is well defined because [ - - [[Na|T(a)] - - - T*(a)] < NaT'(a)---T*(a) = N|qea — po| —
0 as ¢ — +oo. This inequality also implies that ¢4, (a) < k for any k& > 0 because
qr|qra — pr| < 1. We now prove that, for any j < £y (a) — 9,

[+ [[Na]T(a)] - T? ()] > 3NaT () -+ TV () (4.7)

and that £, (o) > k — 8. To do this, we first have to show that g, () < N. Indeed,
[ [[Na]T(a)] - - - T*¥(®)~1()] is a positive integer (by definition of £x(c)) so that

N
QN () '

L[ [[No]T(@)] - T 7H@)] < Nl gy ()10 — Doy (a)-1] <

Now, for all j > 0,

j+1
[ [INa)T(@)] - T ()] > NaT(a) T (a) = 3" THa) -+ T (a)
k=1

J

1
L kZ:O NaT(a)- -.Tk(a)>

i
1
:quoc—p'(l— >
950~ 4 kZ:ON|Qka—pk|

= NaT(a) - ~Tj(a)<

Hence,
[ [NaT(@)] T (@] > Nlgga gyl (1 - 28501 )
8q;
> Nlgja — pj| (1 - va“) (4.8)

by the inequality q1 +- - +¢;j+1 < 4g; 1. But we have N 2> qy (o) = 16qpy ()-8 = 16¢;41
if j </ln(a) —9. Hence, for j < In(a) — 9,

[ [[INaT(a)] - T’ ()] = Nlgja — p;|(1 = 3) = gNaT(a) - T (a),

which proves the first assertion. For the second assertion, we use inequality (4.8) with
N = q; and get

[ [lgre]T(@)] - T ()] = qrlgja — py (1 - 2(1;:1)

But, for any j < k — 9,
8¢j+1 < 8¢j+1 < 8¢j+1 _ 1
qx 16qx—s ~ 16q;11 2

and hence [ - - [[gra]T(a)] - - - T? ()] > 0. Therefore £, (o) > k — 8.
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We can now return to the proof of Theorem 1.1. By 1-periodicity of cot(nz), we can
rewrite (4.5) as

Y. cot(mka) s o cot(mkT'(cv))
L T T O o)

Since T'(a) € (0,1), we can iterate this equation to get

al cot(mka) ‘ j j j
> TR S i a(a) T (@)1 (T )

k=1 §=0
[ [[Na]T ()] T*(a)] 041
g yys—1 cot(rkT ()
+ (T (a) - - T () Z —
k=1

[ . .

+0 ( Z(aT(a) cee T]_l(a))S_lE[...[[NQ]T(Q)]..ATJA(a)] (17 (oz))) .
§=0

In this expression, we adopt the conventions that, for j = 0, [- - - [Na]|T()] - - - T9 "} («)] =
N and oT'(a) ---T771(a) = 1. By definition of ¢, the sum

[ [[NT ()] T*(a)]

cot(TkT 1 (a))
— ks
is empty and vanishes, yielding the identity
N In (o)
cot(mka ; _ i
> % =Y (1 |gj1a = pia| T Gu(T (@)
k=1 §=0
ZN(Q) . .
+ O( Z (aT(a) - T]_l(Oz))s_1E[A..[[NQ]T(Q)]...TJ—1(a)] (177 (a))) .
§=0
(Recall that aT'(a)---T77 (a) = |gj_100 — pj_1].)
We set
ZN(Q) . .
en = Y (aT(a)--- TV () Bl najr(a).-1i-1 (o) (T7 ()
§=0

and we prove that ey tends to 0. In e, we have to distinguish the cases 7 < {y(a) — 8
and j > fn(a) — 7. In the first case,

ZN(OL)*g
0< Y (@T(a) T () " Epvar(a)- -1 () (T7(a))
=0
S (aT(e) T ()

[ INa)T(@)] - T (a)) 2

Jj=0
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1 ZN(a)74 )
< m Z OzT(Oz)---TJ_l(oz)
j=0
< N2

where we use (4.7). In the second case, since [---[[Na]T(a)]---T771(a)] = 1 (because
j—1<{tn(a) — 1), we use the trivial upper bound deduced from (4.6):

0 < B vajr(e)]- 19 (a)] (T7 (@) <

Hence, for {y(a) — 7 < j < Un(a),

[(aT(a)---T7" (@) Bp.valr(a))-1i-1 (o)) (T7 ()| <

19 ()
< qusrl
qj
Therefore,
In (o)
_o( LYo T um
EN = Ns—2 + Z qS
j=tn(a)=7
and
N ¢n (o)
cot(mka , _ ;
> (. ) 7 (=1 |gj—1a — pi—1 T Go(T (@)
k=1 k j=0

+0(N512)+(9( ZNZ(Q) "j“). (4.9)

S
J=tn(a)=T7 4

We can now deduce the theorem. The assumption s > 2 ensures that O(1/N*~2) tends
to 0. We assume for the moment that

(R I
T’ = 1L P(TY
G.(1(e) = St 4 pria)
with Ps(a) = O(1) for all « € [0, 1]; this will be proved below. Since

Ti(a) = 4@ — Pj

qj—10 — Pj—1

)

we have, for any integer J > 0,

J
(=1)|gj—100 — pj1* ' G5(T7 ()
7=0

J
+ Z(—l)j|%‘—1a —pj—1[* T P(T ().

J
_ ((s+1) Z(_1>j lgj—1a — pj—1|°
g ~0 =0

3 |Qja *Pj|
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On the right-hand side, the second sum converges for any irrational number « (because
Py(T7(a)) = O(1)). Furthermore, since

gj—1a —pj—1]” _ gj+1
s

lga—pil T @

the convergence of

D (=1lg-1a = pial T G (T (@)

7=0
implies that
In(a) q
lim Z ]Jsrl =0
N—H—oo] O (o)—T qj

Thus, the convergence of

i cot(mka)

k=1

follows, with the expected identity.
On the other hand, with N = ¢,,(«) for m large enough, the identity (4.9) becomes

dm

> w =Y (1 lgj10 = pj—a T G (T (@)

k=1 =0

- Y (“V|gaa—pial T G(T (@)

Ly (@)
1 qj+1
+O< S2>+(’)( > s )

j=tom(e)—7 i

= (1Y]gj10a — pj1 [P GL(T ()

1 " ;
+0<52> +0< 3 ﬂgl)
dm jem—15 4

because m — 8 < ¢, (o) < m and

i (—1)|gj—100 — pj—1|* "G (T (e ( Em: ) <‘_§;15 qj?).

J=Lgp, () +1 =m-— qj

We have seen as a preliminary remark that the convergence of > r- | cot(mka)/k* implies
that
lim  Im+l g,

m—+00 qfn
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Hence, the series
oo

Z(—l)j|qj'—104 —pi* T G(TV (@)
j=0
converges. This completes the proof of the theorem.
We now prove (1.9), i.e. that Gs(a) = ((s + 1)/ma + Ps(a), where P,(c) is bounded
on [0,1]. The function
) 1
f(a,t) = COt(ﬂ'Oé(% —+ lt)) — m

is continuous as a function of a € [0,1] and ¢ € R, and its modulus is bounded by 1 on
[0,1] x R. In the definition (1.7) of G4(a), we make the change of variable z = $ + it, so

that ) L L
<t t <t t t
Gola)=—— [ ST ,(WJ)A dt — 1/ tanmt) e, b f” EAGRI
2ra J_o (5 +1t)° 2 ) (5Hit)s

Using the residue theorem on the rectangular contour Ry defined above, it is easy to
prove that

1 °°  tanh(nt) _ ((s+1)

2ra | o (3 +it)st? T«

for any s > 0. This gives the desired result with

1 [ tanh(wt)f(o,t)
PS(Oz)——i/_Oo —(%—I—it)s dt,

which is obviously bounded for « € [0, 1].

Finally, the evaluation (1.8) of Gs(«) when s = 2n+1 is a consequence of the fact that
—2G9,41() is equal to the residue at z = 0 of Fy,41(c, z). This is proved by integrating
Fony1(a, z) on the rectangular contour with sides [3 —iN, 3 +iN], [3 +iN, -3 +iN],
[—3 +iN,—1 —iN], [-4 —iN, 3 —iN]: in the limit N — 400, the residue of Fy,41(, 2)

at z = 0 is equal to

1 1/2+iOO 1 71/27100
— Fopii(a,2)dz+ — Fopii(a,2)dz = —2Go,11 (),
21T /12100 2im ] 1 /94500
where we use the fact that Fy,11(a, —2) = —Fapi1(w, 2). The explicit computation of

this residue is then done by means of the Laurent expansion

0 nQQan .
cot(z) = > (-1) (2n)‘j 221
n=0 !

Note that Euler’s formula
22n71B2n on

applied to (1.8) enables us to get another proof of (1.9) when s = 2n + 1.
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5. Proof of Theorem 1.2

We first observe that, for any real number s > 2, @4(«) converges if and only if

QJ+1
>

converges. This is a consequence of Lemma 3.2 because, as we mentioned in its proof, we
have sin?(7na) < ||[nal|?. This proves the first assertion of Theorem 1.2.

We now turn to the proof of (1.15a). The proof starts similarly to that of Theorem 1.1
but differs significantly in the details. Without loss of generality, we assume that

Z p (5.1)

7=0 J

is convergent. We also assume that s > 2: a condition that will be justified below.
Differentiation of (4.1) with respect to « yields

N [Na] [Na]
S e et
= ke si 2(rka) ks sin?( 7rkT( ) ™ Pt ksl 21 da
(5.2)

for any o € R\ Q, where

101, 1 1

_10L{e) = _*ﬁ.i/ Foii(a, 2) Fy(a,2)dz
T O mOa 21 Jp " 2ir R

and Ry is the rectangular contour defined at the beginning of §4. In particular, K =
N+1.
Using the method of §4, we obtain

L) g ) O<N:1) + O(aN51||(21N vl ) (5.3)

With the same notation used in §4 for the sides C, k = 1,2, 3,4, we have

1 ~
7/ Fo(a,2)dz| <
2im Cj

Ns
for k =1,2. On C5, we have
- 1 sin(my) 1 2
Fy(a,z)| < . . | < <
1Fo0 )l S 37 | b tma) s1n(m(K+1y))’ aN*[[Ka| ~ aN*[[2N + Da]|

and (5.3) follows. (The inequality ||Ka| > 3[/(2N + 1)al| is easy.) On Cy, we have

1 - 1
%im Cst(oz,z)dsz( )+(9<Ns 1>
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We have 1
1 =
N' N1 (2N + L)a
Indeed, if 2N 4+ 1 is not a denominator of a convergent to «,

1 1
NoT@N + Da|] € Vo2

— 0,

whereas if 2N + 1 = g;, for some k,

1 Q1 _ Gosn

< —0

N==H@N +Dall ~ g7t T g} ’
because of condition (5.1). Note that it is just above that we use the assumption that

5> 2.
Using all the previous estimates on the sides C;, we deduce that
1 - .

li F = G4(a). 4

Furthermore, under (5.1), the series

1
- - d - -
ks sin? (mka) o Z ks sin? 7rkT( )

NE

~
Il

1
are convergent (by Proposition 3.1), and this is also the case for the series
2. cot(mkT ()

Z ks+1 ’

k=1

which converges under an even weaker hypothesis. For future use, we observe here that,
again by Proposition 3.1, the series

(oo}

Z cot(rkT7 (cv)) (5.5)

ks+1
k=1

is bounded by a constant independent of the integer j > 0.
Hence, under (5.1), we can pass to the limit N — +oco in (5.2): using (5.4), we obtain

= S o1 . cot(mkT (x -
Z s - Z + Gs(a).
k=1 k=1

_ 9 2
sin?(rka) Z ks sin? 7rkT( 7T ks+1
Iterating this identity, we get

J
By(0) = (T () -+ T (@))*26,(T7 @) + D (aT(@) -+ T (2))"2Cila)
j=0

+ 23 (@ (@) - T @) AT @) B (P (@) (656)

3
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for any integer J > 0. Both series

o0

Y (@T(a)--- T} ()" 2G(a)

§=0
and
; > (@T(a) -+ T97 (@) (T ()" Beyr (TV ()
§=0

are convergent by (1.13), (5.1) and by the comments around (5.5). Furthermore,

lim (aT(a)---T7(a))*20,(T7 T (a)) =0

J—+oo

because, by Proposition 3.1, the quantity @S(T‘] *1(a)) is bounded independently of .J.
Thus, passing to the limit J — 400 in (5.6), we obtain

+ %Z(GT(G) S TN @) T (@) T B (T (@), (5.7)

Jj=0

All that remains to do is to rearrange the terms in the second series on the right-hand
side of (5.7). For this, we use the identity (1.11) with « replaced by T7*1(a) and s
replaced by s + 1:

oo
Dot (T (@) = 32 ()T (@) -+ T () Copa (T4 (),
m=0
which is an absolutely convergent series under (5.1). By Proposition 3.1, the series

o0

SO (T () - T ()| Gt (T ()],

m=0

is bounded by a constant independent of j. Hence, the series with positive terms

oo

> _(aT(a)-- .le(a))w( > (17 a)- -T"‘”(a))SIGsH(Tm”“(Oé))I)
7=0 m=0

is convergent and this justifies the exchange of summation from (5.8 a) to (5.8b) below
(for simplicity, we write TP for TP(«)):

oo
Z OéT T] 1 s— Z(T])s l¢ (T]-‘rl)
7=0

o o)
— Z OéT T] 1 s—2 T] s—1 Z Tj—i—l Tm+j)sGs+1(Tm+j+l)
3=0 m=0

https://doi.org/10.1017/50013091510001069 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091510001069

On the convergence of Diophantine Dirichlet series 537

:i(@T'"7”"1)3‘2(T")S‘1 i (~)PHH(HL TG (TF) (5.84)
=0 k=j+1
S k=l qyitiqi

— ;(71)kG‘9+1(Tk)(OZT~ . .kal)jzo M (58 b)

The last equality follows by simple manipulations after permutation of summations.
Recalling that oT'---TF~! = |gx_1a — pr_1|, we see that (5.8b) shows that (5.7) is
indeed equal to (1.15a). The proof of Theorem 1.2 is complete.

Finally, the behaviour at a = 0 of Gs() described by (1.13) can be obtained by the
method used to prove (1.9).
6. Proof of Theorem 1.3

By Proposition 3.1, if s > 1, then the convergence of the series Z;’;l ¢j+1/q; implies the
absolute convergence of the three series

= cot(mna) = 1 = (="
2 - - d =)
7;2::1( ) ns nz::l n® sin(rna) an nZ::I ns sin(rna)’

which proves the first assertion of the theorem.
We only sketch the proofs of the identities (1.19)—(1.21), because the argument is very
similar to the proof of Theorem 1.2. We define the integrals

. 1
Iy(a) := i | Py(a, 2) dz,
N
~ as
Iy (@) = 2 J P;(1/a, z) dz,
N
~ 1
Ly(a):= i | Qs(a,z)dz
N

where Ry is the contour defined at the beginning of §4. Evaluating the integrals by the
residue theorem, we get

i cot(wna 1 [Ne )T ()] L

Z(_l) — =" Z ’/lbln—)) + Us(a) — 5In(a), (6.1)
N [Na]
) P e y O 4y ) L) (62)

n® sin(mna)

3
Il
-

[Na] n
(-1) ([T(e)]+1)

i =a’ 1 \-4f 17
ns sin(mna) ng n* sin(rnT (@) +Wi(a) = 5Ln(a). (6.3)

] =

1

3
Il

We now assume that Z gj+1/ q; is convergent and that s > 2. By analytlc estimates
similar to those made durlng the proof of Theorem 1.2, the three integrals I N( ), In(a )
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and Ly () tend to 0 as N — +00; this is where the hypothesis s > 2 is used. We deduce
that, for any integer k > 0, (6.1)—(6.3) yield the identities

> cot(mnT*(c nok+1
() L) _ iy lznéslfl(;}ﬁw RN CE)
i L = Tk(a)*~ 12 MH@(T’“(Q)), (6.5)

n® sin(rnT*(a))

n=1

)n(ak+1+1)

_1)n .
7”PSH1((7T7”L)W“(04)) B Tk ) Z n5(51n(7mTk+1( ) + Ws(Tk(O‘))’ (6.6)

NE

n=1

where we recall that the partial quotients ax of the continued fraction of « are given by

ar = [T*(a)].
To deduce (1.19), we start from (6.4) with k = 0.

(i) If @y is even, we use (6.5) with k = 1 and then we use (6.4) again but with k = 2.
(ii) If aq is odd, we use (6.6) with k = 1:
(a) if ag is odd, we use (6.5) with £ = 2 and then (6.4) again but with k& = 3;

(b) if as is even, we use again (6.6) with k = 2.

And so on. This generates a sequence of identities which in the limit gives
o0

Ws(a):Z( )|QJ 10— Pj— 157 ]s(TJ( ))s

J=0

with Ups = Us and U; s as defined in Theorem 1.3. We get the identities for !ﬁs(a) and
7, («) in a similar way. We conclude this ‘proof’ with the remark that it is important
that not only are the three series on the left-hand sides of (6.4)—(6.6) convergent but
their sums are bounded independently of k (this is ensured by Proposition 3.1).

We conclude this section by explaining the origin of the identities (1.16) and (1.17).
In fact, the expressions —2Us,11() and —2Ws,, 11 () are just the residues at z = 0 of
Py,i1(e, z) and Qany1(a, 2), respectively. This follows from the Laurent expansions at
the origin of cot(z) and

1 - 1/92n Bn 2n—1
sin(z) ;(_1)n+ 2™ -2) (22)!””

7. Generalizations

7.1. A generalization of &,(a) and $,(ca)

The series @, () and &,(a) correspond to the cases r = 0 and r = 1 of the series

i cot (") (mna)

n

n=1
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We believe that the following statement, which would generalize Theorems 1.1 and 1.2,
holds: we fiz an integer r > 2, a real number s > r+1 and an irrational number o € (0,1).

The series
o0
y ot lmme)

n=1

converges if and only if
[e’e] 7+1( )

(i

= q;(a)
converges. Furthermore, we have the identity

o0

= cot™ (mna ; 0" j
S @) - LSy L gsa =yl G (@), (1)

ns "
n=1 j=0

where both series converge or diverge simultaneously. The methods of the present paper
show that (7.1) holds under the stronger assumption that the series
1
f: gj1(a)
=0 Qj( @)

converges. This follows from an adaptation of the proof of Theorem 1.2.

7.2. A multivariate generalization of #;(«) and the Jacobi-Perron algorithm

A natural generalization of the function @,(«) is
oo 1 d
@d s Z oy 1:[ 7rnoz7

where d > 1, s € R and a := (g, aa, ..., aq) € (0,1)%.
It is not difficult to see that @4 () converges for almost all a € (0,1)¢ when s > d.
Indeed, by Holder’s inequality, we have
N N 1 d N 1 1/d
> e ettt < (X et ) < T )
= j=1 e Hj:l [[na | =1 N\ Il
Lemma 3.2 implies that the series

oo

>
: d
2 wlnal

converges for almost all o under the condition s > d. This proves that $4 s(cx) converges
for all a in an (explicit) subset Cy s of (0,1)? of measure 1. Another method to prove the
almost-everywhere convergence of series like

o0

> ——

O Hj:l [[re]|
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can be found in [19, proof of (6.3), pp. 94-95] for the case s = 2 and d = 2. It is
non-constructive. It is an interesting problem to determine the exact conditions of con-
vergence of @4 (). The above argument shows that convergence occurs if we consider
the Diophantine behaviour of each «; (through its continued fraction), independently of
the others. However, the above set of convergence Cq s is probably not the exact set of
convergence of $4 s(ar). In fact, as we now explain, this problem seems to be related to
the Jacobi—Perron algorithm applied to the vector a.
We introduce the functions

d 1/2—ico
1 1
Fys(a,z) := —mcot(mz) H cot(ma;z) and Ggs(a) == — Fis(a, z)dz.
’ z* - 7 27 J1j24i00
Jj=1
(7.2)
If s is an integer such that s = d[2], we have Gg () :== —1 residue(Fy (v, 2),z = 0),

which is a rational function in a with coefficients in Qm3~1.

For simplicity, we explain the link with the two-dimensional Jacobi—Perron algorithm
in the case d = 2 (where we write a = (v, 3)) but the general case can also be expressed
in terms of the Jacobi-Perron algorithm in higher dimensions (see [6] for the theory).
Integrating Fs s(cx, z) on the contour Ry and letting N — +o00, we obtain the relation

Dy (0, f) = "7y (T(a/B), T(a)) + 57 2 s(T(B), T(B/ ) + G5, B),  (7.3)

where we assume for simplicity that s > 2 and that («, 3) € C3 s to ensure convergence
of the three series.

We remark that the transformation of the square (0,1)? to itself defined by (x,y)
(T(x/y),T(x)) is exactly the transformation used to run the two-dimensional Jacobi-
Perron algorithm with some initial value (xg, yo). This algorithm is used to produce good
simultaneous rational approximations of (zg, yo). In (7.3), we see that the Jacobi—Perron
algorithm is run on («, 3) and (8, «). The convergence/divergence of P2 s(c, ) clearly
depends on how badly or well the numbers « and 3 are simultaneously approximated
by rational numbers. It is therefore natural to wonder if the conditions of convergence
of @3 s(a, B) and of validity of (7.3) can be expressed in terms of the rational sequences
generated by the Jacobi—Perron algorithm.
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